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Àííîòàöèÿ. Ðåøåíû çàäà÷è óïðàâëåíèÿ ëèíåéíî ïðåîáðàçîâàííîé âåê-
òîð-ôóíêöèåé ñìåùåíèé òî÷åê òðåõìåðíîãî óïðóãîãî òåëà â öåëÿõ ñðåä-
íåêâàäðàòè÷åñêîãî ïðèáëèæåíèÿ åå ê íåïðåðûâíî çàäàííûì çíà÷åíèÿì. Çà-
äà÷è ðåøàþòñÿ áåç îãðàíè÷åíèé íà ãåîìåòðèþ òåëà è ïðè íåïðåðûâíî îïðå-
äåëåííûõ íàáëþäåíèÿõ çà åãî íà÷àëüíî-êðàåâûì ñîñòîÿíèåì. Â êà÷åñòâå
óïðàâëÿþùèõ ôàêòîðîâ ðàññìàòðèâàþòñÿ îáúåìíî-, ïîâåðõíîñòíî- è íà÷àëü-
íî-ðàñïðåäåëåííûå âíåøíåäèíàìè÷åñêèå âîçìóùåíèÿ. Âûïîëíåíà îöåíêà
òî÷íîñòè è îäíîçíà÷íîñòè óïðàâëåíèÿ.

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâåííî ðàñïðåäåëåííûå äèíàìè÷åñêèå ñèñòåìû,
ïðîñòðàíñòâåííûå çàäà÷è òåîðèè óïðóãîñòè, ïñåâäîèíâåðñèÿ, óïðàâëåíèå.

ÂÂÅÄÅÍÈÅ

Çàäà÷è èññëåäîâàíèÿ äèíàìèêè òðåõìåðíûõ óïðóãèõ òåë âñåãäà áûëè è îñòà-
þòñÿ ñëîæíûìè è òðóäíîðåøàåìûìè êëàññè÷åñêè èçâåñòíûìè ìàòåìàòè÷åñêè-
ìè ìåòîäàìè. Èçâåñòíû ðåøåíèÿ òîëüêî îòäåëüíûõ çàäà÷ äëÿ òåë ñ êàíîíè÷åñ-
êîé âíåøíåé ïîâåðõíîñòüþ è ñî ñïåöèàëüíî îïðåäåëåííûìè íà÷àëüíî-êðàåâû-
ìè óñëîâèÿìè èõ ôóíêöèîíèðîâàíèÿ. Òðåõìåðíûå óïðóãèå òåëà ñ
ïðîèçâîëüíîé ãåîìåòðèåé èõ ïîâåðõíîñòè è íåïîëíîé (÷òî ÷àñòî áûâàåò íà
ïðàêòèêå) èíôîðìàöèåé îá èõ íà÷àëüíî-êðàåâîì ñîñòîÿíèè âîîáùå íå èññëå-
äîâàíû ââèäó ìàòåìàòè÷åñêîé íåêîððåêòíîñòè çàäà÷, êîòîðûå ïðè ýòîì äîë-
æíû ðåøàòüñÿ. Â ðàáîòàõ [1–3] áûëè ïîñòðîåíû ðåøåíèÿ ïðÿìûõ è îáðàòíûõ
çàäà÷ äèíàìèêè òîëñòûõ óïðóãèõ ïëèò ïðîèçâîëüíîé ãåîìåòðèè, êîòîðûå, òî÷-
íî óäîâëåòâîðÿÿ êëàññè÷åñêè èçâåñòíûì òðåõìåðíûì óðàâíåíèÿì ýëàñòîäèíà-
ìèêè Ëÿìå, çà ñðåäíåêâàäðàòè÷åñêèì êðèòåðèåì ñîãëàñóþòñÿ ñ íàëè÷íîé èí-
ôîðìàöèåé îá èõ íà÷àëüíî-êðàåâîì ñîñòîÿíèè íåçàâèñèìî îò êîëè÷åñòâà è êà-
÷åñòâà (äèñêðåòíàÿ, íåïðåðûâíàÿ) ïîñëåäíåé. Âûïîëíåíà òàêæå îöåíêà
òî÷íîñòè è îäíîçíà÷íîñòè ïðåäëîæåííûõ ðåøåíèé. Òåì ñàìûì çàêðûòà ïðî-
áëåìà ïîñòðîåíèÿ ïîëÿ äèíàìè÷åñêèõ ñìåùåíèé òî÷åê òðåõìåðíîãî óïðóãîãî
òåëà, âûðîæäåííîãî ïî îäíîé èç ïðîñòðàíñòâåííûõ êîîðäèíàò, êîòîðîå èññëå-
äóåòñÿ â óñëîâèÿõ íåïîëíîòû èíôîðìàöèè î íà÷àëüíîì ñîñòîÿíèè âíóòðåííèõ
òî÷åê òåëà è òåêóùåì ñîñòîÿíèè åãî ïîâåðõíîñòè. Áîëåå ñëîæíûìè è, ïî-âè-
äèìîìó, áîëåå èíòåðåñíûìè è ïðàêòè÷åñêè íàïðàâëåííûìè ÿâëÿþòñÿ èññëåäî-
âàíèÿ äèíàìèêè òðåõìåðíûõ óïðóãèõ òåë ïðîèçâîëüíîé ãåîìåòðèè. Îñîáåííî
ýòî îòíîñèòñÿ ê çàäà÷àì ïîñòðîåíèÿ óïðàâëÿþùèõ âíåøíåäèíàìè÷åñêèõ
âîçäåéñòâèé íà òðåõìåðíîå óïðóãîå òåëî, êîòîðûå áû â óñëîâèÿõ íåïîëíîòû
íà÷àëüíî-êðàåâîé èíôîðìàöèè î ñîñòîÿíèè òåëà ïðèáëèæàëè ïîëå óïðóãèõ äè-
íàìè÷åñêèõ ñìåùåíèé åãî òî÷åê ñîãëàñíî ñðåäíåêâàäðàòè÷åñêîìó êðèòåðèþ ê
íåïðåðûâíî çàäàííîìó æåëàåìîìó ñîñòîÿíèþ. Ýòîìó âîïðîñó ïîñâÿùåíà íà-
ñòîÿùàÿ ñòàòüÿ. Â êà÷åñòâå óïðàâëÿþùèõ ðàññìîòðåíû íà÷àëüíî-, ïðîñòðàí-
ñòâåííî- è ïîâåðõíîñòíî-ðàñïðåäåëåííûå äèíàìè÷åñêèå âîçìóùåíèÿ, âçÿòûå
ïî îäíîìó, ïî äâà è ïî òðè. Êàê è â [1–3], äàíà îöåíêà òî÷íîñòè óïðàâëåíèÿ
è ñôîðìóëèðîâàíû óñëîâèÿ åãî îäíîçíà÷íîñòè.
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ÇÀÄÀ×È ÓÏÐÀÂËÅÍÈß ÄÈÍÀÌÈÊÎÉ ÒÐÅÕÌÅÐÍÎÃÎ ÓÏÐÓÃÎÃÎ ÒÅËÀ
È ÏÐÎÁËÅÌÛ ÈÕ ÐÅØÅÍÈß

Ïðîäîëæèì íà÷àòîå â ðàáîòàõ [1–3] ðàññìîòðåíèå âîïðîñîâ äèíàìèêè òðåõ-

ìåðíîãî óïðóãîãî òåëà, êîòîðîå â äåêàðòîâîé ñèñòåìå êîîðäèíàò x x x1 2 3, , ïî-

âåðõíîñòüþ � âûäåëåíî èç òðåõìåðíîé óïðóãîé ñðåäû, õàðàêòåðèçóåìîé êîí-

ñòàíòàìè Ëÿìå � è �.

Áóäåì èñõîäèòü èç òîãî, ÷òî äèíàìè÷åñêèå (t-âðåìåíí�ÿ êîîðäèíàòà) ñìåùå-

íèÿ u x t u x t u x t1 2 3( , ), ( , ), ( , ) òî÷êè x x x x� ( , , )1 2 3 ýòîãî òåëà â íàïðàâëåíèè êîîð-

äèíàòíûõ îñåé Ox Ox Ox1 2 3, , îïðåäåëÿþòñÿ êëàññè÷åñêè èçâåñòíûìè óðàâíåíèÿ-

ìè Ëÿìå [4]:

� � � � ��u x t x t u x t f x tx t1
2

1 11
( , ) ( ) ( , ) ( , ) ( , )� � � � � � � ,

� � � � ��u x t x t u x t f x tx t2
2

2 22
( , ) ( ) ( , ) ( , ) ( , )� � � � � � � , (1)

� � � � ��u x t x t u x t f x tx t3
2

3 33
( , ) ( ) ( , ) ( , ) ( , )� � � � � � � ,

ãäå � — óäåëüíàÿ ïëîòíîñòü ìàòåðèàëà ñðåäû, ñèìâîëàìè �xi
( , )i �1 3 è � t

îáîçíà÷åíû ïðîèçâîäíûå ïî ïðîñòðàíñòâåííûì êîîðäèíàòàì xi ( , )i �1 3 è âðå-

ìåíè t,

�( , ) ( , )x t u x tx i

i
i

� �
�
�

1
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, � � �
�
� x
i
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2

1

3

.

Äëÿ óäîáñòâà, êàê è â [5], ñèñòåìó (1) çàïèøåì â âèäå

L u s f ss( ) ( ) ( )� � � , (2)

ãäå s x t s x t x x x t� � � � � � � � � �( , ), ( , ) ( , , , )
1 2 3

,

u s u s ii( ) ( ( ), , )� �col 1 3 , f s f s ii( ) ( ( ), , )� �col 1 3 ,

L x t( , )� � �

�

� � � � �� � � � � � � � �( ) ( ) ( ) ( )� � � � � � � �2
1 2 3 1 2 1

2 2 2 2

x x x t x x x x3

1 2 2 3 1 2
2 2 2 2 2( ) ( ) ( ) ( )� � � � � � � �� � � � � � � �� � � � � �x x x x x t x x3

3 1 3 2 3 1 2

2 2 2 2( ) ( ) ( ) ( )� � � � � � � �� � � � � � � � � � �� � �x x x x x x x t
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. (3)

Îáîçíà÷èì

G s s
i

L p q D p q s s dpdq

i

i

( )
( )

( , ) ( , , )� � � � ��

� �

� �

�
1

2 4

1

�
,

ãäå p p p p� ( , , )1 2 3 , dp dp dp dp� 1 2 3 , i — ìíèìàÿ åäèíèöà,

D p q s s e lp x x q t t( , , ) ( , , )( ) ( )� � � �� � � � �diag 1 3 ,

ïåðåäàòî÷íóþ ôóíêöèþ ðàññìàòðèâàåìîé óïðóãîé ñðåäû. Òîãäà ìàòåìàòè÷åñ-

êóþ ìîäåëü (2) åå äèíàìèêè çàïèøåì â áîëåå óäîáíîì âèäå

u s G s s f s ds( ) ( ) ( )� � � � �

��

��

� .
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Ïðè èññëåäîâàíèè äèíàìèêè óïðóãîãî òåëà, çàíèìàþùåãî ïðîñòðàíñòâåí-

íóþ îáëàñòü S 0 , êîòîðàÿ îãðàíè÷åíà ïîâåðõíîñòüþ �, íà âðåìåííîì èíòåðâàëå

t T�[ , ]0 âåêòîð-ôóíêöèþ u s( ) óïðóãî-äèíàìè÷åñêèõ ñìåùåíèé òî÷åê òåëà

ïðåäñòàâèì [5, 6] ñóììîé

u s u s u s u s( ) ( ) ( ) ( )� � �� 0 � , (4)

ãäå

u s G s s f s ds

S T

� � � � � ��( ) ( ) ( )

0

,

u s G s s f s ds

S

0 0
0

( ) ( ) ( )� � � � �� , (5)

u s G s s f s ds

S

� �
�

( ) ( ) ( )� � � � �� .

Ñîñòàâëÿþùèå ñóììû ïðè S S TT
0 0 0� � [ , ] , S S0

0 0� � ��( , ] , S R S T� � �( \ ) [ , ]3
0 0

ñîîòâåòñòâóþò äåéñòâèþ îáúåìíûõ è íà÷àëüíî-ïîâåðõíîñòíûõ âíåøíåäèíàìè-

÷åñêèõ âîçìóùåíèé òàêèõ, ÷òî

L u s U xr t t r
0

0

0( ) ( ) ( )� �
�

( , , )x S r R� �0 01 , (6)

L u s U x tx x x� �
�

�
� �

�( ) ( ) ( , )� �
� �

( [ , ], , )t T R� �0 1� � , (7)

ãäå L r Rr t
0

01( ) ( , )� � , L Rx� ��
�( ) ( , )� �1 — ëèíåéíûå äèôôåðåíöèàëüíûå

îïåðàòîðû.

Ðàññìîòðèì òàêæå äèñêðåòíûé àíàëîã ñîîòíîøåíèé (5):

u s G s s fm m
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M
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� ��( ) ( )

1

,
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0

0
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0

( ) ( )� �
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� , (8)
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.

Ó÷èòûâàÿ [6], ÷òî ïðåäñòàâëåíèÿ (4), (5) è (4), (8) âåêòîð-ôóíêöèè u s( ) óðàâíå-

íèÿ (2) óäîâëåòâîðÿþò ïðè ëþáûõ ìîäåëèðóþùèõ âåêòîð-ôóíêöèÿõ f s0 ( )

( )s S� 0 , f s� ( ) ( )s S� � è èõ çíà÷åíèÿõ f m Mm0 01( , )� , f m Mm� �( , )�1 ,

îïðåäåëåííûõ â òî÷êàõ s Sm
0 0� ( , )m M�1 0 , s Sm

� �� ( , )m M�1 � , çàäà÷ó ïî-

ñòðîåíèÿ âåêòîð-ôóíêöèè u s( ) â ïðÿìûõ çàäà÷àõ äèíàìèêè óïðóãîãî òåëà ñâå-

äåì ê ïîñòðîåíèþ âåêòîð-ôóíêöèé f s f s0 ( ), ( )� è âåêòîðîâ

f f m Mm0 0 01� �col( , , ),

f f m Mm� � �� �col( , , )1 ,

êîòîðûå ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷è
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. (9)

Â çàäà÷àõ óïðàâëåíèÿ äèíàìèêîé ðàññìàòðèâàåìîãî òåëà íà÷àëüíî-êðàåâûå

íàáëþäåíèÿ (6), (7) çà åãî ñîñòîÿíèåì äîïîëíèì îäíèì èç ñëåäóþùèõ

ñîîòíîøåíèé:

L y s U x x S i IiT s t t Ti
i

( ) ( ) ( ) ( , , )� � � �
� 0 1 , (10)

L y s U t t T i IiX s x x Xi
i

( ) ( ) ( ) ( [ , ], , )� � � �
�

0 1 , (11)

L y s U s s S i Ii s i
T( ) ( ) ( ) ( , , )� � � �
0

1 . (12)

Çäåñü, êàê è âûøå, LiT s( )� , LiX s( )� , Li s( )� ( , )i I�1 — ëèíåéíûå äèôôåðåíöè-

àëüíûå îïåðàòîðû, U x U t U s i ITi Xi i( ), ( ), ( ) ( , )�1 — çàäàííûå ôóíêöèè, êîòî-

ðûå îïðåäåëÿþò æåëàåìûå ñîñòîÿíèÿ òåëà äëÿ x S� 0 , t T�[ , ]0 , s S T�
0

.

Áóäåì èñõîäèòü èç òîãî, ÷òî óïðàâëÿþùèìè âíåøíåäèíàìè÷åñêèìè ôàêòî-

ðàìè, ïîñðåäñòâîì êîòîðûõ äîñòèãàþòñÿ ñîñòîÿíèÿ U xTi ( ), U tXi ( ) , U si ( ) , ìîãóò

áûòü ôóíêöèè f s( ),U xr
0 ( ) ( , )r R�1 0 ,U s�

� ( ) ( , )� �1 R� îáúåìíî-, íà÷àëüíî- è ïî-

âåðõíîñòíî-ðàñïðåäåëåííûõ âíåøíåäèíàìè÷åñêèõ âîçäåéñòâèé, âçÿòûõ ïî îäíî-

ìó, ïî äâà è ïî òðè. Ðåøåíèå çàäà÷ óïðàâëåíèÿ ðàññìàòðèâàåìûì óïðóãèì òåëîì

äëÿ óñëîâèÿ (12), êàê íàèáîëåå îáùåãî, è äëÿ íàáëþäàåìîãî ñîãëàñíî (6), (7)

òðåõìåðíîãî óïðóãîãî òåëà ðàññìîòðèì íèæå, ãäå áóäóò îïðåäåëåíû êðèòåðèè

ðåøåíèÿ êîíêðåòíûõ çàäà÷.

ÇÀÄÀ×È ÓÏÐÀÂËÅÍÈß ÄÈÍÀÌÈÊÎÉ ÒÐÅÕÌÅÐÍÎÃÎ ÓÏÐÓÃÎÃÎ ÒÅËÀ Ñ Ó×ÀÑÒÈÅÌ
ÎÁÚÅÌÍÎ-ÐÀÑÏÐÅÄÅËÅÍÍÛÕ ÂÍÅØÍÅÄÈÍÀÌÈ×ÅÑÊÈÕ ÂÎÇÄÅÉÑÒÂÈÉ

Ðàññìîòðèì ïîñòàíîâêè è âàðèàíòû ðåøåíèÿ çàäà÷ óïðàâëåíèÿ ðàññìàòðèâàå-

ìûì óïðóãèì òåëîì, èñõîäÿ èç íàáëþäåíèé (6), (7) çà åãî íà÷àëüíî-êðàåâûì

ñîñòîÿíèåì äëÿ ñëó÷àÿ, êîãäà æåëàåìîå åãî ñîñòîÿíèå îïèñûâàåòñÿ ñîîòíîøå-

íèåì (12), à óïðàâëåíèå âûïîëíÿåòñÿ âåêòîðîì f f f s m Mm m� � �col( ( ), , )1

îáúåìíûõ âíåøíåäèíàìè÷åñêèõ ôàêòîðîâ ïðè âîçìîæíîì ó÷àñòèè íà÷àëü-

íî-êðàåâûõ âîçìóùåíèé U xr
0 ( ) ( , )r R�1 0 , U s�

� ( ) ( , )� �1 R� .

Óïðàâëåíèå âåêòîðîì îáúåìíî-ðàñïðåäåëåííûõ âíåøíåäèíàìè÷åñêèõ

âîçäåéñòâèé. Ðàññìîòðèì ñëó÷àé, êîãäà ôóíêöèè U xr
0 ( ) ( , )r R�1 0 , U s�

� ( )

( , )� �1 R� èçâåñòíû, à óïðàâëåíèå âûïîëíÿåòñÿ âåêòîðîì f ïðè óñëîâèè

�* || ( ) ( )| ( ) ||� � ��
�
�� L u s U x dxr t t r

Sr

R
0

0
0

2

1
0

0

� � � �

��
�� || ( ) ( ) ( ) ||

[ , ]

L u s U s dsx

T

R

� �
�

� �

�

�
2

01

� � � ���
�

|| ( ) ( ) ( ) || min
( )

L u s U s dsi s i
u s

Si

I

T

2

1
0

. (13)
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Ïðè âåêòîð-ôóíêöèè u s( ), îïðåäåëåííîé ñîãëàñíî (4), (8), çàäà÷à (13) ýêâèâà-

ëåíòíà ïîñòðîåíèþ óïðàâëÿþùå-ìîäåëèðóþùåãî âåêòîðà f f f f� col( , , )0 �

òàêîãî, ÷òî

�* min�
f

. (14)

Ðåøåíèå (14) ïîëó÷èì ñðåäíåêâàäðàòè÷åñêèì îáðàùåíèåì ñèñòåìû ëèíåé-

íûõ ôóíêöèîíàëüíûõ óðàâíåíèé [6]

B s f U s( ) ( )� , (15)

â êîòîðîé

U s U x x S U s s T U s s S T( ) ( ( ) ( ), ( ) ( [ , ]), ( ) ( ))� � � � �col 0 0 0
0� � ,

B s

B x x S

B s s T

B s s S

B

T

( )

( ) ( )

( ) ( [ , ])

( ) ( )

�
�
� �

�

11 0

21

31 0

12

0�
( ) ( )

( ) ( [ , ])

( ) ( )

( ) (x x S

B s s T

B s s S

B x x S

T

�
� �

�

�0

22

32 0

13 0

0�
)

( ) ( [ , ])

( ) ( )

B s s T

B s s S T
23

33 0

0� �

�

	




�
�
�

�




�
�
�

�

ïðè

U x U x r Rr0
0

01( ) ( ( ), , )� �col ,

U s U s R�
�

�( ) ( ( ), , )� �col � � 1 ,

U s U s i Ii( ) ( ( ), , )� �col 1 ,

B x L G s s ò M r Rr t m
t

11
0 0

0
0 01 1( ) ( ( ( ) ( ) , , ), , )� � � � �

�
col str ;

B x L G s s ò M r Rr t m
t

12
0

0
01 1( ) ( ( ( ) ( ) , , ), , )� � � � �

�
col str �

� ;

B x L G s s ò M r Rr t m
t

13
0

0
01 1( ) ( ( ( ) ( ) , , ), , )� � � � �

�
col str ;

B s L G s s ò M Rx m21
0

01 1( ) ( ( ( ) ( ), , ), , )� � � � �col str � ��
� ;

B s L G s s ò M Rx m22 1 1( ) ( ( ( ) ( ), , ), , )� � � � �col str � �� �
� � ;

B s L G s s ò M Rx m23 1 1( ) ( ( ( ) ( ), , ), , )� � � � �col str � ��
� ;

B s L G s s ò M i Ii s m31
0

01 1( ) ( ( ( ) ( ), , ), , )� � � � �col str ;

B s L G s s ò M i Ii s m32 1 1( ) ( ( ( ) ( ), , ), , )� � � � �col str �
� ;

B s L G s s ò M i Ii s m33 1 1( ) ( ( ( ) ( ), , ), , )� � � � �col str .

Ïðè ýòîì

� f
f

uf B s f U s ds f f P B� � �
�

�
�

��

�

�
�

��
� ��

�: || ( ) ( )|| min { :

(•)

� � �� �P P } , (16)

ãäå ïðè ïðîçâîëüíîì � � � �� col( , , )0 � èìååì

P Pij i j
i j�

�
�

[ ]
,
,

1
3

, B B iu ui� �col( , , )1 3 ,

P B x B x dx B s B s ds Bij i j
S

i j
T

i
� � �� �

�
1 1 2 2

0
3

0

T T( ) ( ) ( ) ( )

[ , ]�

T ( ) ( )s B s ds
j

S T
3

0

� ;

88 ISSN 0023-1274. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç, 2017, òîì 53, ¹ 4



B B x U x dx B s U s ds Bui i
S

i
T

i
� � �� �

�
1 0 2

0
3

0

T T T( ) ( ) ( ) ( ) (

[ , ]
�

�

s U s ds

S T

) ( )

0

� .

Çäåñü è äàëåå ñèìâîëîì (•) îáîçíà÷åíî èíòåãðèðîâàíèå ïî îáëàñòè èçìåíåíèÿ

àðãóìåíòà ïîäûíòåãðàëüíîé ôóíêöèè, à ñèìâîëîì + îáîçíà÷åíî ïñåâäîîáðà-

ùåíèå ìàòðèöû.

Ïîëàãàÿ, ÷òî

P Q Q Q� � col( , , )1 2 3 ,

èç (16) íàõîäèì

f Q B Pu0 1 0� � �( )� � , f Q B Pu� �� � �2 ( )� � , f Q B Pu� � �3 ( )� �. (17)

Ïðè íàéäåííûõ ñîãëàñíî (17) óïðàâëÿþùå-ìîäåëèðóþùèõ âåêòîðàõ f , f 0 , f �
èìååì

min ( ( )) ( ) ( ( )) ( )*

[ ,
f

Sf

U x U x dx U s U s ds
�

�

� � ��
�

� �

�

� 0 0

00

T T

T ]

�

� � �
� ( ( )) ( )U s U s ds B P Bu u

S T

T T

0

.

Ïðè ýòîì � � �0 0� � �� , åñëè detP � 0.

Óïðàâëåíèå ñ ó÷àñòèåì íà÷àëüíî-êðàåâûõ âîçìóùàþùèõ ôàêòîðîâ.
Ðàññìîòðèì ñëó÷àé, êîãäà óïðàâëåíèå èññëåäóåìûì óïðóãèì òåëîì âûïîëíÿåòñÿ

âåêòîðîì f îáúåìíî-ðàñïðåäåëåííûõ âíåøíåäèíàìè÷åñêèõ âîçäåéñòâèé ñ ó÷à-

ñòèåì íà÷àëüíî-êðàåâûõ âîçìóùàþùèõ ôàêòîðîâ. Ôóíêöèè U xr
0 ( ) ( , )r R�1 0 ,

U s�
� ( ) ( , )� �1 R� âîçìóùåíèé ïîëó÷èì èç (6), (7) ïîñëå ïîäñòàíîâêè òóäà âåê-

òîð-ôóíêöèè u s( ), ïîñòðîåííîé ñîãëàñíî (4), (8), (13). Âåêòîð f óïðàâëÿþùå-ìî-

äåëèðóþùèõ âîçäåéñòâèé ïðè ýòîì, êàê è âûøå, ïîëó÷èì ïîñëå ñðåäíåêâàäðàòè-

÷åñêîãî îáðàùåíèÿ ñèñòåìû (15) ïðè óñëîâèè îòñóòñòâèÿ â íåé:

1) âåêòîð-ôóíêöèè U x0 ( ) è ïåðâîé ñòðîêè áëîêîâ ìàòðè÷íîé ôóíêöèè B s( )

ïðè óïðàâëåíèè âåêòîðîì f è âåêòîð-ôóíêöèåé U x r Rr
0

01( ) ( , )� (çàäà÷à 1) ;

2) âåêòîð-ôóíêöèè U s� ( ) è âòîðîé ñòðîêè áëîêîâ ìàòðè÷íîé ôóíêöèè B s( )

ïðè óïðàâëåíèè âåêòîðîì f è âåêòîð-ôóíêöèåé U s R� ��
�( ) ( , )�1 (çàäà÷à 2) ;

3) âåêòîð-ôóíêöèé U x0 ( ), U s� ( ) è ïåðâûõ äâóõ ñòðîê áëîêîâ ìàòðè÷íîé

ôóíêöèè B s( ) ïðè óïðàâëåíèè âåêòîðîì f è âåêòîð-ôóíêöèÿìè U xr
0 ( ) ( , )r R�1 0 ,

U s�
� ( ) ( , )� �1 R� (çàäà÷à 3).

Êàê è âûøå, óïðàâëÿþùå-ìîäåëèðóþùèå âåêòîðû f , f 0 , f � áóäóò îïðåäå-

ëÿòüñÿ ñîîòíîøåíèÿìè (17), â êîòîðûõ

1) P B s B s ds B s B s dsij i j

T
i j

S T

� �

�
� �2 2

0
3 3

0

T T( ) ( ) ( ) ( ) ;

[ ; ]�

B B s U s ds B s U s dsui i
T

i

S T

� �

�
� �2
0

3

0

T T( ) ( ) ( ) ( )

[ ; ]

�

�

, i j, ,�1 3

(çàäà÷à 1);

ISSN 0023-1274. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç, 2017, òîì 53, ¹ 4 89



2) P B s B s ds B s B s dsij i j

S
i j

S T

� �� �1 1 3 3

0 0

T T( ) ( ) ( ) ( ) ;

B B x U x dx B s U s dsui i
S

i

S T

� �� �1 0 3

0 0

T T( ) ( ) ( ) ( ) , i j, ,�1 3

(çàäà÷à 2);

3) P B s B s dsij i j

S T

� � 3 3

0

T ( ) ( ) ;

B B s U s dsui i

S T

� � 3

0

T ( ) ( ) , i j, ,�1 3

(çàäà÷à 3).

Ñðåäíåêâàäðàòè÷åñêàÿ òî÷íîñòü ðåøåíèé êàæäîé ðàññìîòðåííîé çàäà÷è ïðè

ýòîì áóäåò îïðåäåëÿòüñÿ ñîîòâåòñòâåííî âåëè÷èíàìè

�
1
2 �

� � � � � �min || ( ) ( ) ( ) || || ( ) ( )
, ,f f f

x i sL u s U s ds L u s
0

2

�

� �
� � U s dsi

Si

I

T

R

T

( ) ||

[ ; ]

2

101
0

����
���

 

!

"
"

#

$

%
%
�

�

�

�

= ( ( )) ( ) ( ( )) ( )

[ ; ]

U s U s ds U s U s ds B P B

T S

u u
T

� �

�

T T T

�

�
� �� �

0
0

;

�
2
2 0

0

0 2

0

� � � � �
�

min | | ( ) ( ) ( ) || || (
, ,f f f

r t t r i sL u s U x dx L
�

) ( ) ( ) ||u s U s dsi

Si

I

Sr

R

T

�
 

!

"
"

#

$

%
%
�����

��

2

11
00

0

= ( ( )) ( ) ( ( )) ( )U x U x ds U s U s ds B P B

S S

u u
T

0 0

0 0

T T T
� �� � � ;

�
3
2 2

10
0

� � � ���
�

min || ( ) ( ) ( ) || ( (
, ,f f f

i s i

Si

I

L u s U s ds U
T�

s U s ds B P Bu u

S T

)) ( )T T� �
�
0

.

Óïðàâëåíèå â óñòàíîâèâøåìñÿ ïðîñòðàíñòâåííî-âðåìåííîì ðåæèìå.
Ïîëó÷åííîå âûøå ðåøåíèå ðàññìàòðèâàåìûõ çàäà÷ óïðîùàåòñÿ, åñëè âëèÿíèåì

íà÷àëüíûõ (6), ïîâåðõíîñòíûõ (7) è íà÷àëüíî-ïîâåðõíîñòíûõ (6), (7) äèíàìè÷åñ-

êèõ âîçìóùåíèé íà âåêòîð-ôóíêöèþ u s( ) ñîñòîÿíèÿ òåëà ìîæíî ïðåíåáðå÷ü, à

óïðóãî-äèíàìè÷åñêîå ïîëå ñìåùåííûõ òî÷åê òåëà èññëåäîâàòü â íåîãðàíè÷åííîé

âðåìåííîé, ïðîñòðàíñòâåííîé è ïðîñòðàíñòâåííî-âðåìåííîé îáëàñòÿõ. Ïðè ýòîì

â (4) áóäóò îòñóòñòâîâàòü ñîñòàâëÿþùèå u s0 ( ), u s� ( ), ( ( )u s0 è u s� ( )), à â (15) —

âåêòîðû f 0 , f � , ( f 0 è f � ).

Ðàññìîòðèì ñòðóêòóðó ðàçðåøàþùèõ óðàâíåíèé äëÿ ýòèõ ñëó÷àåâ.

Çàäà÷à 1. Óïðóãîå òåëî S 0 èññëåäóåòñÿ â óñòàíîâèâøåìñÿ ðåæèìå

( ( ; ])t T� �� ïðè çàäàííûõ Y s�
� ( ) ( ( ; ], , )s S R� � � �� ��

0 0 1� �� . Æåëàåìîå ñî-

ñòîÿíèå (12) äîñòèãàåòñÿ òàê, ÷òîáû

��
� �

�

�

� � � � �

��
�� || ( ) ( ) ( ) || || (

[ ; ]

L u s U s ds Lx

T

R

i s� �
�

2

01

) ( ) ( ) || minu s U s dsi
f

Si

I

T

� ���
�

2

1
0

.
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Âåêòîð f f f� col( , )� óïðàâëÿþùå-ìîäåëèðóþùèõ ôàêòîðîâ ïîëó÷èì ñî-

ãëàñíî (17) ïîñëå ñðåäíåêâàäðàòè÷åñêîãî îáðàùåíèÿ ñèñòåìû (15), â êîòîðîé

â äàííîì ñëó÷àå

B s
B s B s

B s B s
( )

( ) ( )

( ) ( )
� 	



�

�



�22 23

32 33

, U s
U s

U s
( )

( )

( )
� 	



�

�



�� .

Ïðè ýòîì

P
P P

P P
� 	



�

�



�22 23

32 33

, B
B

Bu
u

u

� 	



�

�



�2

3

, P
Q

Q
� � 	



�

�



�2

3

,

P B s B s ds B s B s dsij i j

T
i j

S T

� �

�
� �2 2

0
3 3

0

T T( ) ( ) ( ) ( )

[ ; ]�

,

B B s U s ds B s U s dsui i
T

i

S T

� �

�
� �2
0

3

0

T T( ) ( ) ( ) ( )

[ ; ]

�

�

.

Òî÷íîñòü ðåøåíèé çàäà÷è áóäåò îïðåäåëÿòüñÿ âåëè÷èíîé

min ( ) ( ) ( ) ( )

[ ; ]f T S

uU s U s ds U s U s ds B P B
T

�� � �

�

� � �

�

�
� �

T T

0
0

u .

Çàäà÷à 2. Ðàññìîòðèì âàðèàíò óïðàâëåíèÿ óñòàíîâèâøåéñÿ äèíàìèêîé òåëà

S 0 äëÿ ñëó÷àÿ, êîãäà óïðàâëÿþùèé âåêòîð f îáúåìíî-ðàñïðåäåëåííûõ âîçìóùå-

íèé äîïîëíÿåòñÿ ïîâåðõíîñòíûì óïðàâëåíèåì U s�
� ( ) ( [ ; ])s T� � ��� , ò.å. êîãäà

�
�

�

� � � �
�

� || ( ) ( ) ( ) || min
, ( ) ( , )

L u s U s dsi s i
f U s R

Si T

2

1
0

� ��
�

1

I

.

Êàê è âûøå, óïðàâëÿþùå-ìîäåëèðóþùèé âåêòîð f f f� col( , )� ïîëó÷èì ñî-

ãëàñíî (17), êàê ðåçóëüòàò ïñåâäîîáðàùåíèÿ ñèñòåìû (15), â êîòîðîé òåïåðü

B s B s B s( ) ( ( ), ( ))� 32 33 , U s U s( ) ( )� ïðè

P B s B s dsij i j

S T

� � 3 3

0

T ( ) ( ) ,

B B s U s dsui i

S T

� � 3

0

T ( ) ( ) ( , , )i j � 2 3 .

Ïîâåðõíîñòíîå óïðàâëåíèå U s�
� ( ), ñîîòâåòñòâóþùåå (19), îïðåäåëèì èç (7).

Ïðè ýòîì

min ( ) ( )
, ( , )f U R

u u

S

U s U s ds B P B
T� ��

�

�
�

�� ��
1

0

T T .

Çàäà÷à 3. Èññëåäóåì äèíàìèêó óïðóãîãî òåëà S 0 äëÿ ñëó÷àÿ, êîãäà ïîâåðõ-

íîñòíûì âîçìóùåíèåì ìîæíî ïðåíåáðå÷ü. Ïðè çàäàííûõ ôóíêöèÿõ U xr
0 ( )

( , , )x S r R� �0 01 óïðàâëÿþùåå-ìîäåëèðóþùèé âåêòîð f f f� col ( , )0 îïðåäåëèì

èç óñëîâèÿ

�0
0 0 2

0

� � � � � �
�

|| ( ) ( ) ( ) || || ( ) ( ) ( )L u s U x dx L u s U sr t r i s i
t

|| min2

11
00

0

ds

Si

I

Sr

R

fT

����
��

� ,
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êîòîðîå, êàê è âûøå, ïðèâåäåò ê ñèñòåìå (15) ïðè

B s
B x B x

B s B s
( )

( ) ( )

( ) ( )
� 	



�

�



�11 13

31 33

, U s
U x

U s
( )

( )

( )
� 	



�

�



�0 .

Â ðåçóëüòàòå ïñåâäîîáðàùåíèÿ (15) èìååì óïðàâëÿþùèé è ìîäåëèðóþùèé

âåêòîðû f è f 0 , àíàëèòè÷åñêèå âûðàæåíèÿ êîòîðûõ ïîëó÷èì èç (17), ïîëàãàÿ

P
P P

P P
� 	



�

�



�11 13

31 33

, B
B

Bu
u

u

� 	



�

�



�1

3

, P
Q

Q
� � 	



�

�



�1

3

,

P B x B x dx B s B s dsij i j

S
i j

S T

� �� �1 1 3 3

0 0

T T( ) ( ) ( ) ( ) ,

B B s U s ds B s U s dsui i
S

i

S T

� �� �1 0 3

0 0

T T( ) ( ) ( ) ( ) .

Ïðè ýòîì

min ( ) ( ) ( ) ( )�0 0 0

0 0

� � �� �
�

f S S

u uU x U x dx U s U s ds B P B
T

T T T .

Çàäà÷à 4. Ðàññìîòðèì âàðèàíò ðåøåíèÿ ïðåäûäóùåé çàäà÷è äëÿ ñëó÷àÿ, êîã-

äà â óïðàâëåíèè ïðèíèìàþò ó÷àñòèå íà÷àëüíûå âîçìóùàþùèå ôàêòîðû U xr
0 ( )

( , )r R�1 0 , à ��
�

min
, ( , )f U r Rr

0
01

.

Óïðàâëÿþùèå ôóíêöèè U xr
0 ( ) ( , )r R�1 0 îïðåäåëèì èç (6) ïðè óñëîâèè, ÷òî

ôóíêöèÿ u s( ) ñîîòíîøåíèåì (4) ïðåäñòàâëåíà ÷åðåç óïðàâëÿþùå-ìîäåëèðóþùèé

âåêòîð f f f� col( , )0 , äëÿ êîòîðîãî èìåþò ìåñòî ôîðìóëû (17) ïðè

B s B s B s( ) ( ( ), ( ))� 31 33 , U s U s( ) ( )� .

Êàê è âûøå,

min ( ) ( ) .
, ( , )f U r R

u u

Sr T

U s U s ds B P B
0

0
0

1�

�� ��� T T

Çàäà÷à 5. Ðåøåíèå çàäà÷è óïðàâëåíèÿ òåëîì S 0 áóäåò áîëåå ïðîñòûì äëÿ

ñëó÷àÿ, êîãäà íà÷àëüíî-ïîâåðõíîñòíûìè âîçìóùåíèÿìè ìîæíî ïðåíåáðå÷ü.

Ðåøåíèå çàäà÷è �� min
f

ïîëó÷èì, ñðåäíåêâàäðàòè÷åñêè îáðàùàÿ óðàâíåíèå

B s f U s33 ( ) ( )� .

Â ðåçóëüòàòå íàõîäèì

f P B Pu� � �� ( )� � & �� R M3

ïðè

P B s B s ds

S T

� � 33 33

0

T ( ) ( ) , B B s U s dsui

S T

� � 33

0

T ( ) ( )

òàêîå, ÷òî

min ( ) ( )
f

u u

S

U s U s ds B P B
T

�� � �
�

T T

0

.
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Çàìåòèì, ÷òî îäíîçíà÷íîñòü ðåøåíèé ðàññìîòðåííûõ çàäà÷ 1–5 çàäàåòñÿ

óñëîâèåì det P � 0, çàïèñàííûì ñ ó÷åòîì îïðåäåëåíèÿ ìàòðèöû P äëÿ êàæäîé

îòäåëüíîé çàäà÷è.

ÇÀÄÀ×À ÓÏÐÀÂËÅÍÈß ÄÈÍÀÌÈÊÎÉ ÒÐÅÕÌÅÐÍÎÃÎ ÓÏÐÓÃÎÃÎ
ÒÅËÀ ÏÐÈ ÈÇÂÅÑÒÍÛÕ ÎÁÚÅÌÍÎ-ÐÀÑÏÐÅÄÅËÅÍÍÛÕ
ÂÍÅØÍÅÄÈÍÀÌÈ×ÅÑÊÈÕ ÂÎÇÌÓÙÅÍÈßÕ

Ïðîäîëæèì ðàññìîòðåíèå çàäà÷è óïðàâëåíèÿ òðåõìåðíûì óïðóãèì òåëîì S 0
ïî ñðåäíåêâàäðàòè÷åñêîìó ïðèáëèæåíèþ âåêòîð-ôóíêöèè u s( ) åãî ñîñòîÿíèÿ ê

çíà÷åíèÿì, îïðåäåëåííûì ñîãëàñíî (12) ôóíêöèÿìè U si ( ) ( , , )s S i IT� �
0

1 .

Â îòëè÷èå îò ðàññìîòðåííîãî âûøå áóäåì ñ÷èòàòü, ÷òî îáúåìíî-ðàñïðåäåëåí-

íûå âîçìóùåíèÿ f s( ) ( )s S T�
0

èçâåñòíû, à äîïóñòèìûìè äëÿ óïðàâëåíèÿ òå-

ëîì, êîòîðîå çäåñü ðàññìàòðèâàåòñÿ, åñòü ôóíêöèè U xr
0 ( ) ( , , )x S i R� �0 01 è

U s�
� ( ) ( [ ; ], , )s T R� � �� �0 1� íà÷àëüíî- è ïîâåðõíîñòíî-ðàñïðåäåëåííûõ âîç-

ìóùàþùèõ ôàêòîðîâ, êîòîðûå ïîñòðîèì ïðè

�� �
�

min
( ) ( , )U x r Rr

0
01

, (18)

�
�

�

0
1

�
�

min
( ) ( , )U s R� �

, (19)

�

�
�

�
�

�

min
( ) ( , )

( ) ( , )

U x r R

U s R

r
0

01

1� �

. (20)

Âûðàæåíèÿ äëÿ óïðàâëÿþùèõ ôóíêöèé U xr
0 ( ) ( , )r R�1 0 , U s�

� ( ) ( , )� �1 R�

â çàäà÷àõ (18)–(20) ïîëó÷èì èç (6), (7) ñ ó÷åòîì òîãî, ÷òî â (4) ñîñòàâëÿþùàÿ

ôóíêöèÿ u s� ( ) èçâåñòíà, à ìîäåëèðóþùèé âåêòîð f f f� col( , )0 � â u s0 ( ) è u s� ( )

îïðåäåëÿåòñÿ ñðåäíåêâàäðàòè÷åñêèì îáðàùåíèåì ñèñòåìû

B s f U s( )
~

( )� ,

â êîòîðîé äëÿ çàäà÷è (18)

B s
B s B s

B s B s
( )

( ) ( )

( ) ( )
� 	



�

�



�21 22

31 32

,
~

( )
( )

( )
U s

U s

U s
�
	



��

�



��

� ,

äëÿ çàäà÷è (19)

B s
B x B x

B s B s
( )

( ) ( )

( ) ( )
� 	



�

�



�11 12

31 32

,
~

( )
( )

( )
U s

U x

U s
�
	



��

�



��

0 ,

äëÿ çàäà÷è (20)

B s B s B s( ) ( ( ), ( ))� 31 32 ,
~

( ) ( )U s U s�

ïðè

U x U x L u s r Rr t t0 0
0

0 01( ) ( ) ( ( ) ( ) , , )� � � �� �
col ,

U s U s L u s Rx� �
�

�( ) ( ) ( ( ) ( ), , )� � � ��col � � 1 ,

U s U s L u s i Ii s( ) ( ) ( ( ) ( ), , )� � � ��col 1 .

Îòñþäà íàõîäèì

f Q B Pu0 1 0� � �( )� � , f Q B Pu� �� � �2 ( )� � ,

ãäå ïðè ïðîèçâîëüíûõ 3
0

M -ìåðíûõ è 3M � -ìåðíûõ âåêòîðàõ � 0 , �� , òîæäå-
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ñòâåííî ðàâíûõ íóëþ, åñëè det P � 0, èìååì

�
�

�
� 	



�

�



�0

�
, P Pij i j

i j�
�
�

[ ]
,
,

1
2

, B
B

Bu
u

u

� 	



�

�



�1

2

, P
Q

Q
� � 	



�

�



�1

2

.

Çäåñü äëÿ çàäà÷è (18)

P B s B s ds B s B s dsij i j

T
i j

S T

� �

�
� �2 2

0
3 3

0

T T( ) ( ) ( ) ( )

[ ; ]�

,

B B s U s ds B s U s dsui i
T

i

S T

� �

�
� �2
0

3

0

T T( ) ( ) ( ) ( )

[ ; ]

�

�

;

äëÿ çàäà÷è (19)

P B x B x dx B s B s dsij i j

S
i j

S T

� �� �1 1 3 3

0 0

T T( ) ( ) ( ) ( ) ,

B B x U x dx B s U s dsui i
S

i

S T

� �� �1 0 3

0 0

T T( ) ( ) ( ) ( ) ;

äëÿ çàäà÷è (20)

P B s B s dsij i j

S T

� � 3 3

0

T ( ) ( ) , B B s U s dsui i

S T

� � 3

0

T ( ) ( ) .

Ïðè ýòîì

min ( ) ( ) ( ) ( )
,

[ ; ]
f f

T S

U s U s ds U s U s ds B
T0
0

0�

�� � �

�

� � �

�
� �

T T
u uP BT � ,

min ( ) ( ) ( ) ( )
,f f

S S

uU x U x dx U s U s ds B P B
T0

0 0

0 0 0
�

� � � �� �
�T T T

u ,

min ( ) ( )
,f f

S

u uU s U s ds B P B
T0
0

�

� � ��
�T T .

Ïîëó÷åííûå ðåøåíèÿ ðàññìîòðåííûõ çàäà÷ áóäóò áîëåå ïðîñòûìè, åñëè â

çàäà÷å (18) ìîæíî ïðåíåáðå÷ü ïîâåðõíîñòíûìè, à â çàäà÷å (19) — íà÷àëüíûìè

âîçìóùåíèÿìè. Òîãäà � � �� � �0 . Ïðè ýòîì

u s u s u s( ) ( ) ( )� �� 0 , f P B Pu0 1 1 1 0 0� � �� ( )� �

äëÿ çàäà÷è (18),

u s u s u s( ) ( ) ( )� �� � , f P B Pu� � �� � ��
2 2 2( )� �

äëÿ çàäà÷è (19),

à P B s B s dsi i i

S T

� � 3 3

0

T ( ) ( ) , B B s U s dsui i

S T

� � 3

0

T ( ) ( ) .

Çàìåòèì, ÷òî, êàê è âûøå, � 0 0� è �� � 0 ñîîòâåòñòâåííî ïðè det P1 0� è

det P2 0� .
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ÇÀÊËÞ×ÅÍÈÅ

Ðåøåíà ñëîæíàÿ è ïðàêòè÷åñêè ñôîðìóëèðîâàííàÿ çàäà÷à óïðàâëåíèÿ òðåõìåð-
íûì óïðóãèì òåëîì ïðîèçâîëüíîé ôîðìû ïðè íàëè÷èè ìèíèìàëüíîãî êîëè-
÷åñòâà èíôîðìàöèè î åãî íà÷àëüíîì è êðàåâîì ñîñòîÿíèÿõ. Öåëü óïðàâëå-
íèÿ — ñðåäíåêâàäðàòè÷åñêîå ïðèáëèæåíèå ëèíåéíî ïðåîáðàçîâàííîãî ïîëÿ
óïðóãî-äèíàìè÷åñêèõ ñìåùåíèé òî÷åê òåëà ê íåïðåðûâíî çàäàííûì ôóíêöèÿì.

Ðàññìîòðåíû ñëó÷àè óïðàâëåíèÿ äèíàìèêîé òåëà ÷åðåç îáúåìíî-, ïîâåðõ-
íîñòíî- è íà÷àëüíî-ðàñïðåäåëåííûå âíåøíåäèíàìè÷åñêèå óïðàâëÿþùèå âîçäåé-
ñòâèÿ, âçÿòûå ïî îäíîìó, ïî äâà è ïî òðè. Àëãîðèòìû ðåøåíèÿ ðàññìàòðèâàåìûõ
çàäà÷, îñíîâàííûå íà îáîáùåíèÿõ ïñåâäîèíâåðñíîé àëãåáðû, ïðîñòû, íàãëÿäíû è
äîñòóïíû äëÿ èíæåíåðíîé ïðàêòèêè. Ïîëó÷åííûå ðåøåíèÿ ïðîàíàëèçèðîâàíû íà
òî÷íîñòü è îäíîçíà÷íîñòü.
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Â.À. Ñòîÿí
ÏÐÎ ÇÀÄÀ×² ÊÅÐÓÂÀÍÍß ÄÈÍÀÌ²ÊÎÞ ÍÅÏÎÂÍÎ ÂÈÇÍÀ×ÅÍÈÕ
ÒÐÈÂÈÌ²ÐÍÈÕ ÏÐÓÆÍÈÕ Ò²Ë.
I. ÂÈÏÀÄÎÊ ÍÅÏÅÐÅÐÂÍÎ ÇÀÄÀÍÎÃÎ ÁÀÆÀÍÎÃÎ ÑÒÀÍÓ

Àíîòàö³ÿ. Ðîçâ’ÿçàíî çàäà÷³ êåðóâàííÿ ë³í³éíî ïåðåòâîðåíîþ âåêòîð-
ôóíêö³ºþ çì³ùåíü òî÷îê òðèâèì³ðíîãî ïðóæíîãî ò³ëà ç ìåòîþ ñåðåäíüîêâàä-
ðàòè÷íîãî íàáëèæåííÿ ¿¿ äî íåïåðåðâíî çàäàíèõ çíà÷åíü. Çàäà÷³ ðîçâ’ÿçóþòü-
ñÿ áåç îáìåæåíü íà ãåîìåòð³þ ò³ëà ³ çà óìîâè íåïåðåðâíî âèçíà÷åíèõ ñïîñ-
òåðåæåíü çà éîãî ïî÷àòêîâî-êðàéîâèì ñòàíîì. ßê êåðóâàëüí³ ôàêòîðè ðîçãëÿ-
íóòî îá’ºìíî-, ïîâåðõíåâî- ³ ïî÷àòêîâî-ðîçïîä³ëåí³ çîâí³øíüîäèíàì³÷í³ çáó-
ðåííÿ. Ïðîâåäåíî îö³íþâàííÿ òî÷íîñò³ òà îäíîçíà÷íîñò³ êåðóâàííÿ.

Êëþ÷îâ³ ñëîâà: ïðîñòîðîâî ðîçïîä³ëåí³ äèíàì³÷í³ ñèñòåìè, ïðîñòîðîâ³ çà-
äà÷³ òåîð³¿ ïðóæíîñò³, ïñåâäî³íâåðñ³ÿ, êåðóâàííÿ.

V.A. Stoyan
PROBLEMS OF CONTROL OF THE DYNAMICS OF NOT FULLY DETERMINED
THREE-DIMENSIONAL ELASTIC BODIES.
I. THE CASE OF CONTINUOUSLY DEFINED DESIRED STATE

Abstract. The author solves problems of control of a linearly transformed vector
function of displacements of points of a three-dimensional elastic body with the
purpose of root-mean-square approximation to its continuously defined values.
No constraints are imposed on body’s geometry and observations of its initial–
boundary state are continuously defined. Spatial, superficial and initially
distributed external-dynamic perturbations are considered as controlling factors.
The accuracy and uniqueness of control are evaluated .

Keywords: spatially distributed dynamic systems, spatial problems of elastic
theory, pseudoinversion, control.
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