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Àííîòàöèÿ. Èçó÷åíà êîíå÷íî-ðàçíîñòíàÿ ñõåìà ïîâûøåííîãî ïîðÿäêà àï-
ïðîêñèìàöèè íà äåâÿòèòî÷å÷íîì øàáëîíå äëÿ óðàâíåíèÿ Ïóàññîíà â ïðÿìî-
óãîëüíèêå ñ êðàåâûì óñëîâèåì Äèðèõëå. Ïîëó÷åíû îöåíêè òî÷íîñòè ïðè-
áëèæåííîãî ðåøåíèÿ, ó÷èòûâàþùèå âëèÿíèå êðàåâîãî óñëîâèÿ. Ïîêàçàíî,
÷òî òî÷íîñòü ñõåìû âûøå â ïðèãðàíè÷íûõ óçëàõ ñåòî÷íîãî ìíîæåñòâà è ïî-
âûøåíèå ïîðÿäêà àïïðîêñèìàöèè íå âëèÿåò íà ýôôåêò îò êðàåâîãî óñëîâèÿ.

Êëþ÷åâûå ñëîâà: óðàâíåíèå Ïóàññîíà, êðàåâîå óñëîâèå Äèðèõëå, ðàç-
íîñòíàÿ ñõåìà, äåâÿòèòî÷å÷íûé øàáëîí, ðàçíîñòíûé îïåðàòîð, îöåíêà òî÷-
íîñòè, êðàåâîé ýôôåêò.

ÂÂÅÄÅÍÈÅ

Ïðè ðåøåíèè êðàåâûõ è íà÷àëüíî-êðàåâûõ çàäà÷ êîíå÷íî-ðàçíîñòíûì ìåòîäîì
çàìå÷åíî [1], ÷òî òî÷íîñòü ïðèáëèæåííîãî ðåøåíèÿ âûøå âáëèçè òîé ÷àñòè
ãðàíèöû îáëàñòè, ãäå çàäàíî êðàåâîå óñëîâèå Äèðèõëå. Êîëè÷åñòâåííîé õàðàê-
òåðèñòèêîé óêàçàííîãî íàáëþäåíèÿ ÿâëÿþòñÿ îöåíêè ñêîðîñòè ñõîäèìîñòè
ñõåìû, êîòîðûå ó÷èòûâàþò âëèÿíèå êðàåâîãî óñëîâèÿ. Òàêèå îöåíêè ïîëó÷åíû
â ðÿäå ïóáëèêàöèé (íàïðèìåð, [2–5]).

Â íàñòîÿùåé ñòàòüå ðàññìîòðåíà ñòàíäàðòíàÿ ñõåìà ïîâûøåííîãî ïîðÿäêà
àïïðîêñèìàöèè íà äåâÿòèòî÷å÷íîì øàáëîíå äëÿ äâóìåðíîãî óðàâíåíèÿ Ïóàññîíà
ñ êðàåâûì óñëîâèåì Äèðèõëå íà ñòîðîíàõ ïðÿìîóãîëüíèêà. Ê ðåøåíèþ óðàâíå-
íèÿ Ïóàññîíà ñâîäÿòñÿ, êàê èçâåñòíî, âàæíûå êëàññû ïðèêëàäíûõ çàäà÷, îäíîé
èç êîòîðûõ ÿâëÿåòñÿ çàäà÷à î êðó÷åíèè ïðèçìàòè÷åñêîãî ñòåðæíÿ ñ ïðÿìîóãîëü-
íûì ïîïåðå÷íûì ñå÷åíèåì. Ñ èñïîëüçîâàíèåì ðàçíîñòíîãî àíàëîãà ýòîé çàäà÷è è
òåîðåìû ñðàâíåíèÿ ïîëó÷åíà àïðèîðíàÿ îöåíêà òî÷íîñòè ìåòîäà ñ ó÷åòîì
êðàåâîãî ýôôåêòà.

Àíàëîãè÷íàÿ ñõåìà ðàññìîòðåíà â [6], ãäå ñ ïðèìåíåíèåì èíîãî ïîäõîäà ïî-
ëó÷åíà îöåíêà äëÿ ïîãðåøíîñòè â íîðìå ñ âåñîì.
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Àïïðîêñèìèðóåì çàäà÷ó (1) ðàçíîñòíîé ñõåìîé
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ÑÂÎÉÑÒÂÀ ÄÈÑÊÐÅÒÍÎÉ ÇÀÄÀ×È

Èçâåñòíî (ñì., íàïðèìåð, [7]), ÷òî îäíîìåðíàÿ ñïåêòðàëüíàÿ çàäà÷à
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Íàïîìíèì, ÷òî äâóìåðíàÿ ñïåêòðàëüíàÿ çàäà÷à
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Ðàññìîòðèì òåïåðü âñïîìîãàòåëüíóþ çàäà÷ó
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Îòñþäà ñëåäóåò ñàìîñîïðÿæåííîñòü è ïîëîæèòåëüíàÿ îïðåäåëåííîñòü îïåðàòî-

ðà A. �
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Èññëåäóåì òåïåðü íåóëó÷øàåìîñòü îöåíêè äëÿ v x( ) â óãëîâûõ óçëàõ ñåòêè �.
Ðàññìîòðèì, íàïðèìåð, óçåë ( , )h h1 2 . Îáîçíà÷èì U x( ) ðåøåíèå çàäà÷è ïðè
f x( ) #1 (çàäà÷à î êðó÷åíèè ïðèçìàòè÷åñêîãî ñòåðæíÿ ñ ïðÿìîóãîëüíûì
ïîïåðå÷íûì ñå÷åíèåì D):

�U x x D( ) ,� � �1 ,

U x x( ) ,� �0 �.

Èçâåñòíî [9, ñ. 683], ÷òî â îêðåñòíîñòè âåðøèíû ( , )0 0 ôóíêöèþ U x( ) ìîæíî
ïðåäñòàâèòü â âèäå

U x x
x x x x

x x
x x

( , ) ln ( )1 2
1
2

2
2

1 2
1
2

2
2 1

2
2
2

4 2
� �

�
� � �

�


 

arctg

x x

x x
w x x1

2
2
2

1 2
1 2

2

�
� ( , ), (11)

ãäå w x x( , )1 2 –– ðåãóëÿðíàÿ ôóíêöèè â îêðåñòíîñòè òî÷êè ( , )0 0 .

Ïðèìåíèâ òåîðåìû 3.1 è 8.1 èç [10], ïîëó÷èì, ÷òî ôóíêöèÿ w x( ) íå âëèÿåò íà
ïîâåäåíèå ôóíêöèè U x( ) â îêðåñòíîñòè âåðøèíû ( , )0 0 . Ýòî îçíà÷àåò, ÷òî îöåíêà
äëÿ ôóíêöèè v x( ) â îêðåñòíîñòè òî÷êè ( , )0 0 íå óëó÷øàåìà è îïðåäåëÿåòñÿ ïåðâû-
ìè äâóìÿ ñëàãàåìûìè ôîðìóëû (11).

Àíàëîãè÷íûå ðàññóæäåíèÿ ìîæíî ïðèìåíèòü äëÿ êàæäîé èç òðåõ äðóãèõ
âåðøèí ïðÿìîóãîëüíèêà D, ïðèíèìàÿ åå çà íà÷àëî êîîðäèíàò è âûïîëíÿÿ íàäëå-

æàùóþ ëèíåéíóþ çàìåíó ïåðåìåííûõ. �

Ëåììà 3. Ïóñòü F x( ) — ïðîèçâîëüíàÿ ñåòî÷íàÿ ôóíêöèÿ, çàäàííàÿ íà �,

à øàãè h1 è h2 óäîâëåòâîðÿþò óñëîâèþ
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5
51
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h
.
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Òåîðåìà 1 ñâèäåòåëüñòâóåò î ïîâûøåíèè òî÷íîñòè ñõåìû (2) â ïðèãðàíè÷-
íûõ óçëàõ ñåòî÷íîãî ìíîæåñòâà �, ÷òî îòðàæàåò âëèÿíèå êðàåâîãî óñëîâèÿ Äè-
ðèõëå. Èç èçëîæåííîãî òàêæå ñëåäóåò, ÷òî ïîâûøåíèå ïîðÿäêà àïïðîêñèìàöèè
íå âëèÿåò íà ýôôåêò îò êðàåâîãî óñëîâèÿ.
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Í.Â. Ìàéêî
ÑÕÅÌÀ Ï²ÄÂÈÙÅÍÎÃÎ ÏÎÐßÄÊÓ ÒÎ×ÍÎÑÒ² ÄËß ÄÂÎÂÈÌ²ÐÍÎÃÎ Ð²ÂÍßÍÍß
ÏÓÀÑÑÎÍÀ Â ÏÐßÌÎÊÓÒÍÈÊÓ Ç ÓÐÀÕÓÂÀÍÍßÌ ÂÏËÈÂÓ ÊÐÀÉÎÂÎ¯ ÓÌÎÂÈ Ä²Ð²ÕËÅ

Àíîòàö³ÿ. Äîñë³äæåíî ñê³í÷åííî-ð³çíèöåâó ñõåìó ï³äâèùåíîãî ïîðÿäêó àï-
ðîêñèìàö³¿ íà äåâ’ÿòèòî÷êîâîìó øàáëîí³ äëÿ ð³âíÿííÿ Ïóàññîíà â ïðÿìî-
êóòíèêó ç êðàéîâîþ óìîâîþ Ä³ð³õëå. Îòðèìàíî îö³íêè òî÷íîñò³ íàáëèæåíî-
ãî ðîçâ’ÿçêó, ÿê³ âðàõîâóþòü âïëèâ êðàéîâî¿ óìîâè. Äîâåäåíî, ùî òî÷í³ñòü
ñõåìè âèùà â ïðèìåæîâèõ âóçëàõ ñ³òêîâî¿ ìíîæèíè ³ ï³äâèùåííÿ ïîðÿäêó
àïðîêñèìàö³¿ íå âïëèâàº íà åôåêò â³ä êðàéîâî¿ óìîâè.

Êëþ÷îâ³ ñëîâà: ð³âíÿííÿ Ïóàññîíà, êðàéîâà óìîâà Ä³ð³õëå, ð³çíèöåâà ñõå-
ìà, äåâ’ÿòèòî÷êîâèé øàáëîí, ð³çíèöåâèé îïåðàòîð, îö³íêà òî÷íîñò³, êðàéî-
âèé åôåêò.

N.V. Mayko
THE FINITE-DIFFERENCE SCHEME OF HIGHER ORDER OF ACCURACY
FOR THE TWO-DIMENSIONAL POISSON EQUATION IN A RECTANGLE
WITH ALLOWANCE FOR THE EFFECT OF THE DIRICHLET BOUNDARY CONDITION

Abstracts. We investigate the finite-difference scheme of higher order of accuracy
on a nine-point template for Poisson’s equation in a rectangle with the Dirichlet
boundary condition. We substantiate the error estimate taking into account the
influence of the boundary condition. We prove that the accuracy order is higher
near the sides of the rectangle than at the inner nodes of the mesh set and
increase in the approximation order has no impact on the boundary effect.

Keywords: Poisson’s equation, Dirichlet boundary condition, finite-difference
scheme, nine-point template, discrete operator, error estimate, boundary effect.
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