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JLA. BJACEHKO, A.I. PYTKAC, B.B. CEMEHEII, A.A. YUKPHUI1

O JEKOMIO3UIMHU JECKPUNTOPHBIX CUCTEM YIIPABJIEHUSA'

AHHOTaNMA. YCTaHOBICHBI YCIOBUS, IPU KOTOPBIX CIOXHAs [JECKPUITOPHAS
CHCTeMa YNpaBJEHHs JOIyCKaeT pasjioKeHHe Ha 0ojiee MPOCThIE IOJCHCTEMBI.
CocTosiHME W BBIXOJ] CHCTEMBI OMNHCAaHBl JTUHEHHBIMH YPaBHEHHSAMH, HE paspe-
HICHHBIMM OTHOCUTEIBHO IPOU3BOJHOM COCTOSIHUA. PaccMoTpeHs! ABa THma pas-
JIOXKEHUH PEryJIspHON CHUCTeMBl — IIOCIEOBaTeIbHAs JEKOMIIO3ULUS U Tapaj-
JeTbHAs JIEKOMITO3MIHA. Y CIOBHS AT IEKOMITO3HIMN CHOPMYIHUPOBAHEI B TEp-
MHUHAX CYIIECTBOBaHMS MHBAapUaHTHBIX Iap HOANPOCTPAHCTB ONEPATOPHBIX
MYYKOB, COCTOSIIMX M3 KO3(DUIMEHTOB CHUCTEMbI. Pe3yibTaThl NPOMILIIOCTPUPO-
BaHbl Ha IPHMEpE IECKPUNTOPHOI CHCTEMBI, KOTOpas OIUCBIBACT IEPEXOIHBIC
HpOLEeCcCHl B PaJMOTeXHUUeckoM (uibTpe. OcyliecTBiIeHa KacKaaHO-Tapaieb-
Has JEKOMIIO3UIMS (HUIBTPA YETBEPTOTO TOPsIKA Ha MpoCTeIne (QUIBTPHI mep-
BOr0 MOpsAAKa, COAEpXKalhe M0 OJHOMY HMHEPLHOHHOMY JJIEMEHTY.

KiioueBble cil0Ba: JECKPUNTOPHAS CHCTEMA YINPAaBICHMS, XapaKTePUCTHYECKHMIl
Iy4OK ONEepaTopoB, MHBAPUAHTHAS Mapa MOANPOCTPAHCTB, IOCIIEOBATEIbHAS Je-
KOMIIO3UIIUS, TTapajuleNbHasi IeKOMITO3UIMSI, KaCKaIHO-TIapaUlenbHas JIeKOMIIO3H-
M PaJMOTEXHUYECKOro (HIBTpA.

HccnenoBanust HacTosmieil pabOTHl OTHOCATCA K CHCTEMaM, COCTOSHHME M BBIXOH KO-
TOPBIX ONKCBHIBAIOTCSl YPABHEHWSMH, HE Pa3pPEIICHHBIMH OTHOCHTEIBHO ITPOM3BOHOM
COCTOSIHUS. B Teopum ympaBiieHWsS TakWe CHUCTEMBl MPHHSATO HA3BIBATH JECKPHUIITOP-
HbIMH. B pa3zza. 1 M3110)KeHbI OCHOBHBIEC TIOHSITHS W TPEANONoXeHus. B pa3n. 2 u 3
YCTaHOBJICHBI YCIIOBHS, MPU KOTOPBIX JECKPUITOPHAs CHCTEMa JOITyCKaeT IOCIeN0-
BaTeIbHYI0 M TapajlIelbHYI0 JIEKOMIIO3UIMU Ha Oojiee MPOCThIE MOJICHCTEMBI MEHB-
muX pasmepHocTedl. B pa3n. 4 mokazaHo, Kak 3TH PE3yJIbTaThl MOYKHO NPHUMEHHUTH K
W3YyYEHHUIO PaJUOTEXHUUYECKHX cucTeM. s 3Toil menm Obuta peaym3oBaHa KacKal-
HO-TapaJuleNibHas JAEKOMIIO3ULUS CJIOKHOTO YeTBHIPEXIOIIOCHOr0 (GMIbTpa Ha IPo-
CTEHIINE YETHIPEXIOIIOCHUKN C OJHUM WHEPLMOHHBIM 3JEMEHTOM.

1. OCHOBHBIE NOHATHUA W NPEAITIOJIOXKEHUSA

MerToapl HCCIEIOBaHUS PA3IMYHBIX KIaccoB cucteM ympasieHus @ = D(u, x,v) co
BX0OJIOM (ympaBieHuem) u(t), COCTOSIHUEM X (7) U BBIXOJIOM V(?) 3aBUCAT OT Marema-
TUYECKOW MOJICIIH, OMKCHIBAIONICH CBS3M MEXAY BekTop-QyHkumsmu u(t), x(t), v(t).
Mpbl paccMarpuBaeM JIMHEWHYIO JIECKPUITOPHYKO CHCTEMY YIIPaBJICHUS, KOTOpas
OIMCHIBACTCS CIICAYIONIMMHI YPaBHCHHUSIMHU:

%(Ax)+Bx(t) =Fu(t), 0<t<T, (1)

d
v(t)=;(Mx)+Nx+Ku, 0<¢<T, 2)
t
JUISL COCTOSIHUSL M BBIXOZAa COOTBETCTBEHHO, a TaK)Ke HayalbHBIM COCTOSHHEM
x(0)=xg. 3)

3nece A, B eC™"™ M, N eCP*™, F eC™", K eCP*", rne cumBon C™" 0603Ha-

YaeT MHOXECTBO 71X 71 MATPULl C KOMIUIGKCHBIMH >JIEMEHTaMH. DTH MaTpHUIBI Clie-
JlyeT TMOHMMAaTh KaK MAaTpHUIbl JHHEHHBIX omepartopoB A4, B:X —Y, F:U -7,
M,N:X =V, K:U =V, ncicTBylOIIMX B KOHCYHOMEPHBIX YHHUTApHBIX IIPOCTPaH-
cTBax coctosiHuii X, oOpaszoB Y, BxonoB U u BbixonoB V. Torma u(t) €U, x(t) € X,
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v(t)eV,dim X =dimY =m, dimU =n, dimV = p. B npumepe u3 pasj. 4 BbiOpa-
Ho X =Y =C", U=C", V=C? u marpuusl onepatopoB pacCMOTPEHBI OTHOCH-
TEJIBHO KAHOHMYECKHUX 0a3HMCOB 3THX IMPOCTPAHCTB.

Cucrema @ (1)—(3) siBisieTcsi IECKPUNTOPHON BCIIEICTBUE BO3MOXHON BBIPOXK-
JIEHHOCTH MaTpulbl WK oneparopa 4. OTaenbHbIe KJIACChl AECKPUITOPHBIX CHCTEM
yhpaBieHuss u3y4deHbl B MoHorpadusx [1, 2]. Hamuuume npou3BOAHON COCTOSIHHS

di(Mx) B ypaBHEHUH BbIXoJa (2) oOBsSCHAIOT mpUMephl U3 [3] U pas3n. 4 HacTosIeH
t

crathu. YpaBaenue (1) u cucrema @ Ha3bIBAIOTCS PETYJISIPHBIMU, €CIIN XapaKTEPUCTH-
YECKHIi Iy4OK MaTpHI] WK OnepaTopoB A4 + B sBiseTcs peryispHbIM (XOTs Obl st
OIIHOM TOYKM A CymiecTByeT obpaTHas MaTpuua win oreparop (A4 + B )71), BBIPOXK-
JICHHBIMH, €CJIH MaTpHIla Win orneparop A He oOpaTuMbl, U BHbIMH, eciin 4 = E [4].
CumBon E 0003Ha4YaeT eJIMHUYHBIN orepaTop win Marpuiy. Kak u B [3, 5, 6], Oynem
paccMarpuBaTh peryisipHble IECKPUIITOPHBIE CHCTEMBI YIIpaBlieHus. Pemenuem ypas-
Heuuit (1), (2) naswsBatorca Qynkuuu x(¢) € C([0, 7], X), v(t) eC([0, T], V') Takue,
gto Ax(t) ec! ([0, T],Y), Mx(t) ec! ([0, T, V') m ipu 3TOM YIOBIETBOPSIOTCS COOT-
vomrenus (1), (2). Camsoier C u C ! 0603HauatoT MHOKeCTBA HETPEPHIBHBIX U HETpe-
pPBIBHO U HEPEHIIUPYEMbIX BEKTOP-PYHKIIUH.

Kitace momycTtuMbIX BXOHOB u(?) yIOBICTBOPSET yCIOBUSM Teopembl 1 u3 [3],
4TOOBI 110 BBIOPAHHOMY JIOIYCTUMOMY BXOJy U Ha4alIbHOMY COCTOSTHMIO X () OJHO3HAU-
HO OIPEJeNUTh COCTOSTHHE X (¢) KaK pelieHue HauansHoH 3anauau (1), (3). JomycTumebrii
BXOJI TAaKXK€ YIOBIETBOPSCT JOMOJHUTEIEHOMY YCIOBHIO TJIQJKOCTH, YTOOBI oOecrie-

. . d
YUTh CYILIECTBOBaHUE HEMPEPHIBHOHN MPOM3BOJHOM o (Mx). Oto ycnoBue rimagKoCTH
t

nerko yemarpusaercst u3 Buaa pemrenus (11) B [3]. Torma Beixon v (¢) (2) Takxke ofaHO-
3HAYHO OMpeenseTcs. 3aMeTuM, 4To TeopeMbl 1, 2 u3 [3] coxpaHsioTca B Ciydae
KOMIIJICKCHBIX TPOCTPaHCTB.

Ecnu A — nipon3BobHBIHN JTMHEHHBIN omniepaTop U3 ¥ BV, To QyHKumu x(¢), v(?)
ecTb pemieHne ypaBHeHuH (1), (2), ecnm ¥ TONBKO €CIM OHM €CTh PELICHHE ypaBHE-
Hus (1) u ypaBHeHUS J
v(t)=E(]l~4x)+ﬁx+IZu, 0<¢<T, (4)

M=A+M:X >V, N=AB+N:X >V, K=K-AF:U >V. (5

Orto o3Hayaer, 4yto cuctemy @ Takke MOKHO OIUCaTh B dKBUBaneHTHoW (opme (1),
), (5), 3).

PasnuuHbIe CBOWCTBA CHCTEM YIIPaBIICHUSI MOKHO MCCIIEIOBATD, IPEBAPUTEILHO
OCYILIECTBUB Ty WJIM UHYIO IEKOMITO3ULIUIO UCXOAHOM cuctemsl [ 1-3, 5-9]. MbI uzyya-
€M JIBa THIA IEKOMIIO3UIIMH JECKPUNITOPHBIX CHCTEM YIPABJICHUSI — IOCIIE0BATENb-
HYIO U napajjienbHyto. [ToHaTusa nmocnenoBaTebHON U MapaulesIbHON JTeKOMIO3UIUH
HCTIOJIB3YIOTCS B TEOPUH aBTOMaTOB B MoHOTrpaduu [10]. Kaxxnomy Tuiy orBevaer co-
OTBETCTBYIOIIEE pasiioxkeHue repenatounoil ¢pynkmwmu [11]. INTocnenoBaTensHoi me-
KOMITO3UIIMU OTBEYaeT MYJIbTUIUIMKATUBHOE Pa3jIoKEHHE NepelaTOYHON (YHKIUH,
a mapajieNnbHON — agmuTuBHOE. YacToTHas mepeaarouHas (YHKIHS ONpelenseTcs
Kak Marpuia-GyHkuus w(l), yIOBJIETBOPSIONIas COOTHOIICHUIO

0(2) =w(D)u(2), (6)

rae (), 9(4) — npeobpazosanus Jlannaca Bxomxa u(t) U BbIXoAa v(f) ¢ HyJIEBBIM
HauaibHBIM ycnoBueM xo =0 B (3). Ilepenatounas dyukims w(d) momyckaer cieny-
[Olllee TIPEJCTABICHUE B JIFOOOU DPEryISIPHON TOYKE A XapakTEpHCTHYECKOrO ITydKa:

w(A)=K+(AM + N)AA+B)"'F. (7
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Bynem ucnonb3oBarh Takue o6o3HaueHus: Lin {...} — nuHeiiHas obonouka Bek-
TopoB, Ker K — saapo onepatopa K, Im K — o6pa3 oneparopa K, X; +X, — mps-
Masi CyMMa JIBYyX IOJIPOCTpaHCTB, X | @ X, — opTOroHasbHAs CyMMa IBYX IOJ-
pocTpaHcTB, 0 — HyJIEBOi OMepaTop WiId MaTpHIa, {e; }Zzl — KaHOHUYECKUU Oa3uc

YHUTapHOTo m-MepHoro npocrpanctea C”'.

2. MOCJIEAOBATEJIbBHASI JEKOMIIO3ULUA AECKPUIITOPHBIX CUCTEM

IocnenosatensHas nexommosunust @ =@ @ d, cucremsr @ Ha aBEe Gonee MPOCTbIE
perynsapHele noacuctemsl @) u @, usydena B padore [3]. IlocnenosarensHas JEKOM-
MO3MLMA COOTBETCTBYET KACKAJAHOMY COEIMHEHMIO YETHIPEXIIOIIOCHHKOB B TEOPHHU ILie-
neii (Hanpumep, pasgen V1.2 B [12]). Tlyere cneremsr @ (u;,x;,v ), j=1,2, omu-
CBIBAKOTCS COOTHOLIEHUSIMH

d
d
(== X X i, 0<t< (0)=x;

v_/(t) dt(ijj)+ijj +Kjuj, 0<¢t<T, xJ(O) X0
C omeparopaMu AJ’B]X]U_)Y]’ FjUj _)Yj’ M],N] Xj _)Vj’ KjUj _)Vj
B MPOCTPAHCTBAX COCTOsIHMIT X ;, oOpasoB Y ;, Bxonos U ; u Beixozmos V. Ilocie-
JI0BaTeNbHAsl JIEKOMIIO3MIMs O3HAYaeT, YTO MPOCTPAHCTBA COCTOSIHUM X M 00pa3oB
Y cucrembr ® ABIAIOTCSA MPSAMBIMU CyMMaMH COOTBETCTBYIOHIMX IIPOCTPAHCTB IOJ-
cucrteM @, ®,, a UMEHHO,

X=X1+X2,Y=Y1+Y2; (9)
npoctpancTa BxonoB U, U ,U, u BeIX0noB V, V1, V> yIOBIETBOPSIIOT paBEHCTBAM
UZUI, V=V2, U2=V1; (10)

BXOIBI, COCTOSIHMS M BBIXOOBI cucTeM @, @y, @, CBA3aHEI COOTHOLICHUAMH
u(t)=u (), x(t)=x1(t)+x,(t), v(t)=v,(t), uy(t)=v;(¢). CormacHo HPIMBIM
cymmam (9) u pasenctBam (10) omepartopsl 4, B, F, M, N, K B (1), (2) npeacrasu-
MBI B OJ04YHOU (hopme

A 0 B 0 F
[—Fle Az} |:_F2Nl Bz} {FzKl}

M =[KyM| M,], N=[K,N| N,], K=K;,K;.

(11

Ecmu cymectByer oOpatHblii onepatop K Ly su , TO IIapa HOAIPOCTPAHCTB X 5, Y,
MHBapHAHTHA OTHOCHTENIBHO XapaKTEPUCTHUYECKOro mydka A4+ B, a mapa MOAIpocT-
panctB X, Y] WHBapHaHTHa OTHOCHTEJBHO BO3MyIIeHHOro my4dka A(A+FK m )+

+ (B +FK_1N) B CMbICIE
AX, Yy, BXy Yy, (A+FK'M)X, Y, B+FK'N)X, cY,. (12)

B Teopeme 2 u3 [3] npuBeneHbI JOCTATOYHbIE YCIOBHS, NPH BBHIMOIHEHHUH KOTOPBIX
cucrema ympasienuss @ (1)—(3) momyckaeT mOCIEIOBATENbHYIO JIEKOMIIO3HIIMIO.
OHO W3 3TUX YCIOBHH COCTOHMT B TOM, 4To omepatop K :U — V' umeer oOpaTHBIHA
oneparop K 1.V 5 U. Bem oo YCIIOBUE HE BBINOJIHSETCS, TO B JIEMME, IpUBE-
JICHHON HIDKE, YCTaHaBIMBAaeTCs repexon oT omucanusi cucreMbl @ B Buae (1)—(3)
k ee onucanuro B Buae (1), (4), (5), (3) ¢ oOpaTUMbIM OIEPaTOPOM K:U V.
Jlemma 1. IIpeanonoxum, uro st cucteMbl @ (1)—(3) BBITOTHEHBI CIEAYIONIIE
COOTHOILICHHUS:
dimU =dim 7, Ker F (1 Ker K = {0}. (13)
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Torna cymectByer auHeiHblil onepatop A:Y — 1V Ttakoid, 4yro cucrema @ pomyc-
kaer ommcanue (1), (4) (3) ¢ omeparopammu M, N, K (5), mpuuem omeparop K
uMmeeT oOpaTHBIN Ktvsu.
JokazareancrBo. Ecnu omepatop K:U —V umeer oOpaTHBI omneparop
K lvosu , TO BeiOMpaeM A =0 u nemma nokazana. llHade paccMaTpuBaeM OpToOro-
HaJIbHBIE PA3JIOKEHUS
U=ImF* ®KerF, Y=ImF®Ker F*, V=ImK®Ker K",

OTHOCHUTEJIBHO KOTOpbIX omepatopel K:U —V, A:Y =V, F:U —>Y wumewT
YRR K1 K Ay A Fip 0
k=811 K| A_1An A g
[0 0 } L\Zl Ap | 0 0f

MpUYeM CYIIECTBYET OOpaTHBIM omepaTop F L ImF >ImF*. B CUIly BTOPOIO
cootHowenus B (13) sgpo oneparopa K, TpI/IBI/IaJIBHO Ker K, = {0}. I/ICHOHL3y$[
9TOT (hakr, HeprI[HO MIPOBEPUTH, YTO CYILECTBYIOT oneparopsl K;i:Im F* >ImK

u K21:ImF — Ker K* Takue, uto omnepatop

K=K Koy Ly

uMmeeT ooparHbii K Ly su. Omeparop K 1oIycKaeT MpeCTaBICHUC B BUJC (5)
ectn Omoxm Ajy, Ay omepatopa A TONOXHTH paBHBIMH Aq| = (K| — Kll) 11 ,

Aqy =—K21F1711. Ha sToM moKa3aTenbCcTBO JEMMBI 3aBEPIIACTCS.

U3 nemmbr 1 crnenyer pesynbrar, oboOmaromuii Teopemy 2 u3 [3].
Teopema 1. Ilyctp B perymsipHoit cucreme @ (1)—(3) mubo oneparop K:U —V

umeeT oOpaTHbIi oneparop K Ly su , 00 BeIMONMHEHHI cooTHotIeHus (13). Cucre-

Ma @ (1), (4), (3) ¢ 0OpaTHMBIM OTIEPATOPOM KB (5) morryckaer mocneioBaTeNbHyO Jie-
kommozuiuio @ =Py ® @, Ha perysspusle noacucremsl Oy, @, ¢ dim U; =dim V7,
€CIM M TOJBKO €CJIM CYIIECTBYIOT TpsMble pasznoxkeHus Buaa (9) Takue, UTO
dim X, =dim Y,, nognpocrpancrsa X 5, Y, MHBapUAHTHBI OTHOCUTEILHO XapaKTepuc-
THYeCKOro myuka A4 + B, moanpocrpaHcta X |, Y| MHBapHAHTHBI OTHOCHTEIBHO BO3-
MyIeHHoro myuka A(A+ FK~'M )+ (B + FK'N ). Ilepenatounas omeparop-QyHK-
ust w(A) cucrembr @ 0MycKaeT MyJIbTHILIMKATHBHOE MPEICTABICHHUE Yepes Iepe/a-
TouHbIe oneparop-Qyukunn w; (4) cucrem @ ; (8): w(d) =w, (A)wy (4).
3ameuanue 1. U3 nokazarenbcTBa JOCTaATOUHOCTH TeopeMbl 2 U3 [3] cineayer, 4To
B MCKOMOH Jiekomnosuuuu @ = O @ @, cucremsl @ Ha nogcucremsl Oy, O, MOKHO

BBIOpaTh _
V1:U2=V2=V, U1=U, KIZK, Kz =F. (14)

3. HAPAJUVIEJIBHAS JEKOMIIO3ULUSA JECKPUIITOPHBIX CUCTEM

Jnst cucTeMbl yIpaBlieHHs, KOTOpas BO3HUKAECT MPU OIMUCAHUM IMEPEXOJHBIX PEKH-
MOB TIapaJIeIbHO COEIMHEHHBIX YEThIPEXIOMOCHUKOB (paznmen VI.2 B [12]), MoxHO
BBECTH IOHATHE MapajuIeIbHOM JEeKOMIO3ULUH, OTJIMYAIOIIeecs] OT IOHATHS IOclie-
JIOBAaTEIbHOM JEKOMITO3HLIUH.

Cucrema @D(u,x,v) (1)—(3) momyckaer napauIeNbHYIO JIEKOMIIO3HUIIUIO
©=0; ® ®, Ha perymsiprbie noacuctems! @ ; (u;,x;,v ;) (8) (puc. 1), eciu BbIION-
HEeHbl cooTHoueHus (9) u paBeHCTBa

U=U1=U2, V=V1=V2; (15)
up (1) = uy (1) = u(t), x(2) =x1(1)+x5 (1), v(t)=v1(1)+v (7). (16)
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HerpynHo mokasars, HCIONB3yS pa- "y = u o v
BeHctBa (15) m (16), uro coriacHo > @ >
npsiMeIM - cymmaMm  (9)  omepatopsl u B V=0 +0)
A B,F,M,N, K TIpeCTaBHMBI nTn
B BUJE — (n)—»
Uy =1u @dbz U
=3 o)l s
2 7 2 Puc. 1. Cxema mapajuieibHOM JIEKOMIO3HLIUN
_|
Fy |’
M =[M; M,], N=[N; N,], K=K;+Kj. (17)

CietoBatenbHO, TpsMbIe paszioxkeHus (9) MPUBOIAT Iyd4OK OIEpaTopoB A4 +B
B CMBICIIC
AX ;cY;, BX;cY;, j=12. (18)

Teopema 2. I[Tycts B peryinsipuoii cucreme @ (1)—(3) nmpoctpancTsa coctosiHuin X
U 00pa3oB Y JOMYyCKAalOT MpsiMble pasioxeHust (9), npuBopsmue ny4ok A4+ B
B cmbicie (18). Toraa mis moObIX MMHEHHBIX onepaTopoB K, K,:U — V' Takux, 4To
K =K +K,, cymectsytor perymsipabie cuctems! O ; (u;,x ;,v ;) Buza (8), Ha KOTO-
pble cuctema @ nomyckaeT napasuienpHyto exkomnosuinuo O = Oy @ @, . Ilepenarou-
Has ¢yukuus w(d) cucremsl @ gonyckaeT alJMTHBHOE MpeACTABIICHHE
w(4) =wy (4)+w, (1) 4epes mepeparounsie pynkumn w;(4) cucrem @ ;.

JoxazareabcTBo. B uckomoil nexomnosunun @ =9 @ ©, cucremsr O, D,

cTpodTcs cienyromum odpasom. Beibepem npocrpanctsa BxogoB Uy =U, =U u BbI-
xonoB V| =V, =V. OtHOCHTENbHO pasznoxeHuit (9) ¢ ucnons3oBanueM (18) mpexacta-
BUM omepatopsl 4, B, ', M, N B Bune (17). Onepatopsl Aj, Bj, Fj, Mj, Nj B (8)
TIOJIOKMM PaBHBIMU COOTBETCTBYIOLIMM OsoKaMm omepatopos B (17). Onepatopsl K ;
3a/IaHbl B yCJIOBUH TeopeMbl. M3 perymsipHoctu myuka A4 + B u cucrembl @ creyer
PEryJISPHOCTD MyYKOB A4 j+B; ucncrem @ ;. Beibepem Bxozer u; (1) = u(t). Hagamb-
HBIC COCTOSIHHSL X jj MOJIOKHM DAaBHBIMH MPOCKLMAM HAYaJIbHOTO COCTOSHMs X( Ha
TO/NPOCTPaHCTBa X ; B (9). Torma cupaBenTUBEI paBeHCTBA (16). ATIUTHBHOE TIPEI-
craBjieHue nepegaroynoi QGynkuun w(ld) ciemnyer uz (17).
Teopema noka3zana.

4. TEKOMNO3UIIUA PAJUOTEXHUYECKON CUCTEMBI

IIpuMmeHnM momy4YeHHbIE PE3yJIbTAThl K CUCTEME, BO3HUKAIOIIEH IIPHU ONHCAaHUM Iepe-
XOJIHBIX PEKHMOB UETBIPEXIIOIIOCHHKA, CX€Ma KOTOPOro M300paxkeHa Ha pHc. 2.

Tokn W HanpspKeHUs! YJIOBJIETBOPSIOT ypaBHeHHsAM Kupxroda

I+l I +lg =17 Ic+1g +1 ~Ic —1y =17,

(19)
UL1+Url=U75UL+Ur=UC’UL1+Ur1=UC+UCl’ (]Jr =UC1‘
VYuuTeIBas ypaBHEHHs KojeOaHWi W ajareOpanvecKkue ypaBHEHHsI
d d d d
U, =2y, U, =2, ), I =2 @Up), 1o =2 (CUq ),
L dt( ) Uy, dt(lLl) c dt( c) I, dt(l c,) oo

U}" =rIL,Ur1 =r]IL1, Ig =gUC5 Igl =g1UC1’
ypaBuenus (19) mepernumeM B Buje
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A R A
I
IL1 ——
v Ly Ut
aas N
pr—
UL1 Url
Puc. 2. Cxema ueTbIpexnotocHoro ¢uibrpa

i(L] Y+nl; =U" i(LI Y+rl; -Uer =0

g )il > L L~Uc =0,

d , _

E(CUC)-’-]LI +1L+gUC =1 ’UC+UC1=U , (21)

U"=Uc, I" =%(CUC ~CUc )+, +9Uc -gUc, .
3necs L, L,C,Cy,7, 1,9, g — IOJIOKUTEIbHbBIE NapaMETpPbI.
C ¢ubTpoM cBs3bIBacM cuctemy ynpasieHust O(u, x ,v) ¢ Bxogom u= (U "1~ )T
COCTOSIHHEM X = (IL1 I lUcUc, )T , BBIXOmOM v =(U"'I" )T U TPOCTPAHCTBAMU

X =Y =C4, U =V =C?. CucreMa OIHCHIBACTCS COOTHOMICHUSIMA (21), xortopsie
npuanMatoT Bux (1), (2) B o003HAYEHHAX

Ly 0 00 n 000 10
0O L 0O 0 -10 00
4 OOCO’B llgO’F 01/ (22)
0O 0 0O 00 1 1 10
000 O 000 1 00
M: = K: . 2
(0 0C —CJ’ (0 1 g—glj’ (0 0) )

OueBunHo, @ ecTh JecKpUNTOpHAsT BBIPOXKAEHHAs peryiisipHas cuctema. CoriiacHo
teopeme 1 u3 [3] coctosiHue cuctemsl @, T.e. SJHEPreTUUYECKUE MEepEeMEHHBIC [ L (1),
I, (), Uc@), U c (¢), ompenemnstoTCs OJHO3HAYHO TIO W3BECTHBIM BXOJHBIM (DYHK-
uusm U~ (t) u [~ (¢), a TakKe COTITACOBAHHBIMH C HUMHU HAYaJbHBIMH 3HAYCHUSIMU
17,(0),1,(0), Uc(0), Uc, (0). Ocranbubie TOKH W HATPSKCHHS ¢wibTpa BBHIYUCIISA-
I0TCsl HerocpeacTBeHHo 1o gopmynam (19) u (20).

J1s eKoMIo3uuu paaiuoTeXHUUeCKor cucteMbl O BOCIOIb3yeMcsl TeopeMon 1.
Tak kak B onmcannu cuctemsl (1)—(3) ¢ marpunamu (22), (23) marpuna K sBIsieTcs
BBIPOXKJICHHOH, TO OCYIICCTBUM MEPEXOJl K OMHCAHHIO CHCTEMBI @ B Bume (1), (4), (3)
C MaTpuuaMu M N K (5), tme K — oOparuMasi Matpuiia. B oka3aTesbCTBE JieM-

4 2
MBI 1 ykazaH anroputm HaxoxzaeHus omneparopa A:C™ — C” WM COOTBETCTBYIOLICH

eMy MaTpullbl A (B KaHOHMUYECKHX 0a3Kcax), ¢ OMOILBI0 KOTOPBIX peau3yeTcs 3TOT

nepexon. Nmeem
(00 0 -1} ~ (000 O ~ (0 0-1 0 ~ (10
A_(O 0 -1 Oj’ M_(O 00 —Clj’ N_(—l 00 —gl)’ _[0 1)' 24
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HerpyaHo BuaeTb, YTO OPTOrOHAJbHbBIE Pa3I0KEHUS
X=Y=C'=X,0X,=Y,®7,,
(25)
X, =Y, =Lin{e}, e;,e3}, X, =Y, =Lin {¢4}
SIBIISIIOTCSL Pa3sIoKeHUSIMU THMA (9), OTHOCHTENBHO KOTODPBIX YCJIOBHSI TEOpeMbl |
BBINOJTHEHB.

Omnumem noxcucremsl @, @, (8) B nexomnosunnu @ =P; ® ®,. Cucrema O,
HUMeeT OJHOMEpPHbIE IIPOCTPAHCTBA COCTOSIHUM U 00pa3os X, =Y, B (25), a cucrema
@, — TpexMepHbIC MPOCTPAHCTBA COCTOSHUI 1 00pa3oB X | =Y B (25). B cuny (14)
IIPOCTPAHCTBA BXOAOB M BBIXOJOB OTUX CHCTeM coBmajawr:U, =V, =U, =V, =

=U=V=C?u K| =K, =K =E. Oneparopueie kodbduuuentst 4;, B ;, F;, M ;,
N j cHcTeM () j (8) ompenensieM ¢ MOMOIIBIO COOTBETCTBYIOIIMX OJIOKOB OIIEpaTo-

de (11). B kaHOHHYECKUX 6a3mcax MOANPOCTPAHCTB X s Y j M TPOCTPAHCTB U s Vj
3aIHIIeM COOTBETCTBYIOUINE WM MATPHIIBI

L, 0 0 n o0 o0 10
A=l 0 L 0|, By=|0 r 1|, F;=[0 0],
00C 11 g 01

(000 (0 0 -1
M“(o 0 0)’ Nl_(—l 0 0)’

0 0
Ay =0, B, =1, F, =(1 0), M =[ ) N =( )
2 2 2 27| _¢ 27\ —g,

Cucrema ynpasineHuss @; B CBOIO ouepeib TaKXKe JOIYCKAeT I0CIEI0BATEIbHYIO
JIEKOMIIO3MIUIO COrJIacHO TeopeMe 1. JIeHCTBUTENBHO, CIPaBEAIMBBI OPTOTrOHAJIb-
HBIE Pa3JIOKECHUS

X1=Y =X ®X), =Y @Y,

Xy =Yy =Lin{e}, Xy =Y, =Lin{e,e3}.
XapakTepHCTUICCKUI ITy4oK omepatopoB A4 + B : X| — X obnagaetr IByMEpHBIM
MHBAPUAHTHBIM TOIIPOCTPAHCTBOM X [r: A1 Xy € X, B1 X, < X,. Bosmymennslii
My4oK ormepatopoB A(A; +F{M)+(B; +F;Ny): X > X| o0namaer OIHOMEPHBIM
WHBAPUAHTHBIM TOJIPOCTPaHCTBOM X y1: (A4 +F{M )X < Xy, (B1+F|N;)X | <
C X17. CrnenoparenpHO, YCI0BHSA TeOpeMbI 1 BBINOIHEHBI JUIs cucTeMbl P M cucTema
JIOIyCKAeT OCIE0BATENbHYIO JAeKOMIOsULmo @) =Dy @ @y, 3nece Uy; =V =C’u

K1 =K15 =K = E. Marpuunble k03(p¢duimenTsl (B KaHOHMYECKHX Oa3ucax), KOTOPbIM

COOTBETCTBYIOT omepatopsl cucteM ®j; B mpocrpancTBax Xy;, Yy;, Uy, Vy;, nmeror
CIEAYIOIUI BT

0 0
Ay =Ly, Byy=n, Fi;=>10), My :(oj’ Nyj Z(_J,

L 0 -1 00 00 0 -1
Ay :(0 Cj’ BIZ:(; gj, Fiy :(0 J, M, :(0 0), Ny :(0 0).

Ucxonnas uetbipexmepHas cucrema yrpasienus O (1), (4), (3) ¢ koadpdunmenra-
MU (22), (24) nommyckaeT 1mociea0BaTeNbHY0 JEKOMITO3UIUIO B IIETIOUKY TPEX CUCTEM

(D=q)11 ®(D12 ®q)2 (26)

¢ cocrosiHUAMH  x11(¢) = ILl (e, x1p@)=1;(t)ey +U ()e3, x,(2) = UC1 (H)ey.
Herpyano Buzers, 4To ofHOMepHBIe cucTeMbl @y, @, ONMCHIBAIOT JBa YETHI-
PEXIIONIOCHUKA, KOTOPBIC COJACPKAT JINIIb 0 OJHOMY HHCPIIMOHHOMY SJIEMEHTY L,
Cy cootBeTcTBeHHO (pHc. 3). MOXXHO IMOKa3aTh, YTO IOCJIEIOBATEIbHAS JEKOMITO3H-
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s AByMepHoH cucrtemsl @, coriacHo TeopeMe | NPUBOIUT K LEMOYKE ABYX IO-
CJI€ZIOBATEIbHO COEAMHEHHBIX OJHOMEPHBIX CHCTEM, KOTOPHIE ONUCHIBAIOT JIBa ue-
TBIPEXMOMIOCHUKA. OHAKO, XOTs Obl OJMH M3 3TUX UYETBIPEXMOIIOCHUKOB HE SBIIA-
€TCsl IACCUBHOH 1LIEIIbI0, TaK KaK €ro IapaMeTphbl HE SIBIIAIOTCS MOJIOKHUTEIbHBIMU.

Taxoke He IpeCTaBIsAeTCs BOSMOXKHBIM € IIOMOLIBIO TEOPEMBI 2 OCYLLIECTBUTD I1a-
paluIeNbHyI0 IEKOMIIO3UIUIO Tepenatoeil cucremsl @y,. [l nepenaromieil CUCTEMBI
[epBble KOMIIOHEHTB! BEKTOPOB BXOJa U BbIXO/A ABJIIOTCS HAIPSDKEHUSIMU, @ BTOPbIE
KOMITOHEHTBl — TOKaMHu. B TO e BpeMs XOpOLIO U3BECTHO, UTO Pe3yJbTaT Mapa-
JIEIHOTO COEAMHEHUS YETBIPEXIIONIOCHUKOB JaeT aAMUTAHCHYIO CUCTEMY, Y KOTOPOH
BXOJIbl — HallpsDKEHUs, a BbIX0Jbl — Toku [12]. He Mensist cocrosiHue x = xq, cucTe-
Mbl Dy, (115, X12, U1y ) U OCYLIECTBIISIA MPeoOpa3oBaHUs €€ BXOAA U, U BBIXOJA Vqp
no dopmynaM u = Pjujy +Prv o, U =Pyujp +P4v,, THE

10 00 01 0 0
(RS (R (RO U

MBI MEPEXOANM K agMHuTaHCHOW cucteme W (u, X, V), KOTOpas OMHCHIBAETCS COOTHO-
mennsaMu, monodusiMu (1)—(3) ¢ marpumamun

oo} 7 G ) e )
sl

CopaBennuBo U oOpaTHOE: MpeoOpa3oBaHUs
u12=P15+P25, 'U12=P31/7+P4T) (27)

BXOJla # W BBIXOAA U aJAMUTAaHCHOH cuctembl ‘P(u, X, V) C COXpaHEHHEM €€ COCTOS-
HHS X, =X BO3BpamaloT Hac K mepeparomeit cucteMe @Dy, (uy5, X1, V1 ). 3ameTnm,
9TO CTPYKTYPHI UYETBHIPEXIIOTIOCHUKOB, ONMHMCHIBAEMBIX cucTeMamu Py, (u15, X173,V 12)
n ¥Y(u,x,v), coBnagaior.

Tenepsb ¢ TOMOIIBIO TEOPEMBI 2 OCYIIECTBUM HapaUIeIbHYIO IEKOMITO3UIMIO a/IMHU-
TancHOW cucteMbl W (u,x, V). OTHOCHTENBHO pasioxkeHnit X [, =Y, = Lin {e;} ®
® Lin {e3} tuma (9) co coiicrBamu (18) cucrema W momyckaer napajuieibHYIO Je-
kommosummio ¥ =¥, @ ¥, Ha ogHOMEpHBIE TOACHCTEMBI ¢ MATPHIHBIMU KO3 duIm-
eHTaMU

A=t By=r = o0 b =[5 ) M= L] om0 B -,

F=( -1), M, :[_CC), N, :(_ggj, K =K, :[g g)

Onnomepusble cuctemsl Wy, W, ONHCHIBAIOT JiBa MapajuIeNIbHO COCANHCHHBIX YCThHI-
PEXIIONIOCHUKA, KOTOPBIE COICPIKAT TOJIBKO TI0 OJHOMY MHEPLUHOHHOMY 31emeHty L, C
(cm. puc. 3). B pesyinbrare HCXOHBINA YETHIPEXITONFOCHBIH (PHITBLTP (CM. pUC. 2) JIOMyCKaeT
KaCKaJHO-IIAPAIUICITFHYIO JSKOMIIO3UIMIO Ha MPOCTEHIINE YeTBIPEXIIOIIOCHUKH, KOTOPBIC
coziepKaT JHIIb 10 OJHOMY HHEPIMOHHOMY d3meMenty Ly, L,C, C; (cm. puc. 3).

[TocnenoBatenbHOM AEKOMIO3UIMKA (26) COOTBETCTBYET MYJIbTHILTUKATHBHOE
pasnoxenune w(d)=w, (A)wy, (A)wy; (L) nepenarounoit ¢yukimu w(d) cucremsr O
uepe3 mepemarounbie QyHKIMH wii(4), wiy (), wy (1) moacuctem @y, Dj,, D,.
C ucnonp30BaHUEM OIpE/ICICHUS MTepeIaTouHol QyHKuu 1o Gopmyie (6), a Takke ¢
y4eToM npejacTaBieHus (27) moirydyaeM BBIpaKEHHE

1

Wi (A) = (P3 + Pyw(A))(Py + Pyw(A)) !
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Puc. 3. Cxema KacKaJHO-NAPAJUICIBHOH IEKOMIO3HIMH YETHIPEXIIOIIOCHOTO (HIBTpa

ISl TIepeaTtouHoi GyHKIMH Wi, (4) cucrembr @1, uepes mepeaaTouHyr (QyHKIHMIO
w(A) cucrempr Y. B cumiay TeopeMbl 2 U3 HapajiIedbHON JIEKOMIIO3HLIUH
VY =¥,®Y¥Y, crenyer agguruBHoe pasioxkenue w(d)=w;(4)+w, (1) nepemarou-
HO#t GyHkiuu w(A) depe3 nepemarounsie GyHkuuu wy(4), wy (1) cucrem ¥y, ¥,.
Torma

W(A) = Wy (M[Py + Py (wy (A)+wy (AP +Py (wy (A) +w3 (ANT™ wy (D).

[IpencraBienue a1t 4acTOTHOM mNepeaaToyHOM (yHKUUH 1o dopmyie (7) mo3Bos-
€T HaWlTH

Wll(i)_(—(iLlJrrl)_l lj’ wz(l)—(_(,lclJrg) 1}

— a1 1 -1} — _ 1 -1
Wl(i)—m(l 1)» wz(l)—(lCH-g)(_l 1)

BxuroueHne OTpe3KOB JUIMHHBIX JIMHUH B PaIMOTEXHUYECKHE CXEMBI C COCPEIO-
TOYEHHBIMU 3JIEMEHTaMHU IPHUBOJIUT K JECCKPUITOPHBIM CHUCTEMaM C 3alla3bIBaHH-
em [13, 14]. TlpeaioskeHHbIE B JaHHOW pabOTe CIIOCOOBI JCKOMITO3UIMH TAKKE MOTYT
OBbITH MCIIOJIB30BAHBI IIPU PELIEHUH 33aJja4 ONTUMAJIHOTO yIIpaBieHus u quddepenu-
QIIBHBIX UTP ISl TUHAMHUYECKUX CHCTEM, B KOTOPBIX YUHUTBIBAeTCS d(PPEKT 3ama3apiBa-
Hust [15-17], nmmynscHble Bo3zaedcTBus [18—20] mim croxacThdeckue BO3MYIIe-
Hus [21-23]. B cnyyae ucciieoBanusi 06CKOHEYHOMEPHBIX CHCTEM, HE Pa3pelieHHbIX
OTHOCUTENIFHO MPOM3BOJHOM, Hampumep [24-26], merecooOpa3HO HCIOIb30BaTh
KOHEYHOMEpHBIE aIMPOKCUMAIH JAECKPUITOPHBIMH CHCTEMaMHU.
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JILA. Banacenko, A.I'. Pytkac, B.B. Cemenenp, A.O. Uukpiii
PO JEKOMIIO3UIIIO JECKPUIITOPHUX CUCTEM KEPYBAHHS

AHoTauisi. BcTaHOBIICHO YMOBH, 3a SKHX CKJIaJHa JCCKPUIITOPHA CHCTEMa Kepy-
BaHHs JIOIyCKae Po3KiIa] Ha Outbll mpocti migcuctemMu. CTaH Ta BHXIJ CHCTEMH
OIMUCAHO JIHINHUMH PIBHSHHSAMH, 10 € HE PO3B’SI3aHUMH BiTHOCHO MOXIAHOI CTa-
Hy. PO3IVISIHYTO [1Ba THIM PO3KJIAMIB PEryJISIPHOI CHCTEMH — IOCIIJJOBHA JICKOM-
MO3UIlis Ta MapaesibHa JEKOMIIO3UIsS. YMOBH Ul JEKOMIIO3HLIT chopMyIboBa-
HO y TepMiHaX iHBapiaHTHHX Map MiANPOCTOPIB ONEPATOPHHUX KMYTKIiB, IO CKJIa-
JaloThesl 13 KOoedimieHTIB cHcTeMH. Pe3ynbTaTH IPOLTIOCTPOBAHO IPUKIALOM
JECKPUITOPHOI CHUCTEMH, IO OIMCYE MEepeXifHi MpoLecH y pagioTeXHIYHOMY
¢dinpTpi. 3mificHEHO KacKagHO-TIApajelbHy ACKOMIIO3HLII0 (iTbTpa YeTBEPTOro
HOPSAKY Ha HAWOPOCTINN (UIBTPU IMEPIIOro IMOPSAKY, IO MICTATH IO OJHOMY
IHepLIHHOMY EJIEMEHTY.

KnrodoBi cioBa: meckpunTopHa CHCTEMa KEpyBAaHHS, XapaKTEPHCTHYHUH JKMY-
TOK OIepaTopiB, iHBapiaHTHA Mapa IMiJIPOCTOPIB, MOCIIZOBHA JEKOMIIO3HUIIiS, Ma-
panienpHa JEKOMITO3HIs, KacKaJHO-TapajelbHa JCKOMIIO3HIIS PaliOTeXHIYHOTO
¢inbTpa.

L.A. Vlasenko, A.G. Rutkas, V.V. Semenets, A.A. Chikrii
ON THE DECOMPOSITION OF DESCRIPTOR CONTROL SYSTEMS

Abstract. We establish the conditions to decompose a complicated descriptor
control system into simpler subsystems. The system state and input are described
by equations not solved with respect to the derivative of the state. We consider
two types of decompositions: sequential and parallel decompositions. The
decomposition conditions are formulated in terms of the existence of invariant
pairs of subspaces for operator pencils consisting of system coefficients. The
results are illustrated on an example of a descriptor system that describes
transient states in a radio-engineering filter. We carry out the cascade parallel
decomposition of forth-order filter into the simplest first-order filters, each
containing one inertial element.

Keywords: descriptor control system, characteristic operator pencil, sequential
decomposition, parallel decomposition, cascade-parallel decomposition of
radio-engineering filter.
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