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CTAHOBJIEHHSI TA PO3BUTOK HAYKOBOI HIKOJIHA
MATEMATHUYHOI TEOPIi ®LIbTPAIII"
o 100-piuus 3 aHa HapoxxeHHs akageMmika LI. JIsmka

AHoOTamisi. B orisaai BHCBITICHO OCHOBHI €Talll CTAHOBIICHHS Ta PO3BUTKY KHIBCHKOT IIKOJIH
MareMaTH4HOi Teopii ¢inprpanii. OCHOBHa yBara NpHAiJIeHa HAyKOBUM iJiesM Ta pe3yibTaTamM
i mimepa — BHAATHOTO YyKpaiHCBKOro BueHoro akaaemika HAH VYkpainm IBama IBanoBHua
JIsmka. XKypnan «KiGepHeTnka Ta CHCTEMHHI aHali3» CHCTEMAaTHYHO ITyOIikye poOOTH y4HIB
LI. JIsuka, y sikux iforo imei i 3100yTKM OTpHMaiy HOJAIBIINHA PO3BUTOK.

KawouoBi ciaoBa: teopis QinmbTpamii, mpuKiIagHa MareMaTHKa, OOYHMCIIOBallbHA MaTeMaTHKa,
KiOepHEeTHKa, CUCTEMHU 3 PO3IOAUICHUMH MapaMeTpaMH.

BCTYII

OnHuM 3 (QyHAaMEHTaJIbHUX PO3IUTIB TiIPOMEXaHIKM € Teopis pyXy PiAMHHU B IO-
pUCTOMYy cepefoBullli — Teopis ¢inpbTpanii. MaremaTuyHi Mojedl KJIaCHYHOL
Teopii (Teopis QinbTpariii) AOTHYHI [0 TEOpil aHAIITUYHUX Ta Yy3arajlbHEHUX
aHamitTnyHuX ¢QyHKid. CxiuaaHicTh 3a7ad Teopii QinbTparlii nojisraia B TOMY, 11O
001acTh, B SIKI NIYKAa€eThCS PO3B’ 30K 3aaaul (obmacte (inmbTparii), 3a3Buyail Mae
cknanHy (GopMmy, a KpaiioBi YMOBH Ha 4YacTHHI 11 MEXIi JIMIIE BiOMI CBOIM THIIOM
(HampuKIa, JiHIT pIBHUX TMOTEHINATIB YW JIiHIT TOKY), ajleé YUCIIOBI 3HAYCHHS IMX
MOTEHINIAIiB HEBIZIOMi 1 MUISTAIOTh MOJAJBIIOMY BH3HAYCHHIO.

3 cepeanan XX croniTts B KUiBChKOMY JepKaBHOMY YHIBEpPCHTETI
im. T.I'. [lleBueHKa aKTHBHO IOCITIKYIOThCS 3a1avi (iapTpamii Ta OJIM3bKI MUTAHHS

*
PoGora BukoHaHa 3a ¢iHaHCcOBOI minpuTMkn MOH Vkpainu (poekT «OOUUCITIOBANIbHI aarOPHTMH
i omTuMi3alis Ui MITYYHOTO IHTENIEKTY, MEAMUMHU Ta oboponm», 0122U002026).
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MaTteMaTuaHOi (i3ukn. CTHMYJIOM 70 PO3BUTKY KHIBCHKOI HAYKOBOI ITKOJIM MaTeMa-
THUYHOI Teopil (impTparii rpyHTOBHX Box ¥ 1950-X pokax cTaB IpaHIiO3HHH HMPOEKT
moOyI0BH THIMPOBCHKOTO KackKajy riapoenekrpoctanuiil. [Ipodnema memiopamii 3e-
MeJib MiBACHHUX CTEMiB TAaKOXK Bifirpaja BaXJIMBY pOJb Y CTHUMYJIOBAaHHI MPHUKIAM-
HUX POOIT 13 3ailyueHHsIM 0araTboX MOJIOJIUX HAYKOBIIIB.

3aCHOBHHMKOM KHIBCHKOi HAYKOBOI IIKOJIM MaTeMaTU4HOI Teopii (inbTpamii BBa-
xaroTb npodecopa ['eoprist MuxonaiioBuua [Tonoxis (1914-1968). Bin € aBropom
METOAYy Ma)XOpPaHTHHX oOjacTeil Ta MeToay cyMapHuX 300paxkeHb. llepmuii meTox
3YMOBJIIOE OOTPYHTOBAaHO OY/yBaTH JBOCTOPOHHI OIIHKH (UIBTPAIifHUX XapaKTe-
PUCTHK BinmoBigHow nedopmariero obnacti ¢inpTpanii ckinagHoi Gopmu. Ipyruii
METOJI € TUCKPETHUM aHAJIOTOM METOJIB IHTerpalbHUX 300paxkeHb. Po3B’ 130K 3amaui
B KO)KHOMY BY3JI1 CITKOBOT 00JIaCT1 3aITUCY€ETHCS B 3aMKHEHIN (hopMi y BHTIIsII OpMYy-
JIM CyMapHUX 300pakeHb, 3aIeKHO BiJl KpaHOBUX YMOB Iii (popMyiu abo € SBHUMH, 200
MICTSTh HE3HAUHY KUTBKICTH (TIOPIBHSHO 3 3arajIbHOIO KUTBKICTIO BY3TIB CITKM) HEBiO-
MHUX TIapaMeTpiB, IO BH3HAYAIOTHCS 3 JOTOMDKHHMX CHCTEM JHIHHHX anreOpaidyHux
piBHSIHB. MeTol0 cTaTTi € crpoda MPOCHiAKYBaTH €Taly PO3BUTKY KUIBCbKOT HAYKOBOT
LIKOJIKM MaTeMaTW4yHoi Teopil ¢inbTpauii uepe3 HayKOBMH HUIAX 11 jigepa — y4HS
.M. Tlonoxiss — 3aciy’eHOro fisiua Haykd YKpaiHu, yaypeara JlepkKaBHUX MpeMmiid
VYxpainu y ramy3i Hayku 1 TexHiku Ta rnpemii HAH Ykpaian im. M.M. Kpunosa, aka-
nemika HAH Ykpainu, goktopa (isuko-mMareMaTnaHux Hayk, podecopa L1, Jlsmka.

IBan IBanoBuu Jlsmko Haponuscs 9 BepecHs 1922 poky B ceni Maukisui Jly-
6encbkoro paiiony IlonraBcekoi obmacti. 3 1940 poky BiH ciyxuB Ha YopHOMOp-
cekomy (utoTi. Tlicast memo6imizanii y 1948 poui craB cryaeHToM KHiBCbKOTO yuu-
TEJIBCHKOTO 1HCTUTYTY, SIKUH 3aKiHUMB 32 OJMH Pik. [Ipaitorour BUUTEIEM y IIKOJI,
BiH 3a0YHO HaBYaBcsi y KWIBCBKOMY JIepXaBHOMY MENaroriqyHOMy IHCTHTYTI
iMm. O.M. TI'opekoro. Ilicns fioro 3akimueHHs y 1952 pori BCTynuB 10 acmipaHTypu
MEXaHIKO-MaTeMaTH4HOro (akynpTeTy KuniBChKoro yHiBepcHTETy (HAyKOBHH Ke-
piBauk — mnpodecop ['.M. Ilonoxiit). KanaumpgaTceky aumcepTamiro 3aXHCTHB
y 1955 pomi Ta OyB mpu3HAYEHHUI aCUCTEHTOM KadeIpu MaTeMaTU4dHOi (i3UKH Me-
XaHIKO-MaTeMaTHYHOTO (akyyIbTeTy. 3 Iboro yacy npodeciiine xxurrs 1.1, Jlsmka mo-
B’s3aH0 3 KuiBchknM HarioHanpHUM yHiBepcuTeToM iMmeHi Tapaca IlleBuenka. Bin
OyB 3aBimyBaueM Kadeapu wmaremaTwyHoi (izuku (1964—1969), nekaHom Me-
XaHIKO-MaTeMaTu4HOro (akynprety (1965-1969, 1987-1989), nekanoM (axyibTeTy
kibepuetuku (1969-1977), mpopektopoM 3 HaykoBoi pobdotm (1977-1985), Bin
1991 poKy — TOJIOBHHM HAayKOBUM CITIBPOOITHHKOM (haKyJIbTETy KiOepHETHKH. IBaH
IBanoBMY mimoB i3 xutTs 29 6epesnst 2008 poky. Crnucok poOiT akagemika .1, Jlsm-
ka Mmictuth nonan 400 myOmikarmiit [1, 2].

IBan IBamoBmu Jlsmko OyB JifepoM HAyKOBOI IIKOMM 3 MAaTeMaTHJHOI Teopil
dinsrpaii y Kuischkomy nepixastomy yHisepenteti im. T.I. IlleBuenka. oMy Hanexars
MPUHIMIIOBI pe3yJbTaTH B MaTeMaTH4HIA (i3uii, Teopil y3araJbHEHHX AaHAJiTHYHHX
(byHKLiii, oOuncmoBanpHiil MateMatii. Y 1969 poui pazom 3 akanemikom B.M. ['mymiko-
BUM BiH cTBOpUB Y KuiBchkomy neprxaBHomy yHiBepcureri im. T.I'. IlleBuenka ¢akyibrer
kioepueruku (Bix 2016 poxy (haxyynbTeT KOMIT FOTEpHUX HAyK Ta KiOepHEeTHKH) i OyB Horo
MePIINM JICKAaHOM Ta 3aBiqyBadeM Kageaph OOUYHCIIOBAIEHOI MAaTEMAaTHKHL

CTAHOBJIEHHSA

[MouarkoBuii TIepio CTAHOBJIEHHS MIKOIM MaremarudHoi ¢inpTpanii (1952-1960) Oys
TPHUCBSTYEHUI JTOCIIUKCHHSAM YHCEITbHO-aHANITHYHAX METOMIB PO3B’SI3aHHS 3a1a4 Kia-
cnyHoi Teopii Qinbrpamii. Y HaykoBux mpansx LI, Jlsmka Ta #oro koser Oyino BcTa-
HOBJICHO psIJl aHAMITHYHMX 3aJIOKHOCTEH, SIKI Jlald 3MOTY BH3HAYUTH OCHOBHI
¢inpTpaniiini XapaKTePUCTHKH MOTOKIB IPYHTOBHX BOJ HiJX TiIpOCIOPYHOIO.
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VY 1mukoi poOiT, mo JsAriu B OCHOBY Kauauaarchbkoi muceprarnii LI, JIsmxka «Pe-
IICHHE 331491 O (PUIIBTPAIMH 110l MHOTOIIITYHTOBOH IIOTHHOW TIPH MPOHU3BOIHEHOM
KPWBOJIMHEHHOM TOJI3EMHOM BOAOYyTIOpe» [3], JOBEEHO HU3KY TEOPEM IIPO y3araib-
HeHi aHanmiTHaHi (QyHKIIl. 3okpema, [.1. JIamky Baamocst moOyayBaTH 3aje’KHOCTI BH-
X1THUX MIBUAKOCTEH (inbTpamii Bix GpopMu Mif3eMHOTO BOJOYIOPY, OTpuMaTu (op-
MYJH U PO3PaxyHKy BHTPAT PiMHHU, PO3MOALTY MPOTUTHCKY Ha (IroTOeTi, BU3HA-
YUTH TOYHI BEPXHI Ta HIKHI OLIHKM OCHOBHUX (UIBTpaliiHUX XapaKTepPUCTHUK.

OCHOBHUM METOJIOM, SIKMH BIOCKOHAJIIOBAIM Ta 3aCTOCOBYBaJHM B poOOTaxX LUX
pokiB, OyB Meron MaxkopaHTHUX obOmacteil. CyTe merony Taka. Hexail morpiOHo
OI[IHUTH JIESIKYy XapaKTePUCTUKY (QLIbTpallii B reOMETPUYHO CKIIaaHiil obnacti. Cru-
parourch Ha BapianiidHi Teopemu .M. Tlonoxis, OyayroThcs mUIIXoM jaedopmarnii
MEXi BHXIHOI 00jacTi JBi JONMOMiXKHI (MaxkopaHTHi) oOmacti. B omHiii 3 no-
MOMDKHHX 00JIacTel XapaKTEePHUCTHKA OI[IHIOETLCS 3HU3Y, a B 1HINIH — 3Bepxy. Ma-
KOpaHTHI 0071acTi, 3BUYaifHO, MarOTh OyTH NMPOCTUMH 1 pa3oM 3 TUM 3a0e3NCTyBaTH
JOCTaTHBO TOYHY JIBOCTOPOHHIO OLIIHKY IIYKaHOI XapaKTEePUCTHKH. SIKIIO HE BUMara-
TH BEJIMKOI TOYHOCTI OIIHKH, TO II€W METOJ| € JIOCTaTHBhO €()EKTHBHUM.

Marematnunum 0azucoMm 1poro meroay € teopema .M. Ionoxist mpo 30epe-
JKEHHs 00JIacTi UI JTIHIHHUX eninTHYHUX cucteM [4]. ChopMynroeMo BaXIJIMBUI yac-
TUHHUNA Bunagok Teopemu .M. Ilonoxisa 1 p-aHamiTHYHUX QYHKUIH f =@ + iy,
10 BU3HAYAIOTHCSA CTINTHYHOI CHCTEMOIO

dp 1oy adp 10y

ox pay’ ay p&x’

ne p=p(x,y)>0 — 3amaHa QyHKIIs.

Teopema 1 [4]. Hexaii f = + iy +# const — p-aHaniTu4Ha GyHKLUisA B oOnacti D
IUTOIIMHY z =X + [y Ta il XapaKTepUCTHUKA p 13 CBOIMH YACTHHHUMH HOXITHUMH €
IenpnepoBoro B D. Toxi mMHOXkuHA f (D) € 00yacTro.

L Teopema nanma 3MOry MOMIMPUTH BapiamniifHi TeopeMu Teopii (inbTpamnii Ta Me-
TOJl MaYKOPAHTHHUX 00JacTell Ha BUMAZO0K (QUIbTpaLii y HEOTHOPIAHOMY CEpEeIOBHIIII.

BIJ AKICHUX PE3YJIbTATIB 1O YUCEJIbBHUX METO/IB

[porsirom 1960-1968 pokie LI. Jlsmko 3 xoneramu OTpUMaB NPHHIMIIOBO HOBI pe-
3yJILTATU IOJI0 YMCEIIBHUX METOJIB PO3B’sI3aHHS 33ja4 MareMaTHuHOI (Pi3uKu, 30Kpe-
Ma 3a7a4 Teopii ¢inprpamnii. OCHOBOIO Ul MOJAIBIIMX PO3POOOK CTaBaH 3alPOIOHO-
BaHi nipodecopom .M. Tlonoxiem mMeTo] cyMapHUX 300pakeHb Ta BapialliiiHi Teope-
MH, a TakOX MeToj MaxopaHTHuUXx obnacreil. LI, Jlsmko omiHuB nepeBaru
BHOIPKOBOTO pPaxyHKy METOJy CyMapHHX 300pakeHb Ta Ha Iiii OCHOBI 30y1yBaB
€MHY CXEMY pO3B’S3aHHS OUIBIIOCTI aKTyalbHHX Ha TOW Yac TNPaKTUYHHX 3a]ad.
Pesynbrati 11X poOIT cTamM MatepiajJoM JUIs JOKTOPCHKOI JucepTalii Ta Mo-
Horpadii «Pemenne QUIBTPAIIMOHHBIX 3aad METOAOM CYMMAapHBIX IIpEICTaBIIe-
HUi» [S]. Meron cyMapHUX 300paKeHb JIa€ 3MOTY JUIS IMUPOKOTO KIIACy 3aJlad MaTe-
MaTHYHOI ()i3UKM 3HAXOJIUTH PO3B’SA3KH BIAMOBIIHUX CKIHUCHHO-PI3HHUIICBUX 3a/a4
a0o0 B SBHOMY BUTJIsIi, a00 y BHIIISAI BITHOCHO MPOCTHX (POPMYII 3 TapaMeTpaMu, sIKi
JIETKO 3HAWTH, PO3B’SA3YI0UM JOMOMDKHY CHUCTEMY JIIHIHHMX PIBHSIHb. 3a3BHuail 1ei
METOJI 3aCTOCOBYIOTB [UIsl PO3B’sI3aHHS qu(epeHIlialbHIX PiBHSIHD 3 YACTHHHUMU TO-
XITHUMH Apyroro i yerBeproro mopsiakis. 1.1, Jlsmko y3araapHUB Horo it HeoOMe-
JKEHUX 00JacTe (CMyT Ta HAIIBCMYT) i 3aCTOCYBaB HOTO JJIsl MOJCTIOBaHH (igbTpa-
[IAHOTO MOTOKY B IPYHTI ITiJ] 6araToImmyHTOBUM (irroTdeToM, (IrroTOeToM 3 riepena-
JlaMH, IpeHOBaHUM (DIFOTOSTOM Ta iy cucteMoro ¢urotoetis. Lle nano 3mMory 3HauHO
CIPOCTUTH MAaTEMAaTU4HI PO3PaxXyHKH Ui KOHCTPYIOBaHHS TiJJPOTEXHIYHHUX CIOPY]I,
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aJKe TIOTY>KHOCTI KOMIT IOTepiB Ha TOHM yac Oynm HeBeJMKUMHU. Hampukian, moyaTko-
BO-KpaiioBa 3ajaua cTarioHapHOi (iIbTpalii IPyHTOBHX BOJ B OJHOPIIHOMY IPYHTI
dbopmyitoeThest sik piBHsiHHS [lyaccona

Av=f

B oOnacTi ¢imbTpauii G i3 kpailoBUMu ymoBaMu V|, = ¢(s) Ha ii Mexi, 1e ¢ — 3a-
naHa (yHKUig Oyrd KoHTypa S, akuil oOmexye obsactb G. OGmactb (inmbrpauii
3a3BHYail Mae ckiamHy (GopMy, a KpalloBi YMOBHM Ha 4acTWHI il MeXi MOXYTb OyTH
3aJaHi K (QYHKIsS TOKY a0o SIK MOTeHIialbHa (DYHKI(S, BEIMYMHU SIKUX HEBIJIOMI
1 MaroTh OyTH BH3HAYCHI.

3a GopMyIIO METOly CyMapHHX 300paKeHb PO3B’ 30K TUCKPETH30BaHOT 3a1a4i
B KOXKHIH BHYTpimHi# Toumi (X;, V) CITKOBOTO HPSMOKYTHHKA

G, ={x; =x¢ +ih,, yp = +khy, i=0,1,...,m+1[=0,1,....n+1}
BU3HAYAETHCS TaK:
i1 7P _yip

n . izl _ R
u(xi»yk):zaik Ajﬂ,! +BleJ+z¥[hxzfi(xp)_y2wi(xp)] >

j:l p:l lu] _Vj

e a;;

i CJIEMCHTHU MaTpHIl:

2 [ k)"
@ik} oy =/ ——1sini ,
’ n+1 n+1 i k=1

Ay 1 B; — craii, sKi BUSHAYalOThCs 3@ JOIOMDKHOK CHCTCMOIO PIBHSHB U 1V

S B 2 2 2 kxo o hy
— CTan, AKi JOPIBHIOKOTB [l =1 +q(N, —1, 7 =1+y~ —y“cos— y =—,
n+1 h,
~ n n
k=12,....,n; f;(x,) Ta @;(x,) — BexTOpH, fj(xp)=Za[jf,(xp),
/=1

6,E)j(xp)=a1ju()(xp)+anjunﬂ(xp)-

MACIITABHI 3AJJIAYI

[Mepiox 3 1969 mo 1975 poku XapakTepuU3yeThCS PO3BUTKOM YHCEIbHO-aHaIi-
THYHUX METOJIB, TXHIM 3aCTOCYBaHHSM y Teopii ¢inbTpamnii Ta po3MIMPEHHSIM
CIeKTpy 3anad matematuyHol ¢izuku. Lle 3amikapwio I.I. Jlsmka. PobGoru, Bu-
KOHYBaHI y IeH mepioX, MicTATh (yHAAMEHTAIbHI TEOPETHYHI pE3yNbTaTH 3
pO3B’s3aHHS 0araTOBHUMIPHHX 3a7ad MaTeMaTHYHOI (i3MKM B AMCKpETHil mocra-
HOBLI. Jlo TOrO X, Il pe3yJabTaTH OTPUMYIOTh 3aCTOCYBAaHHS IIiJl 4ac PO3paxyH-
Ky JHIIPOBCHKMX HaMHUBHUX TpeOeib, (PinbTpaliifHUX XapaKTepUCTHUK rpedeinb
Kwuiscrkoi Ta KaniBcbkoi [EC i 6ararbox iHIUX TiApOTeXHIYHUX 00’ €kTiB. s
MiITOTOBKHU CIEIialliCTIB y Taly3l MaTeMaTHYHOTO MOJICTIOBAHHS Ta OOYHCIIO-
BabHOT TexHiKH B 1969 p. pazom 3 akagemikom B.M. I'mymkoBum IBan IBano-
BuY cTBOpHB y KuiBchkomy nepxaBHoMmy yHiBepcuteTi iM. T.I'. llleBuenka da-
KyJbpTeT KibepHeTHKH (3 2016 poky (akyIapTeT KOMIT'IOTEPHHX HayK Ta Kibep-
HETHUKH), CTaBIIM WOro TEpIIUM JEKaHOM Ta 3aBigyBayeM Kadeapu
00YHCITIOBAIBHOT MaTeMaTHKH.

BukopucroByroun MeTox MakopaHTHuX oGmacteit, 1.1, Jlsmko i3 crniBaBTOpamu
OTPHUMAJTH AJTOPUTMH 3 MKOPAHTHOIO OIIIHKOIO JUIs (DUIbTpamiiHuUX 3a/1ad 3 CYTTEBO
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HenpsAMOJiHiiHUME Mexamu. Lli pesynbraTu BukianeHo y MoHorpadisx «YHucnen-
HO-aHAJIUTUYECKOE pelIeHue 3a1au Teopur (uibrpauuu» [6] 1 «Meron makopaH-
THBIX oOnacteil B Teopun ¢puiibtpauun» [7]. UncenbHo-aHATITHYHUNA MeTO P -TpaHc-
¢dbopmariii, pospunennii [.I. Jlsmkom Ta ¥Horo y4HsIMH, Ja€ 3MOTY pO3B’SI3yBaTH
CKIHYCHHOPI3HUIICBI 33/1a4ui Y 3aMKHCHOMY BUTJISIII 1 3alMUCYBATH 1X (POpPMYJIaMH Cy-
MapHUX 300paKeHb. 3aJIC)KHO BiJl KpAHOBUX YMOB Il (GOpMYJIH MArOTh SIBHHH Xapak-
Tep abo MICTATH HEBEIMKY KUTBKICTh HEBIOMHX ITapaMeTpiB, III0 MOJKHA 3HANTH, PO3-
B’SI3aBIIM CHUCTEMY JIHIHHHMX anreOpaidHux piBHAHB. Pa3soM i3 MeromamMm Maxo-
paHTHUX o0NacTell Ta pyxy MEXKOBHUX TOUOK METOJ P-TpaHcopmaliiii HaiaB 3roay
pO3B’A3aTH 3ajadi MareMaTuyHol (i3MKH Yy NOBUIBHHX 00JacTsX.

30JI0TUMN BIK

[lepiox 3 1976 mo 1991 poku CcTaB eTanoM MOAATBIIOTO PO3BUTKY TEOPETHUHHX
TOCII/DKCHb y Taly3i Teopii QinmpTpariii, aBTOMaTH3aIli] YUCENFHUX PO3PAaXyHKIB Ta
MaTEeMaTHYHOTO 3a0e3MEeUCHHS CKIIAQIHOTO ECTIEePUMEHTY.

TeopeTnuHi ZOCTIKEHHS CYTTPOBOIKYBAIUCS PO3POOJICHHSIM BiIIOBIHUX MPO-
IrpaMHHX MPOJYKTIB. 3 METOI MiJABHIICHHS SKOCTI Ta YAOCKOHAICHHS MPOTPaMHOI0
3a0e3neueHnst kepiBHuTBOM L.I. Jlsmka ta 1.B. Ceprienka Oyjio CTBOPEHO OKpemy
IpYIly MOJIOJHMX BUCHHX, SIKi 3alHsIIMCS LUMU mpoOieMaMu. Y pe3ynbrari 0yio pos-
POOJICHO HHU3KY MAKETiB MPUKIAIHUX MPOTPaM, SIKI MaJli IIHPOKE BUKOPHCTAHHS IS
PO3B’sI3aHHS MPAKTHYHUX 3a1ad.

Pesynbrat po3po0OK HAyKOBOTO KOJEKTHBY, odoitoBanoro 1. Jlsmikom, Oyio
BHKJIAJICHO y MOHOTpadisx «Bompockl aBToMaTH3aIMu pemeHns 3a1ad QribTpauu
Ha OBM» [8], «Pacuer dunpTpanuum B 30HE THAPOCOOpYXeHUU» [9] Ta
«AJTOPUTMHU3ALUS W YUCICHHBIA pacdeT (QUIbTpallMoHHBIX cxem» [10].

VY 1981 p. 3a mEKI poOIT 3 METOAIB PO3B’sI3aHHS KPalOBHX 3aJa4 MaTeMaTHYHOL
¢bi3ukK Ta iXHE 3aCTOCYBaHHS B Teopii (GimbTpalii KOJEKTHUB BYCHUX IIiJl KEPiBHHII-
tBoM LI. JIstmka orpumar [lepkaBHy mpemito YPCP y ramysi HayKu i TEXHIKH.

Y 1991 p. LI Jlsmko migcymMyBaB pe3yJIbTaTH JIOCHIHKEHb 3 Teopil QiabTpartii
y MoHorpadii «UucieHHoe pemeHne 3aad Terio- H MacCONepeHoca B IOPUCTHIX
cpenax» [11]. V miit poboti modymoBaHo (Hi3MKO-MaTeMaTHYHy MOJICNb TEPSHECCHHS
TEIUIa, BOJIOTH Ta COJICH y MOpUCTOMY cepenoBuii. OcoOIUBY yBary mpuIiieHO y3a-
TaJbHCHUM (POPMYITIOBAHHSIM 33/1a4 y HEOJHOPITHUX CEPEOBHINAX i3 MPOIMIAPKaMH
13 ypaxyBaHHAM 30cepe/pkeHuX (paktopiB pizHoro Buay. [1o0ynoBaHo pi3HHIEBI cXe-
MU JJIs alpoKCcUMallii y3araJbHeHUX PO3B’s3KiB, @ TAKOXK JTOCIIIKEHO IXHIO TOYHICTh
Ta METOJM peaiizauii Ha KOMII I0Tepax.

Taxk, po3poOJIeHHS 3aXOIB ISl OYMINEHHS MOPUCTUX CEPEAOBUII BiJl XIMIYHUX
3a0py/IHEHb YacTO 3aJIKUTH BiJl POTHO3YBAHHS JUHAMIKH CYMICHOTO PYXY KUJTBKOX
piaMH, SKi HE 3MINIYIOThCS MK co0oro. J[isi KoKHOI OKkpemoi (a3u MIBHIKICTh
¢binpTpamii ¥; BH3HAYaeThCA y3aradbHEHHM 3akoHOM Jlapci:

= -1
V; =—k;u; grad p;,

e W; — B’S3KICTh, p; — HapumianbHUi THCK (asu, k; — edexTuBHE mpo-

HUKHEHHS. 3aKOH 36epe>1<eHH51 Macu i-i (1)3.31/[ 3alIrIIeMo 'y BI/IFJ'ISII[i
9 o
g(mpisi)-{_dlv(pivi)_fi’ (xaya Z) GQ:

Jie m — TOPUCTICTh CepeloBUINa, f; — 00’€MHa MPOLYKTHBHICTb JiKepena, S; —
00’eMHa YacTka, p; — MIinbHICT i-1 (asu. O0’eMHi yacTku (a3 3a70BOJIBHAIOTH
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yMoBY S| + S, =1, a mpoHUKHEHHS (a3 HENIHIHO 3aleXHUTh BiJ IUX 00 €MHHX

9acToK. PosrisiHeMo TpuBHMipHY 3agady ¢inbTpamii qBoX(a3HOI pigMHH — BOIU
(7=1) Ta 3abpynHioBaua (7=2) m1d TakuxX (YHKIIOHATBHUX 3aleXKHOCTEH k; Bix S;:
2+34)/A 2 2+ 2)/4 S -8
ki =koSERI kg = kg (1-5)*A-SEFIH, s, = r
S =S,
ne S, — 3aIMIIKOBAa HACHYEHICTh; S,, — HACHYCHICTb piBHOBaru; kgy,A — Jo-

natHi ctami. Cucrema piBHSHb OalaHCy MacW 3aMHKA€ThCS HETIHIMHUM anreo-
palyHMM pIBHSHHSM, L0 MO€AHYE KANUIIPHUA THUCK p. = p, — p; 3 00’ €eMHUMHU
yacTkamu (as: 1

P.=PyS, *.

Hexaii y mouatkoBuii MOMeHT 4acy ¢ =( 3a0py/JHIOBaY JIOKali30BaHUN B 001acTi
Q) © Q 3a KOHIEHTpalli€l0, KA BIJINOBiJa€ HACUYEHOCTI pIBHOBAaru, a oOJacTb
Q, =Q\Qy ana t =0 3anoBHeHa ABO(}A3HOIO PIIUHO, B sIKiil yacTka 3a0pyAHIOBaYa
BIJIMOBIJIa€ MOro 3aJMIIKOBIH HACHMYEHOCTI. BH3HAYMMO IMOYATKOBI YMOBH:

Sm> (%, 0,2) €Qy, (0) (0)
5O ={om R B
1 (x’y’Z) {Sra (x’yaz)6927 2 1

Pyx nBodasnoi piguau B 00macTi ) BiIOYBa€EThCS YHACHTIIOK 33aHOTO Teperia-
Iy TapIiadbHOTO THUCKY BOXHOI KOMIIOHEHTH Ha Mexax x| =01 x| = L;. Inmi mexi
obacti ) BBKAIOTHCSI HEIPOHHUKIMBUMH. J{HCKpETH3yI0UH 3aKOH 30epeKeHHS MacH

(mp;S;)=(k;1Ps)y + (lgi,Zﬁj;)y +(kj3pz) ., =12,

1 BpaxoBYIOUM II0YAaTKOBI Ta KpaloBI YMOBH, OTPUMYEMO HEIiHIHHY CHCTEMY
PI3HMIIEBUX PIBHSHb JIISI 3HAXOJPKEHHS TPbhOX HEBIJIOMUX CITKOBUX (YHKIIIH
P1> P2,S1. Jnd po3B’s3aHHSA CHCTEMH CITKOBHX DPIBHSHB PO3POOJIEHO CICIianbHy

iTepaTHBHY MPOIEAYpPY 13  BHKOPHUCTAHHAM MoAaudikamii MeTOAy CHpPSKEHUX
rpagieHtiB. OcoOnuBICTIO 1(i€l 3amadyi € BeNMuKUi i1 po3mip (IECATKH THUCSY
piBHSHB) Ta BEIUKUH 1HTEpPBaJl MPOTHO3YBAHHS, SKUH BHUMIPIOETHCS POKaMHU.

Boanouac I.I. JIsmiko oTpumaB 3Ha4yHI pe3ysbTaTH MIOJ0 HEKOPEKTHUX 3ajad.
VY nukiti po0iT, HanMKMCaHUX y CIiBaBTOPCTBI i3 mpodecopom B.I1. [linenkom, 30kpema
y MoHorpadisx «/nHaMu4eckne cUCTeMBI ¢ Pa3pbIBHBIMU Kod(hdunmentamm» [12] i
«DunpTpanys mymMoB» [13], po3pobieHo HOBI CTiHKI aNrOpUTMH PO3B’SI3aHHS 3a1a4
¢inpTpawii BUNaJKOBUX MPOLECIB 3a JOMOMOrOI0 Peryyisipu3alii Ta OCHAIIEHUX Ipo-
cropiB ['inpOepra. Po3poOiennii aBTopaMu arapar mpocTopiB 3 HETaTUBHHUMH HOpPMa-
MH Ta anpiOpHUX OLIHOK BHUABHMBCA €(EKTUBHMM Ui JOCHIIKEHHS OaraTbox €BO-
JMOIMIHHUX 3a7]ad MaTeMaTUYHOI (i3HKH.

Inei LI JIsamka ta B.I1. linenka Oynau po3BUHEHI B MOAAIBIIOMY B MOHOTrpadii
«MaremaTideckoe OOeCTeueHue CIIOKHOTO JKcrnepumeHTay [14-18]. VYV miii mo-
HoTpadii po3rIITHYTO MUTAaHHS PO3pPOOJICHHS Ta OOTPYHTYBaHHS CTIHKHX alrOpUTMIB
OIIIHIOBAHHS aJeKBAaTHOCTI MOJIENEH, PO3BHHEHO MaTeMaTH4HI MOJIENi, [0 BUKOPHC-
TOBYIOTECS B PATIOTEXHIlll, a TaKOX BITHOBJICHHS aMpiOPHUX XapaKTCPHCTHK
JUHAMIYHAX CHCTEM Yy 3ajJadax OI[iHFOBaHHSI.

Bararo yBaru npuaiisiock MiATOTOBII CIEIIANICTIB, 030pOEHUX CYYaCHHUMH Ma-
TEMaTHYHUMH MeToxamH. Lle moTpedyBano yI0CKOHAICHHS! HABYAIBHOTO MIPOLIECY Ta
3a0e3MneueHHs CTYACHTIB HOBOKO HaBYAIBHO-METOIMYHOLO JliTepaTyporo. Ha daxyib-
TeTi KibepHeTHKH KHIBCHKOTO AEp’KaBHOTO YHIBEPCHTETY Kadeapa o0UnCIIOBAIBEHOT
MaTEeMaTHKH CTaja BiJIOBIAANBHOIO 32 JAesKi (yHIAMECHTAIbHI MaTeMaTHIHI KypcH,
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30KpeMa 3a Kypc MarematuyHoro ananizy. Konextus y cxmazi [.I. Jlsmxka, O.K. Bosip-
YyKka Ta 1HIIMX BUKJIaJadyiB CTBOPUB OPHUTiHAIBHY METOAWYHY 0a3zy LBOIO Kypcy
[19-22]. Hosigauku [19, 20] moci He BTpaTHIM MOIYJSPHOCTI Cepel CTYIEHTIB Ta
BHKJIaJ]a4iB YHIBEPCHUTETIB YKpaiHU Ta IHIHMX KpaiH. Y JBOTOMHOMY MiAPYyYHHUKY
[21, 22] Bpamo peasi3oBaHO TapajieibHE BUKJIAJCHHS JIMCHOTO Ta KOMILJIEKCHOTO
anamizy. Ha aymky LI. JIsika, cydacHuit MaTeMaTHYHHNA aHAITI3 € aHAII30M (DYHKITIH
y CKIHYCHHOBHUMIpHOMY TpocTopi. Taka Touka 30py ycyBaja po3pHB MK KIACHIHAM
MaTEeMaTHYHUM i (DYHKI[IOHAJFHUM aHATi30M, IO iCHYBaB y HaBYAIBHIH JiTepaTypi
B HEJAJIEKOMY MHUHYJIOMY. Pom3uHKOI0 Kypcy Oyia moOyaoBa Teopii y3araabHEHHX
¢byHkuid Ha 6a3i cekBeHUiitHOTO Tinxoxy MikyciHncekoro—Cikopcpkoro. Takox 3a
yuacti [I. Jlgmka BWAaHO MiAPYYHUKH 3 OOYHCIIOBAJIBHOI MaTEeMaTHKU Ta
JoCTipKeHHs onepaiiiit [23, 24], mo Oinbme 40 pokiB HE BTPavYarOTh aKTyalbHOCTI.
Hanpuxmnan, nigpydauk [23] MICTUTh TPYHTOBHUE OTJISI 1/1eW Ta aNrOpUTMIB CTOXAcC-
THYHOT ontuMizalii. 3aranom, L.1I. Jlsmko OyB criBaBTOpoM Ounblie, Hixk 20 miapyd-
HUKIB Ta HaBYAJIbHUX IMOCIOHWKIB, SIKI MepeKiiaaincs B OaraTboxX KpaiHax.

KEPYBAHHSA CUCTEMAMM 3 PO3INOJAIVIEHUMHU IMAPAMETPAMMU

3 1992 poky LI. Jlsmko posnodaB po3poOJiCHHsS YHCENBHUX METOJIB y3arallbHeHOTO
KepyBaHHS CHCTEMaMH 3 PO3MOAUICHAMH IapaMeTpamu. [0 TakmX CHCTEM 3BOASTHCS
3amaqi Teopii (imbTpamii, Taki SK BOJOTONEPEHOC HA (JOHI TOPH3OHTAIBHOTO APCHAXKY
a0o 3pOIIEHHs 13 TOYKOBUX Ta JIHIHHWUX JDKEpENl y TPIIUHYBaTOMY TPYHTI.

VY upomy Hanpsmky L.1. JIsmiko Ta #ioro xoseru moOyayBaiv TEOPIIO YUCEITBHUX
METOJIIB IMITYyJIbCHO-TOYKOBOTO KEPYBaHHS IICEBIOIApaOOJIIYHUMH Ta ICEBIOTiIep-
OOJIIYHMMHU CHUCTEMaMH 3 PO3NOJUICHUMHU MapaMmeTpamu [25-27].

Hanpuknan, y poborax [26, 27] mist mceBOTinepOONiYHAX 3a1a4 PO3BUHYTO
TEOpi0 y3arajibHEHOI po3B’s3HOCTI. PO3risiHYyTO IiHIMHE pIBHSHHS

Lu=u; +(Au), + Bu= f(t,x) )
y umninapuuniit o6macti Q = (0,7)xQ, Q < R”" — obmexena obnacTb 3 peryisp-

HOIO Mexer dQ). Jludepeniianbai Bupasu 4 Tta B MaloTh BHIII

n n
-, (a; (t,x)uy )y, +at,x)u, Bu=- > (b (. x)uy ), +b(t,)u,
i,j=1 i,j=1 ‘
iXHI KOe(Iili€eHTH JOCTaTHHO TIIAJKI Ta 3aJI0OBOJBHSIOTH YMOBH THITY gude-
pEHIlIaTbHUX HEPIBHOCTEH

1 & n n oa: (tx)
725%22%(2@51‘5/’ ZaAzglz’ Z NaUAS §;§;20,
a4 =1 i,j=1 i=1 =1 Ot
0%a,; (1,x) 1 & /1 aby; (t,x)
> — L8 <0, LS Yhaneg; =Y T e s,
ij=1 ot ap izt iyl ij=1 0

a(t,x)2a, >0, a;(t,x)20, a;(t,x)<0, b(t,x) = b;(¢,x) 20,
ne a4, ap — AojdaTHi crami. Mexa 0C) ckIagaeTbcs 3 TPbOX YACTHH: Y, ¥, Ta
Y3, SKI € KycKaMu IJaJkux nosepxoHb. Hexait D(L) — mHOxuHa (QyHKLiN 3 Kia-

D .
cy C7(Q), mo 3a70BONBHSIOTh T'PAHUYHI YMOBH

Ju du
uly=o =Uli=0 =0, ulp =| — | +—Ip, =
I 4 dup

:(au j +—au +culr, =0, ()
I 4 U p
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n
re Tr=O0T)xy; (i=123), T=T{Ul, UTy, % - quv, B 24—
o 4 i,j=1 b dup

= i bl'j”xivx,- — KOHOpPMAJIBbHI TOX1JHI, V x, = €08 (V,x ;) — j-a KOMITOHEHTa O]~
i,j=1
HUYHOTO BEKTOpa 7V 30BHIIIHBOI HOpMam A0 TOBepxHI dQ B  TOUMi
X =(x1,X5,...,x,), c=c(t,x) — &yHKUIA 3 Kiacy C]’O(f3), sIKa 3aJ[0BOJIBHSIE
YMOBH
V(t,x) ey c(t,x)>¢;(t,x)>0.
Hexait W, W," — nosutusri npocropu — nonouenns Muoxkun D(L), D(L")

(06macTe BU3HAUEHHS (DOPMATBHO CHPSKEHOro omepatropa L) 3a HOPMOIO
1/2

n
lullye = _[Q”tz +Zu§_tdQ , W~, W_ — BIiANoBiOHI HETaTHBHI BiIHOCHO
i=1

L, (Q) mpoctopu. Yeenemo mapy ['inpbepToBux mpoctopiB H, H, SK HMONOBHEHHS
D(L), D(L") 3a Takumm HOpMaMHu:
n 1/2
2 2 2
|y = JQu +Z;uxidQ+J.Qu li=r dQ |,
1=
" 1/2
_ 2 2 2
vy, = IQV +Z;in dQ + [ v?| 1= dO
1=

BoueBiap, o H— i30MeTpU4HO 130MOphHUIA wol (Q) @ L, (©2); orxe, mpocTip
H MIiCTHTD eleMeHTH TIPOCTOPY wO! (Q), s SIKUX BIZIOMO 3HAUY€HHs u|,_y €L, (QQ).
IMpocrip wol (0) — ue momoBHeHHS MHOXHHH D(L) 32 HOPMOIO
1/2

_ 2 %2
HUHWO,I(Q)— IQ” +;uxidQ

Matotp wMicie WIUIBHI anreOpaidyHi Ta TOMOJOTIYHI BKIJIAJICHHS wt cH ,
W} < H, . Baysaxumo, mo mns H, H, sxnanenns H < L,(Q), H, < L,(Q)

BizcytHi. Jlns omepartopis L, L* orpumano anpiopui HepiBHOCTI

lulg < el Lully,- < ea|| Lu | VueD(L),

Vg, <clLl” <o lly v eD(L").

V-

Hexait Wf 1 (Q) — neraruBHUil npoctip, NodynoBaHUN 3a L, () Ta MO3UTUB-
HUM IIPOCTOPOM W+O ’I(Q) — samukanuam D(L') B HOpMi WJP ’I(Q). 3 ampiopHuX
HEpIBHOCTEH BWILTMBAE, IO JUIsi JOBUIBHOI (QyHKIIT f ve ’_1(Q) ICHy€ €IHa
dysakuis ueW ™ Lu=f.

st po3B’si3HOCTI 3a1a4i (1), (2) 32 MOBUILHUMH MPABUMH YACTHUHAMH 3 MTPOCTO-
py W, po3WmHMpeHo Kiac y3araJbHEHHUX pPO3B’S3KiB.
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OsnauvenHs 1. Y3araibHeHUM po3B’s3koM 3afadi (1), (2) 3 mpaBorw 4acTHHOIO

f €W, wnazBemo Taky QyHKIiO u=(u, u|,_y )€ w0l Q)@ Ly (€2), mo mna Bcix
dyuxuiit v eC*(Q):
V[=r =0, v|p, =-

W, v v, v
=+ =

r
g Oup *  Oouy Oup

Ma€ Micie piBHICTb
(L") 1,0y = Wl =1 V(=1 1) =V w, »

ae (-,-)p, — Oimniiina ¢opma, mobynoBaHa POSUIMPEHHSIM 33 HEIEPEPBHICTIO
CKaJSIPHOTO JT0OYTKY (-, -) L(©) Ha W, x WJ:r .

Mae wmicue Take TBEPIKEHHS.

Teopema 2 [26, 27]. Jlna noBinbHOi GyHKUI] / € W, icHye e1uHMI y3arajibHe-
HU#l po3B’s30k 3amadi (1), (2) y po3ymiHHI O3Ha4eHHsS 1.

Crparodrch Ha SIKICHI pe3yJIbTaTH TaKoTo THITY, MOKHA KOPEKTHO (hOpMYJIIIOBa-
TH 3a7adi ONTUMAaJIBHOTO IMITYJIBCHO-TOYKOBOTO KEpyBaHHS JIHIHHUMH CHCTEMaMHU
3 PO3NOAIICHUMH MapaMeTpaMy Ta OTPUMYBATH TEOPETHIHO OOTPYHTOBAHI pe3yiIbTa-
TH TPO 301KHICTH AJITOPHUTMIB.

3 BUKOPHCTAHHSM IHOTO ITiIXO/Ly BUKOHAHO POOOTH, IO MPHCBSICHI TOCTIIHKCHHM
TakuX (QyHIAMEHTAIBHUX MPOOJIeM, SIK PO3POOJICHHS TEOpil y3aralbHeHUX PO3B’sI3KIB Ipa-
HUYHUX 337124 3 TJIaJKUMU Ta PO3PUBHIMH KOS(ILIEHTAMH 1 CHHTYJISIPHUMH MPaBUMH Yac-
THHaMH [28, 29]; yMOBHM TOYHOI Ta ACUMIITOTHYHOI KEPOBAHOCTI PO3MOIUICHUX CHUCTEM
(TpaektopHoi, (iHaTBHOI, TpackTopHO-(hiHaMEHOI) [30-32]; Teopis Ta AITOPUTMH OITH-
Mi3allii po3OAIIIEHHX CUCTEM 3 CHHTYJIIPHUMH KepyBaHHsMHU [33—35]; KOpEKTHICTh Marte-
MaTHYHUX MOJICICH Ta OOYMCIFOBAIBHHUX TporeciB [36-38].

BHUCHOBKHU

I3 HbOro KOPOTKOro Orjsiay, MOXHA 3pOOMTH BHCHOBOK, IJ0O MOTHBOBAHI MPaKTHY-
HUMHU TOTpeOaMM YHUCIICHHI pOOOTH TPEJCTABHHUKIB KHIBCHKOI IIKOJIU TeOopii
¢irpTpanii BUKOHYBAJIHCh 3 BHKOPUCTAHHSM IOTY)XHOI MAaTEMaTHYHOI TEXHIKH Ta
Cy4JacHHX aJTOPHTMIB OOYHCIIOBAIGHOI MaTreMaTHKH. HampsiMku, BH3HaueHi aka-
nemikoMm LI, Jlsmikom, mij KepiBHUIITBOM SIKOTO 3axHIIeHO Oinbine 40 KaHIUIAT-
CBKHUX Ta JOKTOPCHKHUX IWCEPTAIliif, CTalN Opi€HTHpaMH I poOOTH HOTO YHCIICH-
HHUX IOCNIOBHHUKIB B YKpaiHi Ta 32 KOPIOHOM.

Tematnka Teopii QinpTparii peryaspHO 3HaXOIUTH BiTOOpaKCHHS HA CTOPiHKaX
xypHaiy «KibeprneTtnka ta cucteMuuid anamisy. [Tyomikanii yunis 1.1, Jlsmka pisanx
pokiB [30-32, 35], y sxux #oro inei i 31100yTKH OTpUMAaH MOJAIBIINI PO3BUTOK, Ta-
KOXX HaJpyKOBaHO Yy >KypHali.
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L.V. Sergienko, O.M. Khimich, D.A. Klyushin, V.I. Lyashko,
S.I. Lyashko, V.V. Semenov

FORMATION AND DEVELOPMENT OF THE SCIENTIFIC SCHOOL

OF THE MATHEMATICAL THEORY OF FILTRATION

To the 100th anniversary of the birth of LI. Lyashko

Abstract. The review describes the main stages of the formation and development of the Kyiv
School of the mathematical filtration theory. The main attention is paid to the scientific ideas
and results of its leader, an outstanding Ukrainian scientist, Academician of the National
Academy of Sciences of Ukraine, Ivan Ivanovich Lyashko. The journal “Kibernetyka ta
Systemnyi analiz” systematically publishes the works of I. I. Lyashko’s students, in which his
ideas and achievements were further developed.

Keywords: theory of filtration, applied mathematics, computational mathematics, cybernetics,
systems with distributed parameters.
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