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Àíîòàö³ÿ. Ðîçãëÿíóòî çàäà÷ó ïàêóâàííÿ êðóã³â çàäàíèõ òèï³â ó êðóãîâîìó êîíòåéíåð³.

Êðóãàì äîçâîëåíî ïåðåòèíàòè ìåæó êîíòåéíåðà ó çàçäàëåã³äü âèçíà÷åíîìó îêîë³, ÿêèé çà-

ëåæèòü â³ä òèïó êðóã³â (óìîâà ïñåâäîâêëþ÷åííÿ). Ñ³ì’ÿ êðóã³â ðîçì³ùóºòüñÿ ó êîíòåéíåð³

çà óìîâè íåïåðåòèíó êðóã³â, ïñåâäîâêëþ÷åííÿ òà äîòðèìàííÿ çàäàíèõ ïðîïîðö³é òèï³â

êðóã³â (óìîâà ïðîïîðö³éíîñò³) çàäëÿ ìàêñèì³çàö³¿ çàãàëüíî¿ ê³ëüêîñò³ êðóã³â. Ïîáóäîâàíî

ìàòåìàòè÷íó ìîäåëü ÿê çàäà÷ó çì³øàíîãî ö³ëî÷èñëîâîãî íåë³í³éíîãî ïðîãðàìóâàííÿ. Çà-

ïðîïîíîâàíî åâðèñòè÷íèé àëãîðèòì, ÿêèé çàñòîñîâóº çàäà÷ó íåë³í³éíîãî ïðîãðàìóâàííÿ

äëÿ ïàêóâàííÿ çàäàíî¿ ê³ëüêîñò³ êðóã³â ó êðóãîâîìó êîíòåéíåð³, ìàêñèì³çóþ÷è çì³íí³

ðàä³óñè êðóã³â. Íàâåäåíî ðåçóëüòàòè îá÷èñëþâàëüíèõ åêñïåðèìåíò³â.

Êëþ÷îâ³ ñëîâà: ïðîïîðö³éíå ïàêóâàííÿ, êðóãè, êðóãîâèé êîíòåéíåð, ïñåâäîâêëþ÷åííÿ,

îïòèì³çàö³ÿ.

ÂÑÒÓÏ

Îïòèìàëüíå ïàêóâàííÿ êðóã³â â îáìåæåí³é îáëàñò³ ìàº ð³çíîìàí³òí³ ïðàê-

òè÷í³ çàñòîñóâàííÿ â ñó÷àñíèõ çàäà÷àõ ìåäèöèíè, á³îëîã³¿, ëîã³ñòèêè òà àäè-

òèâíîãî âèðîáíèöòâà [1–4]. Çàäà÷³ ïàêóâàííÿ êðóã³â º NP-ñêëàäíèìè [5]. Áà-

ãàòî ïóáë³êàö³é ïðèñâÿ÷åíî ìåòîäàì ðîçâ’ÿçàííÿ öüîãî êëàñó çàäà÷. Çàäà÷³

ïàêóâàííÿ êðóã³â äëÿ ð³çíèõ êîíòåéíåð³â, çîêðåìà êðóãà, êâàäðàòà, ïðÿìîêóò-

íèêà, ñìóãè òà òðèêóòíèêà, ðîçãëÿíóòî ó ðîáîò³ [6]. Øëÿõîì âèêîðèñòàííÿ

ñê³í÷åííî¿ ñ³òêè äëÿ àïðîêñèìàö³¿ êîíòåéíåðà îïòèì³çàö³éíó çàäà÷ó ïàêóâàí-

íÿ êðóã³â çâåäåíî äî çàäà÷³ ë³í³éíîãî ö³ëî÷èñëîâîãî ïðîãðàìóâàííÿ âåëèêî¿

ðîçì³ðíîñò³. Ó ðîáîò³ [7] öåé ï³äõ³ä ïîøèðåíî íà çàäà÷ó ïàêóâàííÿ êðóãîâèõ

îá’ºêò³â, ÿê³ ìîæíà çàäàòè ÿê êðóãè â äåÿê³é ìåòðèö³. Ïàêóâàííÿ ð³âíèõ

êðóã³â ó êðóãîâèé êîíòåéíåð ³ç çîíàìè çàáîðîíè ðîçãëÿíóòî ó [8, 9]. Ó [10]

äëÿ çàäà÷³ ³ç çì³ííèì ðîçì³ðîì êîíòåéíåðà çàïðîïîíîâàíî ã³áðèäí³ àëãîðèò-

ìè, ùî çàñòîñîâóþòü áàãàòîñòàðòîâó ñòðàòåã³þ. Ïàêóâàííÿ êðóã³â çà óìîâè

áàëàíñó äîñë³äæåíî â [11, 12]. Ó [13] ðîçãëÿíóòî äâ³ çàäà÷³. Â ïåðø³é

ì³í³ì³çóþòü ðàä³óñ êîíòåéíåðà, ó äðóã³é — ìàêñèì³çóþòü ì³í³ìàëüíó â³äñòàíü

ì³æ êðóãàìè, à òàêîæ ì³æ êðóãàìè òà ìåæåþ êîíòåéíåðà. Íàâåäåíî ìàòåìà-

òè÷í³ ìîäåë³ çàäà÷ òà ñòðàòåã³¿ ¿õíüîãî ðîçâ’ÿçàííÿ ³ç çàñòîñóâàííÿì àëãîðèò-

ìó Øîðà [14–16] òà ìåòîäó äåêîìïîçèö³¿ [17]. Åòàëîíí³ òåñòîâ³ ïðèêëàäè òà

íàéâ³äîì³ø³ ðîçâ’ÿçêè äëÿ ïàêóâàííÿ îäíàêîâèõ ³ íåîäíàêîâèõ êðóã³â ó ð³ç-

íèõ êîíòåéíåðàõ ï³äñóìîâàíî íà ñàéò³ Å. Specht [18].

Ó ö³é ñòàòò³ ðîçãëÿíóòî çàäà÷ó ïàêóâàííÿ ìàêñèìàëüíî¿ ê³ëüêîñò³ êðóã³â çà-

äàíèõ òèï³â ó êðóãîâîìó êîíòåéíåð³ çà óìîâ íåïåðåòèíó êðóã³â òà äîòðèìàííÿ
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ïðîïîðö³éíîñò³ òèï³â êðóã³â. Êðóãàì äîçâîëåíî ïåðåòèíàòè ìåæó êîíòåéíåðà â

äåÿêîìó çàçäàëåã³äü âèçíà÷åíîìó îêîë³, ÿêèé çàëåæèòü â³ä òèïó êðóã³â (óìîâà

ïñåâäîâêëþ÷åííÿ).

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×²
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Ïîñòàíîâêà çàäà÷³ ïðîïîðö³éíîãî ïàêóâàííÿ êðóã³â (RÑPP — Ratio Circle

Packing Problem) º òàêîþ. Çíàéòè ìàêñèìàëüíó ê³ëüê³ñòü êðóã³â C
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Îñíîâí³ âëàñòèâîñò³ çàäà÷³ (1)–(4) º òàêèìè.

1. Ìîäåëü º çì³øàíîþ ö³ëî÷èñëîâîþ íåë³í³éíîþ çàäà÷åþ ìàòåìàòè÷íîãî

ïðîãðàìóâàííÿ (MINLP — Mixed-Integer NonLinear Programming).

2. Ö³ëüîâà ôóíêö³ÿ (1) º ë³í³éíîþ.

3. Ê³ëüê³ñòü çì³ííèõ ñòàíîâèòü 3n ( n Áóëåâèõ òà 2n íåïåðåðâíèõ çì³ííèõ).

4. Îáëàñòü äîïóñòèìèõ ðîçâ’ÿçê³â âêëþ÷àº n � 0.5n n( )�1 íåë³í³éíèõ

íåð³âíîñòåé â îáìåæåííÿõ (2), (3) òà 2k ë³í³éíèõ íåð³âíîñòåé â îáìåæåííÿõ (4).

Äëÿ ïîøóêó îïòèìàëüíèõ ðîçâ’ÿçê³â ó ïðèêëàäàõ íåâåëèêî¿ ðîçì³ðíîñò³

ìîæíà âèêîðèñòàòè áåçïîñåðåäíüî ñó÷àñí³ ñîëâåðè äëÿ çàäà÷ ãëîáàëüíî¿

îïòèì³çàö³¿. Äëÿ çàäà÷ âåëèêî¿ ðîçì³ðíîñò³ çàïðîïîíîâàíî ï³äõ³ä, ÿêèé äàº çìî-

ãó çíàéòè äîïóñòèì³ ðîçâ’ÿçêè.

ÀËÃÎÐÈÒÌ ÐÎÇÂ’ßÇÀÍÍß RÑPP

Êëþ÷îâîþ ³äåºþ àëãîðèòìó ðîçâ’ÿçàííÿ RÑPP º çâåäåííÿ çàäà÷³ (1)–(4) äî
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Îïèñ àëãîðèòìó.
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| |I m� — ïîòóæí³ñòü ìíîæèíè I ;

{ }i
k

— êðóã k-ãî òèïó.

Ââàæàºìî, ùî ðàä³óñè òèï³â êðóã³â ðàíæîâàíî â ïîðÿäêó çðîñòàííÿ.

Àëãîðèòì ì³ñòèòü òàê³ êðîêè.

Êðîê 1. Âñòàíîâëþºìî I :� 
, l:� 0 , m:� 0 (m — ê³ëüê³ñòü êðóã³â).

Êðîê 2. Âñòàíîâëþºìî I I I
B

:� � , l l:� �1, m m p:� � .

ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2023, òîì 59, ¹ 1 97



Êðîê 3. Âñòàíîâëþºìî n m
l
: � òà øóêàºìî ëîêàëüíèé ìàêñèìóì l-¿ çà-

äà÷³ (5)–(8) äëÿ n
l

êðóã³â.

Êðîê 4. ßêùî ðîçâ’ÿçîê çàäà÷³ (5)–(8) íå çàäîâîëüíÿº óìîâó (9), òî âñòàíîâ-

ëþºìî I I I
B

: \� , m m p:� � ³ ïåðåõîäèìî äî êðîêó 5, â ³íøîìó ðàç³ ïåðåõîäèìî

äî êðîêó 2.

Êðîê 5. Âñòàíîâëþºìî k :� 0 (k — òèï êðóãà).

Êðîê 6. Âñòàíîâëþºìî k k:� �1.

Êðîê 7. ßêùî k K� �1, òî ïåðåõîäèìî äî êðîêó 8, â ³íøîìó ðàç³ çóïèíÿºìî

àëãîðèòì, âñòàíîâëþºìî n m
�

�: .

Êðîê 8. Âñòàíîâëþºìî I I i
k

:� � { }, m m:� �1 (ôîðìóâàííÿ ìíîæèíè êðóã³â

äëÿ ( )l �1 -¿ çàäà÷³ (5)–(8)).

Êðîê 9. ßêùî äëÿ ìíîæèíè I , ÿêà ì³ñòèòü m êðóã³â, âèêîíàíî óìîâó ïðî-

ïîðö³éíîñò³ (4), òî ïåðåõîäèìî äî êðîêó 10, â ³íøîìó ðàç³ âñòàíîâëþºìî

I I i
k

: \� { }, m m:� �1 òà ïåðåõîäèìî äî êðîêó 6.

Êðîê 10. Âñòàíîâëþºìî l l:� �1 (ïåðåõ³ä äî ( )l �1 -¿çàäà÷³ (5)–(8)).

Êðîê 11. Âñòàíîâëþºìî n m
l
: � òà øóêàºìî ëîêàëüíèé ìàêñèìóì l-¿ çàäà÷³

(5)–(8) äëÿ n
l

êðóã³â. ßêùî ðîçâ’ÿçîê çàäà÷³ çàäîâîëüíÿº óìîâó (9), òî ïåðåõîäè-

ìî äî êðîêó 12, â ³íøîìó ðàç³ âñòàíîâëþºìî I I i
k

: \� { }, m m:� �1 , n m
�

�: òà çó-

ïèíÿºìî àëãîðèòì.

Êðîê 12. ßêùî k �1, òî âñòàíîâëþºìî k :�1. (Ï³ñëÿ óñï³øíîãî äîäàâàííÿ

êðóãà k-ãî òèïó äî ñóêóïíîñò³ I çíîâó ïîâåðòàºìîñü äî êðóã³â ïåðøîãî òèïó, ÿê³

ìàþòü ì³í³ìàëüíèé ðàä³óñ, âðàõîâóþ÷è (1). Çðîçóì³ëî, ùî íàé³ìîâ³ðí³øèì áóäå

äîäàâàííÿ íàñòóïíîãî êðóãà ñàìå ç ì³í³ìàëüíèì ðàä³óñîì. )

Êðîê 13. Ïåðåõîäèìî äî êðîêó 7.

Çàïðîïîíîâàíèé àëãîðèòì äàº çìîãó îòðèìóâàòè äîïóñòèì³ ðîçâ’ÿçêè çà-

äà÷³ (1)–(4).

ÎÁ×ÈÑËÞÂÀËÜÍ² ÐÅÇÓËÜÒÀÒÈ

Äëÿ ïåðåâ³ðêè åôåêòèâíîñò³ çàïðîïîíîâàíèõ ìîäåëåé òà àëãîðèòì³â âèêîðèñòà-

íî ñîëâåð BARON ç ìîâîþ ìîäåëþâàííÿ AMPL [19–21] äëÿ ïîøóêó ãëîáàëü-

íèõ åêñòðåìóì³â çàäà÷³ (1)–(4). Ï³ä ÷àñ ïîøóêó íàáëèæåíîãî ðîçâ’ÿçêó çà äî-

ïîìîãîþ ðîçðîáëåíîãî àëãîðèòìó äëÿ ðîçâ’ÿçàííÿ çàäà÷³ íåë³í³éíîãî ïðîãðàìó-

âàííÿ (5)–(8) âèêîðèñòàíî ñîëâåð IPOPT [22], ÿêèé ´ðóíòóºòüñÿ íà ìåòîä³

âíóòð³øíüî¿ òî÷êè. Óñ³ ïðèêëàäè îá÷èñëåíî çà äîïîìîãîþ DESKTOP-54TG91N

ç ïðîöåñîðîì Intel(R) Core(TM) i3-6100T CPU @ 3.20GHz, RAM 8 Gb.

Ïðèêëàä 1. Íåõàé R �10, K � 5. Âèõ³äí³ äàí³ íàâåäåíî ó òàáë. 1. Îïòèìàëü-

íèé ðîçâ’ÿçîê n
�

� 47 îòðèìàíî çà äîïîìîãîþ ñîëâåðà BARON çà 601 ñ, ïðè

öüîìó r
i

� 1.1, �
i

� �1, i �1 10, ,� ; r
i

� 1.2, �
i

� �1, i �11 19, ,� ; r
i

� 1.3, �
i

� �1,

i � 20 28, ,� ; r
i

� 1.4, �
i

� �1.1, i � 29 41, ,� ; r
i

� 1.5, �
i

� �1.2, i � 42 53, ,� .

Ðåøòó ï³äñóìêîâèõ äàíèõ íàâåäåíî ó òàáë. 2 òà 3. Â³äïîâ³äíå ðîçì³ùåííÿ êðóã³â

ïðî³ëþñòðîâàíî íà ðèñ. 1.
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Ò à á ë è ö ÿ 1. Âèõ³äí³ äàí³ äëÿ ïðèêëàäó 1

k nk Ðàä³óñ òèïó k �k � k

�

�
k

�

1 10 1.1 �1 0.1 0.3

2 9 1.2 �1 0.1 0.3

3 9 1.3 �1 0.1 0.3

4 13 1.4 �1.1 0.1 0.3

5 12 1.5 �1.2 0.1 0.3



Ïðèêëàä 2. Íåõàé R �15,

K � 3, n n
kk

K
� �

�
� 1

3000. Âèõ³äí³

äàí³ íàâåäåíî ó òàáë. 4.

Ðîçãëÿíåìî âèïàäîê à): � � �
k k k

� �

� �

, k �1 2 3, , . Çíàéäåíî äîïóñòèìèé ðîçâ’ÿ-

çîê: n1 51
�

� , n2 34
�

� , n3 17
�

� , n
�

�102; ïðè öüîìó r
i

�1, �
i

� � 0.5, i �1 51, ,� ;
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Ò à á ë è ö ÿ 2. Ðåçóëüòàòè ðîçâ’ÿçàííÿ äëÿ ïðèêëàäó 1

i � i xi yi i � i xi yi

1 1 1.06658 � 3.80041 28 1 � 6.46764 � 1.11188

2 1 4.21609 2.89876 29 1 4.27227 0.294641

3 1 � 4.14687 � 1.77487 30 1 � 4.23598 � 5.47128

4 1 � 2.25991 8.6986 31 1 � 7.83191 4.20386

5 1 � 2.35012 � 0.46502 32 1 5.41266 � 2.80532

6 1 � 4.18296 5.47623 33 0 � 5.40101 � 7.28041

7 1 � 3.10332 3.51072 34 1 5.16564 7.22111

8 1 � 5.70708 � 3.42463 35 1 1.7209 3.30075

9 1 3.76354 5.09385 36 1 � 1.22744 1.7971

10 1 � 5.38499 3.55659 37 1 3.41684 � 4.81755

11 0 5.17188 5.30165 38 1 � 8.23412 � 3.32528

12 1 6.75524 � 0.54819 39 1 7.60399 � 4.59088

13 1 � 8.95797 � 0.77432 40 1 0.250991 8.88533

14 1 � 4.40763 7.81823 41 1 �7.50684 1.40927

15 1 � 6.91169 � 5.6988 42 1 5.62099 � 6.74662

16 1 2.86444 8.50486 43 1 � 3.17161 � 8.19818

17 1 � 2.02654 6.39183 44 0 8.45998 2.91705

18 1 � 0.69338 4.37026 45 0 6.96596 � 5.84958

19 1 � 6.34316 6.35831 46 1 3.00211 � 8.26142

20 1 � 2.40465 � 3.45042 47 1 � 4.53753 1.04235

21 1 2.77626 � 2.05766 48 1 7.16518 5.05744

22 1 � 1.52421 � 5.91541 49 1 � 0.160448 � 8.77324

23 1 6.45019 1.96535 50 1 1.35497 0.407689

24 1 1.07142 � 6.218 51 1 1.37132 6.19663

25 1 8.7337 � 2.1081 52 0 8.45998 2.91705

26 1 � 0.344853 1.8354 53 0 9.02451 � 0.71658

27 1 � 8.95252 0.701968

Ò à á ë è ö ÿ 3. Çíà÷åííÿ n
k

�

òà

�
k

�

äëÿ ïðèêëàäó 1

k nk

�

� k

�

1 10 0.212766

2 8 0.170213

3 9 0.191489

4 12 0.255319

5 8 0.170213

Ðèñ. 1. Ðîçì³ùåííÿ n
�

� 47 êðóã³â, ùî â³äïîâ³äàº

îïòèìàëüíîìó ðîçâ’ÿçêó çàäà÷³ (1)–(4) ó ïðèêëàä³ 1



r
i

� 1.5, �
i

� �1, i � 52 85, ,� ; r
i

� 2, �
i

� �1.2, i � 86 102, ,� (ðèñ. 2, à). ×àñ îá÷èñ-

ëåííÿ — 50 ñ.

Ðîçãëÿíåìî âèïàäîê á): � �
k k

�

� � 0.1; � �
k k

�

� � 0.1, k �1 2 3, , . Çíàéäåíî íà-

áëèæåíèé ðîçâ’ÿçîê: n1 53
�

� , n2 34
�

� , n3 17
�

� , n
�

�104; ïðè öüîìó r
i

�1,

�
i

� � 0.5, i �1 2 53, , ,� ; r
i

� 1.5, �
i

� �1, i � 54 87, ,� ; r
i

� 2 , �
i

� �1.2,

i � 88 104, ,� (ðèñ. 2, á). Êîîðäèíàòè öåíòð³â êðóã³â äëÿ öüîãî âèïàäêó íàâåäåíî

â òàáë. 5, à çíà÷åííÿ n
k

�

òà �
k

�

— ó òàáë. 6. ×àñ îá÷èñëåííÿ ñòàíîâèòü 60 ñ.
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Ò à á ë è ö ÿ 4. Âèõ³äí³ äàí³ äëÿ ïðèêëàäó 2

k nk Ðàä³óñ òèïó k �k � k

1 1000 1 � 0.5 1 2/

2 1000 1.5 �1 1 3/

3 1000 2 �1.2 1 6/

Ò à á ë è ö ÿ 5. Ðåçóëüòàòè ðîçâ’ÿçàííÿ äëÿ ïðèêëàäó 2, âèïàäîê á

i xi yi i xi yi i xi yi i xi yi

1 0.589568 �3.77506 27 �3.13299 �7.61133 53 �7.20465 12.58314 79 �13.9275 4.033087

2 �3.56218 5.863177 28 4.968749 �10.9475 54 �2.49462 8.667198 80 �10.9439 �0.40405

3 � 6.2176 �3.17738 29 �0.84854 �13.9739 55 14.32298 2.251989 81 4.545551 7.262606

4 �1.33383 11.48697 30 5.185573 0.252999 56 11.47769 �0.37268 82 3.009335 �0.97995

5 �12.1857 6.476338 31 �10.3327 9.445753 57 3.128785 9.776724 83 2.128045 11.51076

6 11.34507 2.624517 32 0.610001 �0.27473 58 �2.95956 14.1944 84 �1.21289 1.436922

7 �2.78784 �1.11786 33 9.467178 �5.66633 59 6.560736 �9.0197 85 �14.3491 2.077166

8 2.588651 2.612824 34 2.45303 �8.4442 60 �5.63522 3.69413 86 �0.49535 8.60423

9 9.335578 �10.1619 35 13.98303 �0.22859 61 14.24263 �2.71911 87 �5.93841 0.422897

10 �10.9359 �3.40417 36 11.41408 8.106531 62 7.407352 �12.4618 88 9.230811 6.139596

11 1.64364 6.500221 37 5.616073 9.522419 63 4.364629 5.114046 89 1.512979 �10.7611

12 4.819246 12.93082 38 �13.4404 �0.25264 64 13.83221 4.319842 90 �14.2609 �2.61501

13 �3.30686 �11.1084 39 �8.4444 �0.47654 65 12.31384 �2.18967 91 �3.34511 �14.1086

14 2.625624 �13.5477 40 �7.08579 �7.20933 66 5.62118 �13.3644 92 �8.17672 �9.45914

15 4.583098 �3.53537 41 8.00642 11.48342 67 2.724592 �5.9344 93 11.16263 5.619084

16 �11.3056 2.57419 42 �7.14951 5.685027 68 �0.33524 �11.5268 94 8.642748 4.109734

17 �6.84281 9.17294 43 �0.48948 �9.03096 69 �3.96526 10.02302 95 �4.9558 �5.89967

18 6.73164 6.048711 44 11.74357 �7.62094 70 0.590169 �6.77549 96 �8.86762 11.47171

19 �3.56078 2.297817 45 �12.3412 �6.60984 71 �9.21794 7.16608 97 13.09128 6.206953

20 8.441754 8.514164 46 �6.78153 �11.534 72 6.983385 �5.37555 98 �5.68871 �9.28331

21 9.371041 �1.71939 47 �2.80774 � 4.6195 73 7.566762 � 7.29092 99 6.872881 �1.5935

22 �7.80724 2.455617 48 5.083092 �7.00056 74 � 0.97792 14.46661 100 � 9.25411 �11.1624

23 �10.6493 � 9.08745 49 � 0.67741 3.879566 75 � 9.79292 � 6.70242 101 �13.7641 � 4.55327

24 6.051275 3.126503 50 1.462331 13.92221 76 1.128516 9.772435 102 10.95321 � 3.65574

25 13.0975 � 4.94277 51 8.217673 1.050571 77 � 9.56078 5.017814 103 � 8.48826 � 5.13937

26 � 4.71052 12.40967 52 7.583048 � 3.46715 78 10.20762 10.29688 104 � 5.25489 �13.5139



ÂÈÑÍÎÂÊÈ

Ðîçãëÿíóòî çàäà÷ó ïàêóâàííÿ ìàê-

ñèìàëüíî¿ ê³ëüêîñò³ êðóã³â çàäàíèõ

òèï³â ³ç íåñòàíäàðòíèìè óìîâàìè

âêëþ÷åííÿ òà ïðîïîðö³éíîñò³, ÿêó

çàñòîñîâóþòü ó ìàòåð³àëîçíàâñòâ³

ï³ä ÷àñ äîñë³äæåííÿ ñòðóêòóð ìà-

òåð³àë³â. Êðóãè ìîæóòü ïåðåòèíàòè

ìåæó êîíòåéíåðà ó çàçäàëåã³äü

âèçíà÷åíîìó îêîë³, ÿêèé çàëåæèòü

â³ä òèïó êðóã³â (ïñåâäîâêëþ÷åííÿ).

Ñ³ì’þ êðóã³â ðîçì³ùóþòü ó êðóãî-

âîìó êîíòåéíåð³ çà òàêèõ óìîâ:

óìîâè à) íåïåðåòèíó êðóã³â; á)

ïñåâäîâêëþ÷åííÿ; â) äîòðèìàííÿ

çàäàíèõ ïðîïîðö³é òèï³â êðóã³â çà-

äëÿ ìàêñèì³çàö³¿ çàãàëüíî¿ ê³ëüêîñò³ êðóã³â. Ïîáóäîâàíî ìàòåìàòè÷íó ìîäåëü ÿê

çì³øàíó ö³ëî÷èñëîâó íåë³í³éíó çàäà÷ó ìàòåìàòè÷íîãî ïðîãðàìóâàííÿ (MINLP).

Çàïðîïîíîâàíî àëãîðèòì, ÿêèé ´ðóíòóºòüñÿ íà çâåäåíí³ çàäà÷³ MINLP äî

ïîñë³äîâíîñò³ çàäà÷ íåë³í³éíîãî ïðîãðàìóâàííÿ ç ðîçì³ùåííÿ çàäàíî¿ ê³ëüêîñò³

êðóã³â ç³ çì³ííèìè ìåòðè÷íèìè õàðàêòåðèñòèêàìè çà óìîâè ïðîïîðö³éíîñò³. Íà-

âåäåíî ðåçóëüòàòè îá÷èñëåíü. Äëÿ ïîøóêó ãëîáàëüíèõ åêñòðåìóì³â çàñòîñîâàíî

ñîëâåð BARON, äëÿ ïîøóêó ëîêàëüíèõ åêñòðåìóì³â — ñîëâåð IPOPT.

ÄÎÄÀÒÎÊ 1. ÀËÃÎÐÈÒÌ ÔÎÐÌÓÂÀÍÍß Ì²Í²ÌÀËÜÍÎ¯ ÌÍÎÆÈÍÈ ÊÐÓÃ²Â I B

Â²ÄÏÎÂ²ÄÍÎ ÄÎ ×ÀÑÒÎÊ � k , k K� 1, ,�

Êðîê 1. Âñòàíîâëþºìî �:� 0 ( � — ê³ëüê³ñòü êðóã³â ó ì³í³ìàëüí³é ñóêóï-

íîñò³).

Êðîê 2. Âñòàíîâëþºìî � �:� �1.

Êðîê 3. ßêùî �� ��1 1 0� �� � , òî ïåðåõîäèìî äî êðîêó 2; â ³íøîìó ðàç³ ïå-

ðåõîäèìî äî êðîêó 4 (ïåðåâ³ðêà ôîðìóâàííÿ ì³í³ìàëüíî¿ ìíîæèíè êðóã³â

â³äïîâ³äíî äî ÷àñòîê �
k

, k K�1, ,� ).

Êðîêè 4–7 — ôîðìóâàííÿ ìíîæèíè I
B

.

Êðîê 4. Âñòàíîâëþºìî k :� 0, J :� 
, p:� 0. (²í³ö³àë³çàö³ÿ ïî÷àòêîâîãî çíà-

÷åííÿ òèïà êðóã³â k, ïîòî÷íî¿ ìíîæèíè J òà p J� | |).

Êðîê 5. Âñòàíîâëþºìî k k:� �1.

Êðîê 6. ßêùî k K� �1, òî âñòàíîâëþºìî I J
B

: � òà çóïèíÿºìî àëãîðèòì.

Êðîê 7. Âèêîíóºìî ��
k

ðàç³â îïåðàö³þ J J i
k

: � �{ }, âñòàíîâëþºìî

p p
k

:� � �� òà ïåðåõîäèìî äî êðîêó 5. (Ôîðìóâàííÿ ì³í³ìàëüíî¿ ìíîæèíè I
B

).
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Ò à á ë è ö ÿ 6 . Çíà÷åííÿ n
k

�

òà

�
k

�

äëÿ ïðèêëàäó 2, âèïàäîê á

k nk

�

� k

�

1 53 0.509615

2 34 0.326923

3 17 0.163462

Ðèñ. 2. ²ëþñòðàö³ÿ ðîçì³ùåííÿ êðóã³â, ùî â³äïîâ³äàº

äîïóñòèìîìó ðîçâ’ÿçêó ó ïðèêëàä³ 2 çà óìîâè: ñòðîãî¿

ïðîïîðö³éíîñò³ (a); íåñòðîãî¿ ïðîïîðö³éíîñò³ (á)

à

á
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T.E. Romanova, P.I. Stetsyuk, A. Fischer, G.M. Yaskov

PROPOTION PACKING OF CIRCLES IN A CIRCULAR CONTAINER

Abstract. The paper considers the optimization problem of packing circles into a larger fixed

circular container with non-standard placement conditions. A family of circles is assigned to

a given set of circle types. Proportions of the different types of circles appearing in the

packing are defined. The circles are allowed predefined overhanding of the container boundary.

The problem is aimed to arrange as much non-overlapping circles in the container as possible

subject to the proportion and pseudo-containment conditions. A mathematical model as

a mixed integer nonlinear mathematical programming problem (MINLP) is constructed and

a solution algorithm is proposed. It reduces the MINLP to a sequence of nonlinear

programming problems for packing of circles with variable metrical characteristics meeting the

proportion conditions in a given circular container. The computational results are provided.

Keywords: proportional packing, circles, circular container, pseudo-containment, optimization.
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