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Àíîòàö³ÿ. Äîñë³äæåíî àñèìïòîòè÷íó ñò³éê³ñòü ó ñåðåäíüîìó êâàäðàòè÷íîìó òðèâ³àëüíîãî
ðîçâ’ÿçêó äèôóç³éíèõ ñòîõàñòè÷íèõ äèôåðåíö³àëüíî-ôóíêö³îíàëüíèõ ð³âíÿíü Ã³õìàíà–²òî
â òåðì³íàõ âëàñíèõ çíà÷åíü ìàòðèö³ B, ÿêà ïîáóäîâàíà ç êîåô³ö³ºíò³â öèõ ð³âíÿíü.

Êëþ÷îâ³ ñëîâà: êðèòåð³é, ñò³éê³ñòü ðîçâ’ÿçêó, ñòîõàñòè÷í³ äèôåðåíö³àëüíî-ôóíêö³îíàëüí³
ð³âíÿííÿ Ã³õìàíà–²òî, çîâí³øí³ çáóðåííÿ.

ÂÑÒÓÏ

Ï³ñëÿ ââåäåííÿ ïîíÿòòÿ ñèëüíîãî ðîçâ’ÿçêó ñòîõàñòè÷íîãî äèôåðåíö³àëüíîãî
ð³âíÿííÿ âèâ÷åííÿ éîãî âëàñòèâîñòåé òà ïîäàëüøîãî ïîøèðåííÿ íà êëàñè
ñòîõàñòè÷íèõ äèôåðåíö³àëüíî-ôóíêö³îíàëüíèõ ð³âíÿíü (äèâ. ïðàö³ Ê³éîñ³ ²òî,
É.². Ã³õìàíà, À.Â. Ñêîðîõîäà, Â.Ñ. Êîðîëþêà, ª.Ô. Öàðêîâà òà ³í.) ñòàëî
ìîæëèâèì äîñë³äæåííÿ àñèìïòîòè÷íî¿ ñò³éêîñò³ ðîçâ’ÿçêó äëÿ ñòîõàñòè÷íèõ
äèôåðåíö³àëüíî-ôóíêö³îíàëüíèõ ð³âíÿíü (äèâ., íàïðèêëàä, [1–5]).

Ó çàïðîïîíîâàí³é ñòàòò³ äîñë³äæåíî àñèìïòîòè÷íó ñò³éê³ñòü ó ñåðåäíüîìó
êâàäðàòè÷íîìó (ó ñåðåäíüîìó) òðèâ³àëüíîãî ðîçâ’ÿçêó äèôóç³éíèõ ñòîõàñòè÷-
íèõ äèôåðåíö³àëüíî-ôóíêö³îíàëüíèõ ð³âíÿíü (ÑÄÔÐ) Ã³õìàíà–²òî â òåðì³íàõ
âëàñíèõ çíà÷åíü ìàòðèö³ B, ÿêà ïîáóäîâàíà ç êîåô³ö³ºíò³â öèõ ð³âíÿíü.

ßêùî ìàêñèìàëüíå âëàñíå çíà÷åííÿ ìàòðèö³ B max � B � 1, òî ñèñòåìà ñò³éêà
â ñåðåäíüîìó êâàäðàòè÷íîìó (l.i.m.) (ó ñåðåäíüîìó). ßêùî � B �1, òî ñèñòåìà
àñèìïòîòè÷íî íåñò³éêà â l.i.m. Äîñë³äæåíî òàêîæ âèïàäîê, êîëè � B �1, äå
max � B — êîð³íü Ïåððîíà [6] äîäàòíî âèçíà÷åíî¿ ìàòðèö³ B.

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×²

Íåõàé íà éìîâ³ðí³ñíîìó áàçèñ³ ( , ,{ , }, )� F F tt � 0 P çàäàíî äèôóç³éíå ÑÄÔÐ
âèãëÿäó

dx t a x dt b x dw tt t( , ) ( ) ( ) ( ) ( ) ( , )� � � � � �� � (1)

çà ïî÷àòêîâèõ óìîâ
x x t rt t t

n| { ( ), [ , ]}|� �� � 	 
 � 	0 00� � � R , (2)

äå x t n( , ) ;� 	R x rt n	 
D ([ , ])0 — ïðîñò³ð Ñêîðîõîäà [7] íåïåðåðâíèõ ñïðàâà

ôóíêö³é, ùî ìàþòü ë³âîñòîðîíí³ ìåæ³; � � � �( ), ( ):� � R1 — çàäàí³ ïîïàðíî

íåçàëåæí³ â³ä n-âèì³ðíîãî Â³íåðîâîãî ïðîöåñó [8] w t n( , ):[ , )� 0 � 
 �� R âè-

ïàäêîâ³ âåëè÷èíè, ùî ìàþòü îáìåæåí³ äðóã³ ìîìåíòè

E E{ ( )} ; { ( )}� � � �2
1

2
2� � � � � �K K ; (3)

a x rt n
n( ): ([ , ])D R
 �0 ; b x rt n

n n( ): ([ , ])D R R
 � 
0 .
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Îçíà÷åííÿ 1. Ï³ä ñèëüíèì ðîçâ’ÿçêîì çàäà÷³ (1)–(3) áóäåìî ðîçóì³òè ñåïà-

ðàáåëüíèé âèïàäêîâèé ïðîöåñ x t n( , ):[ , )� 0 � 
 �� R , ÿêèé âèçíà÷åíèé äëÿ

äîâ³ëüíîãî t r	 
[ , ]0 ñï³ââ³äíîøåííÿì (2), âèì³ðíèé â³äíîñíî �-àëãåáðè F Bt t

(Bt — �-àëãåáðà Áîðåëåâèõ ìíîæèí â³äð³çêà [ , ])
r t òà ç ³ìîâ³ðí³ñòþ 1 çàäîâîëü-
íÿº ³íòåãðàëüíå ð³âíÿííÿ [7, 9, 10]

x t a x d b x dwt

t

t

t

( , ) ( ) ( ) ( ) ( ) ( ) ( , )� � � � 	 � � 	 �� � �� �0
0 0

. (4)

Áóäåìî ââàæàòè, ùî êîåô³ö³ºíòè òà ôóíêö³¿ � � � �( ), ( ) òàêi, ùî iñíóþòü
ñèëüíi ðîçâ’ÿçêè çàäà÷i (1)–(3) [3, 11, 12].

ÏÅÐÅÕ²Ä ÄÎ ²ÍÒÅÃÐÀËÜÍÎÃÎ ÐÎÇÂ’ßÇÊÓ ÇÀÄÀ×² (1), (2)
ÇÀ ÄÎÏÎÌÎÃÎÞ ÔÓÍÄÀÌÅÍÒÀËÜÍÎÃÎ ÐÎÇÂ’ßÇÊÓ ÑÊÎÐÎ×ÅÍÎ¯ ÇÀÄÀ×²

Ïîçíà÷èìî MT ïðîñò³ð n-âèì³ðíèõ âèïàäêîâèõ ïðîöåñ³â f t( , )� , ÿêèé º
âèì³ðíèì äëÿ äîâ³ëüíîãî t T	[ , ]0 â³äíîñíî �-àëãåáðè F t F Ft t, ,� �0 , ³ òà-
êèé, ùî

E{ ( , )}f t dt

T
2

0

�� � � . (5)

Ïðèïóùåííÿ 1. Íåõàé íàäàë³ çàäàíî n-âèì³ðíèé âèïàäêîâèé ïðîöåñ

z t H t dw f d

t

( , ) ( ) ( , ) ( , ) ( , )� � � 	 	 � 	 � 	� �
0

, (6)

äå � �( ) íåçàëåæíà â³ä w t( , ),� f ( , )	 � , à H t( , )	 ,
d

dt
H t( , )	 — åëåìåíòè ä³éñíèõ

ìàòðèöü, âèçíà÷åí³ òà íåïåðåðâí³ çà ñóêóïí³ñòþ àðãóìåíò³â t � �	 0.

Ïðèïóùåííÿ 2. Âëàñí³ çíà÷åííÿ � �( )	R1 òâ³ðíîãî îïåðàòîðà íàï³âãðóïè

ðîçâ’ÿçê³â äèôåðåíö³àëüíîãî ð³âíÿííÿ äëÿ êîæíîãî �	� [10]

dy t a y dtt( ) ( ) ( ( ))� � � � (7)

ëåæàòü ó ë³â³é ï³âïëîùèí³ Re � �( )� 0.
Ëåìà 1 [1, 11–13]. Íåõàé:
1) âèêîíóþòüñÿ ïðèïóùåííÿ 1, 2;

2) âèïàäêîâèé ïðîöåñ f t T n( , ):[ , ]� 0 
 �� R íåïåðåðâíèé ç ³ìîâ³ðí³ñòþ 1

çà çì³ííîþ t T	[ , ]0 ³ äëÿ íüîãî âèêîíóºòüñÿ íåð³âí³ñòü (5);
3) � � � �( ), ( ) ïîïàðíî íåçàëåæí³ â³ä Â³íåðîâîãî ïðîöåñó

w t T n( , ): [ , ]� 0 
 �� R òà âèêîíóþòüñÿ óìîâè (3).

Òîä³ âèïàäêîâèé ïðîöåñ z t T n( , ):[ , ]� 0 
 �� R , ÿêèé çàäàíî ð³âí³ñòþ (6), ìà-

òèìå ñòîõàñòè÷íèé äèôåðåíö³àë

dz t H t dw f d

t

( , ) ( ) ( , ) ( , ) ( , )� � � 	 	 � 	 � 	� ��
0

�� � � �( ) ( , ) ( , ) ( , )H t t dw t f t . (8)

Äîâåäåííÿ. Çà îçíà÷åííÿì ñòîõàñòè÷íîãî äèôåðåíö³àëà [13] âèðàç äëÿ
dz t( , )� îçíà÷àº, ùî äëÿ äîâ³ëüíèõ � �� 	 � �t t T, [ , ] [ , )0 0 âèêîíóºòüñÿ ³íòåãðàëüíå
ð³âíÿííÿ

z t z t
H t

f d

t

t

( , ) ( , ) ( )
( , )

( , )�� 
 � �
�

�
�

�

��

�� � � �
	

	
	 � 	 � � �( ) ( , ) ( , )H t t f t dt

t

t

�

��

� . (9)
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Äëÿ äîâåäåííÿ ëåìè 1 ñë³ä âñòàíîâèòè, ùî (6) çàäîâîëüíÿº (3). Ðîç³á’ºìî

â³äð³çîê [ , ] [ , ]� �� �t t T0 íà ³íòåðâàëè äîâæèíîþ � �
�� 
 �t t

m
. Òîä³ ð³çíèöÿ (9) íàáó-

äå âèãëÿäó
z t z t z t z ti i

i

m

( , ) ( , ) [ ( , ) ( , )]�� 
 � � 
 �� �
�




�� � � �1 1
0

1
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�
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i

m

i

t

t
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i

i
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1

1
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� 
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�

� � 	 	 	 � 	 �( ) [ ( , ) ( , )] ( , ) ( , )
i

m

i i

t

t

H t H t f dw

i

i
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� �
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��
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t

t
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 ��

�

��
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t

t

i

m

1
0
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� �
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t
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m

i
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00

1
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�

�
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�

��

� � �
	

	
� �( ) ( , ) ( , )
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t

t t

t

t

i
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H t t dw t
H t

f
1
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� 

�




�� �
�
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i

m

i i

t

t
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i

i

0

1

1

1

) 




�




� ��
��

� � 	 	 � 	 � 	( ) ( , ) ( , ) ( , )
i

m t

t

t

H t dw f d
i

i

i

0

1

0

11

. (10)

Ó (10) äëÿ ïîäàëüøèõ îö³íîê ïîçíà÷èìî

A H t H t dw fm

i

m

i i

t

t

i

i

� 

�




��� � 	 	 	 � 	 �( ) [ ( , ) ( , )] ( , ) ( , )
0

1

1

�

�
1

;

B
H t

dw f dm

i

m t

t

t i

i

i

�
�

��




� ��
��

� �
	

	
	 � 	 �

	

( )
( , )

( , ) ( , )
0

1 11

	.

Îá÷èñëþþ÷è ìàòåìàòè÷íå ñïîä³âàííÿ E{| | }Am
2 , ç óðàõóâàííÿì âëàñòèâîñò³

ìàòåìàòè÷íîãî ñïîä³âàííÿ â³ä ñòîõàñòè÷íîãî ³íòåãðàëà Ã³õìàíà–²òî [8] òà íå-

ïåðåðâíîñò³
�

�

H t( , )	

	
íà çàìêíåíîìó ³íòåðâàë³ ìàòèìåìî
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� �
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f d
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t

t

i

i

�2
2

0

1
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1 ( , )

{| ( , )| }
* 	

	
	 � 	E K K f d

t

t

i

i

2 3
2

1

� E{| ( , )| }	 � 	
�

� ,

äå t t ti i i� � �
* ,1 K t t K

H t

tt t t
3 2

2

� �� 
 �
�

�	 � ��
( ) sup

( , )

, [ , ]	

	
.

Òàêèì ÷èíîì, çà óìîâè ³íòåãðîâíîñò³ çà t T	[ , ]0 ó ñåðåäíüîìó êâàäðà-
òè÷íîìó âèïàäêîâîãî ïðîöåñó f t( , )� (5) òà íåð³âíîñò³ ×åáèøîâà [8] îäåð-
æèìî

lim lim
m

m
m

mA
A

�� ��
� � �P

E
{ :| | }

{| ( ) | }
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�




2

2
0. (11)

Äàë³ àíàëîã³÷íî äî | ( ) |Am � 2 ñïðàâäæóþòüñÿ íåð³âíîñò³ äëÿ | ( ) |Bm � 2 :

E{| | }
( , )

B m
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t

t
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i
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1
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m K
H t
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m t

t

t i

i

i

2
0

1
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2
11 ( , )

{| ( , )|
	

	
	 � 	E } � K K f d

t

t

i

i

2 3
2

1

� E
�

� {| ( , ) | }	 � 	.

Òîä³ çà íåð³âí³ñòþ ×åáèøîâà ìàº ì³ñöå ñï³ââ³äíîøåííÿ

lim { :| ( ) | } {| ( ) | }
m

m
m

mB B
�� ��

� � �P E� � 




�2
2

21
0lim .

Óíàñë³äîê äîâ³ëüíîñò³ âèáîðó m òâåðäæåííÿ ëåìè 1 äîâåäåíî.
ßê ³ ðàí³øå, ôóíäàìåíòàëüíèì ðîçâ’ÿçêîì H t( , )� äèôåðåíö³àëüíîãî

ð³âíÿííÿ (7), ïîáóäîâàíîãî çà ïî÷àòêîâî¿ óìîâè (2), íàçâåìî H t( , )� äëÿ t � 0
âèãëÿäó [10]

H t
i

e V dt( , ) ( , )�
�

� � ��� 

�

1

2
1

�

, (12)

äå
V a e( , ) ( ) ( )� � � � � ��� 
 (13)

º êâàç³ïîë³íîìîì ÑÄÔÐ (7), à � — êîíòóð, ùî îõîïëþº âñ³ êîðåí³ õàðàêòå-
ðèñòè÷íîãî ð³âíÿííÿ det V ( , ) ,� � �� 	0 � . Ïðè öüîìó H I( , )0 � � — îäè-
íè÷íà ìàòðèöÿ, à äëÿ t� 0 ìàºìî H t( , ) .� � 0

Òåîðåìà 1 [13]. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 1 òà ïðèïóùåííÿ 1, 2. Òîä³

ðîçâ’ÿçîê çàäà÷³ Êîø³ äëÿ ÑÄÔÐ (1), (2) x t n( , )� 	R çà äîïîìîãîþ ôóíäàìåí-

òàëüíîãî ðîçâ’ÿçêó H t( ) ìîæíà çàïèñàòè ó âèãëÿä³

x t y t H t dw b x

t

( , ) ( , ) ( ) ( , ) ( , ) ( ( ))� � � � 	 � 	 � �	� � 
�
0

, (14)

äå y t( ) — ðîçâ’ÿçîê äèôåðåíö³àëüíî-ôóíêö³îíàëüíîãî ð³âíÿííÿ (7).
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Äîâåäåííÿ. Âèïàäêîâèé ïðîöåñ x t n( , ):[ , )� 0 � 
 �� R çã³äíî ç ëåìîþ 1

ìàº ñòîõàñòè÷íèé äèôåðåíö³àë

dx t dy t b x dw tt( , ) ( , ) ( ) ( ( )) ( , )� � � � � �� � �

�
� 


��
H t

t
b x dw t dt

t
( , )

( ( )) ( , )
	 �

� � 	

0

. (15)

Çà îçíà÷åííÿì ôóíäàìåíòàëüíîãî ðîçâ’ÿçêó ç ³ìîâ³ðí³ñòþ 1 ìàºìî, ùî

� 


�
� 


H t

t
a Ht

( , )
( ) ( ( ), )

	 �
� � � �	

äëÿ T t� � 0.
Âðàõîâóþ÷è ë³í³éí³ñòü îïåðàòîðà a( )� , îäåðæóºìî ç ³ìîâ³ðí³ñòþ 1

ñï³ââ³äíîøåííÿ

� �
	 �

� �	( )
( , )

( ( )) ( , )
� 


�
��

H t

t
b x dw t

t

0

� 

�

�

�
�

�

�

�
�
��� � 	 � � 	 �( ) ( , ) ( ( )) ( , )a H t b x dwt

t

0

� � � � �( ) ( ( ) ( , ))a x yt t
 ,

ùî ç óðàõóâàííÿì (4), (8), (11), (15) äîâîäèòü òåîðåìó 1.

ÍÅÎÁÕ²ÄÍ² ÒÀ ÄÎÑÒÀÒÍ² ÓÌÎÂÈ ÍÀËÅÆÍÎÑÒ² ÐÎÇÂ’ßÇÊ²Â ÑÈÑÒÅÌÈ Ë²Í²ÉÍÈÕ
ÑÄÔÐ ÏÐÎÑÒÎÐÓ ÑÓÌÎÂÍÈÕ ÇÀ ×ÀÑÎÌ Ó ÑÅÐÅÄÍÜÎÌÓ ÊÂÀÄÐÀÒÈ×ÍÎÌÓ
ÂÈÏÀÄÊÎÂÈÕ ÏÐÎÖÅÑ²Â

Íåõàé íà éìîâ³ðí³ñíîìó áàçèñ³ ( , ,{ , }, )� F F tt � 0 P çàäàíî àâòîíîìíå ë³í³éíå
ÑÄÔÐ (1), (2), êîåô³ö³ºíòè ÿêîãî çàäîâîëüíÿþòü óìîâè ³ñíóâàííÿ òà ºäèíîñò³
ðîçâ’ÿçêó ç ³ìîâ³ðí³ñòþ 1 [12].

Ïðèïóùåííÿ 3. Âëàñí³ çíà÷åííÿ êâàç³ïîë³íîìà V ( )� (13) ðîçòàøîâàí³

â ë³â³é ï³âïëîùèí³ Re �� 0 êîìïëåêñíî¿ ïëîùèíè xO iy( ).
Óâåäåìî äî ðîçãëÿäó ìàòðèöþ B âèãëÿäó

B E� �

�

� {[ ( ( , ))] }b H dtt � � 2

0

. (16)

Òóò ³ äàë³ âåðõí³é ³íäåêñ 2 á³ëÿ ìàòðèö³ (âåêòîðà) îçíà÷àº ï³äíåñåííÿ äî
êâàäðàòà êîæíîãî åëåìåíòà ìàòðèö³ (âåêòîðà), à + ó íèæíüîìó ³íäåêñ³ îçíà-
÷àº, ùî êîæíèé åëåìåíò ìàòðèö³ (âåêòîðà) ïîòð³áíî áðàòè çà ìîäóëåì.

Çàñòîñóºìî b ( )� äî ë³âî¿ òà ïðàâî¿ ÷àñòèí ð³âíÿííÿ (14), ó ðåçóëüòàò³ îäåð-
æèìî, ùî

b x b y b H dw b xt t t( ( , )) ( ( , )) ( ) ( ( , )) ( , ) ( (� � � � � � � � 	 �	 	� � 
 � �, ))
0

t

� . (17)

Ï³äíåñåìî äî êâàäðàòà ë³âó òà ïðàâó ÷àñòèíè (17), çàñòîñóºìî îïåðàö³þ ìà-
òåìàòè÷íîãî ñïîä³âàííÿ òà, âèêîðèñòàâøè âëàñòèâîñò³ ñòîõàñòè÷íèõ ³íòåãðàë³â
[7, 8], îäåðæèìî

� � � � � � � �	b t t bt b y b H s d( ) { ( ( , ))} { ( )} { ( ( , )) ( )� � 
E E E2 2 2 s

t

}
0
� , (18)

äå � � �b tt b x( ) { ( ( , ))}� E 2 .

Äàë³ ³íòåãðóºìî ð³âíÿííÿ (18) çà àðãóìåíòîì t â³ä 0 äî �� òà, çì³íþþ÷è ïî-
ðÿäîê ³íòåãðóâàííÿ ó ïðàâ³é ÷àñòèí³, ìàºìî
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� � �b tt dt b y dt( ) { ( ( , ))}
0

2

0

� �

� �� �E

�
� �

� �E E{ ( )} { ( ( , ))} ( )� � � � �2

0

2

0

b H dt s dst b . (19)

Ó ð³âíÿíí³ (19) ÿê y t( ) ñë³ä âèêîðèñòîâóâàòè ñòîâï÷èêè ìàòðèö³
H t h tij( ) { ( )}� , i j n, ,�1 . Áóäåìî ïîçíà÷àòè ¿õ y tj ( ), j n�1, .

Äëÿ çðó÷íîñò³ óâåäåìî òàê³ ïîçíà÷åííÿ:

N b y dt M t dtj tj j bj
� �
� �

� �
2

0 0

( ( )) ; ( )� � .

Òîä³ àíàëîã³÷íî äî (18) çàïèøåìî ð³âíÿííÿ

M N b H dt M j nj j t j� � � �
�

�E E{ ( )} { ( ( , ))} , ,� � � �2 2

0

1 , (20)

àáî çà îçíà÷åííÿì ìàòðèö³ B îäåðæèìî

M N M j nj j j� � � �E B{ ( )} , ,� �2 1 .

Çà ïîáóäîâîþ, âåêòîð N j çá³ãàºòüñÿ ç j-ì ñòîâï÷èêîì ìàòðèö³ B, ïðè öüîìó
B N N N n� � �{ , }1 2 � . Òîä³ ïîçíà÷èìî M M M M n� � �{ , }1 2 � ³ çàïèøåìî (20)
ó âèãëÿä³ ìàòðè÷íîãî ð³âíÿííÿ

M M� � � �B E B{ ( )}� �2 . (21)

Äîâåäåìî òâåðäæåííÿ.
Òåîðåìà 2. Íåõàé äëÿ ë³í³éíîãî ÑÄÔÐ (1), (2) âèêîíóþòüñÿ âñ³ óìîâè òåî-

ðåìè 1 òà ïðèïóùåíü 1–3. Òîä³ íåîáõ³äíîþ òà äîñòàòíüîþ óìîâîþ íàëåæíîñò³

ïðîñòîðó M� äîâ³ëüíîãî ë³í³éíîãî ôóíêö³îíàëà f rn
n: ( [ , ] )D R
 �0 º óìîâà


 ( )B � 1 àáî | ( ) |� max B � 1, äå 
( )B — ñïåêòðàëüíèé ðàä³óñ äîäàòíî¿ ìàòðèö³ B,
� max ( )B — êîð³íü Ïåððîíà äîäàòíî¿ ìàòðèö³ B.

Äîâåäåííÿ. Íåîáõ³äí³ñòü áóäåìî äîâîäèòè â³ä ñóïðîòèâíîãî. Îñê³ëüêè
ìàòðèöÿ B � { }bij , i j n, ,�1 , ñêëàäåíà çà ïîáóäîâîþ ç íåâ³ä’ºìíèõ åëåìåíò³â, òî

³ñíóº äîäàòíå âëàñíå çíà÷åííÿ � 0 0� [14]. Íåõàé � 0 1� .
Âèïàäîê � 0 1� . Ïîçíà÷èìî b0 âëàñíèé âåêòîð ìàòðèö³ B, ùî â³äïîâ³äàº

âëàñíîìó çíà÷åííþ � 0 1� . Òîä³ â³ä ìàòðè÷íîãî ð³âíÿííÿ (21) ëåãêî ïåðåéòè äî
ð³âíÿííÿ

X b X� � E B{ ( )}� �2 ,

äå X M b� 0 . Îäåðæàíå ð³âíÿííÿ íå ìàº îáìåæåíîãî ðîçâ’ÿçêó [14].

Òàêèì ÷èíîì, äëÿ � 0 1� ìàòðè÷íå ð³âíÿííÿ (21) ìàº íåîáìåæåíèé ðîçâ’ÿ-
çîê. Öå îçíà÷àº, ùî ³ñíóþòü ïî÷àòêîâ³ ôóíêö³¿ � �( ), çà ÿêèìè ïîáóäîâàí³ ðîç-
â’ÿçêè ìàþòü âëàñòèâ³ñòü b xt( ( ))� � �M .

Äîâåäåìî, ùî â öüîìó âèïàäêó äëÿ äîâ³ëüíîãî ôóíêö³îíàëà f ( )� � �M . Çàñ-
òîñóºìî äî (14) ôóíêö³îíàë f ( )� . Ï³ñëÿ àíàëîã³÷íèõ äî íàâåäåíèõ ðàí³øå ïåðå-
òâîðåíü òà ç óðàõóâàííÿì ïðèïóùåíü 1–3 òåîðåìè 1 îäåðæèìî, ùî

� � �f tt dt f y dt( ) { ( ( , ))}
0

2

0

� �

� �� �E

+ E E{ ( )} { ( ( , ))} ( )� � � � �2

0

2

0

� �

� �f H dt t dtt b . (22)
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Äëÿ äîñèòü ìàëèõ �� 0 òà 
� 0 ç óðàõóâàííÿì çãàäàíèõ âëàñòèâîñòåé î÷åâèä-
íà íåð³âí³ñòü

E E E{ ( ( , ))} ( ) { ( )} { ( ( , )f H dt t dt f Ht f t
2

0 0

2 2� � � � � � �
� �

� � � )} ( )dt t dtf�
�

00

�

�� �

�
�

�E{ ( )} ( )� �
�

�2

0
2

f t dt.

Çà öèìè íåð³âíîñòÿìè ñï³ââ³äíîøåííÿ (22) äàº f ( )� � �M , ùî ñóïåðå÷èòü
ïðèïóùåííþ òåîðåìè 2.

Âèïàäîê � 0 1� . Äîâåäåìî, ùî ìàòðè÷íå ð³âíÿííÿ (21) ìàº íåîáìåæåíèé

ðîçâ’ÿçîê. ßêùî ïðèïóñòèòè ïðîòèëåæíå, òîä³ ìàòðè÷íå ð³âíÿííÿ (21) ìàòèìå

îáìåæåíèé ðîçâ’ÿçîê
b0

01
 �
, êîîðäèíàòè ÿêîãî â³ä’ºìí³. À öå íåìîæëèâî,

îñê³ëüêè êîîðäèíàòè ðîçâ’ÿçêó ìàòðè÷íîãî ð³âíÿííÿ (21) íåâ³ä’ºìí³ [14]. Òàêèì
÷èíîì, ïðèïóùåííÿ õèáíå.

Àíàëîã³÷íî ³ äëÿ âèïàäêó � 0 1� ìîæíà äîâåñòè [14], ùî f ( )� � �M .
Îòæå, íåîáõ³äí³ñòü äîâåäåíî.
Äîâåäåìî äîñòàòí³ñòü. Íåõàé 
( )B � 1. Äîâåäåìî, ùî äëÿ äîâ³ëüíîãî

ôóíêö³îíàëà f ( )� âèêîíóºòüñÿ f ( )� � �M .
Çàñòîñóºìî ìåòîä ïîñë³äîâíèõ íàáëèæåíü [10] äëÿ ðîçâ’ÿçàííÿ ìàòðè÷íîãî

ð³âíÿííÿ (16), ÿêå åêâ³âàëåíòíå (18).

ßêùî âèáðàòè M n n0 0� 
 , òîä³ M Nm
i

i

m

�
�




�B
0

1
. Îñê³ëüêè [14]

lim max
m

mm

i
i

��
�| | | |B � , óìîâà òåîðåìè 2 äàº lim

m

mm d
��

� �| | | |B 1. Îòæå, äëÿ äî-

ñèòü âåëèêèõ m m� 1 îòðèìóºìî, ùî lim
m

mm d
��

� � �| | | |B 
 1 òà | | | | ( )B m md� � 
 .

Öå îçíà÷àòèìå, ùî äëÿ m m� 1

| | | | ( ) | | | |M d Nm
i

i

m

� �
�




� 

0

1
,

à îòæå,
lim

m
mM

N

d��
�



| | | |

| | | |

( )1
.

²íàêøå êàæó÷è, b xt( )	 �M . Òîä³ çà (22) ìàºìî f ( )� 	 �M .
Òåîðåìó 2 ïîâí³ñòþ äîâåäåíî.

ÀÑÈÌÏÒÎÒÈ×ÍÀ ÑÒ²ÉÊ²ÑÒÜ ÒÀ ÍÅÑÒ²ÉÊ²ÑÒÜ Ó ÑÅÐÅÄÍÜÎÌÓ ÊÂÀÄÐÀÒÈ×ÍÎÌÓ
(l.i.m.) ÐÎÇÂ’ßÇÊ²Â ÑÈÑÒÅÌ ËÍ²ÉÍÈÕ ÑÄÔÐ

Çà óìîâè âèêîíàííÿ íàêëàäåíèõ ðàí³øå óìîâ ìîæíà îòðèìàòè òàê³ òâåðäæåííÿ
ïðî ñò³éê³ñòü òà íåñò³éê³ñòü ó l.i.m. ðîçâ’ÿçê³â ñèñòåì ë³í³éíèõ ÑÄÔÐ (1)–(3).

Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 1 äëÿ ë³í³éíîãî àâòîíîìíîãî
ÑÄÔÐ (1)–(3), à òàêîæ 
( )B � 1äëÿ ìàòðèö³ B , ÿêà çàäàíà (16). Òîä³ òðèâ³àëüíèé ðîç-

â’ÿçîê x t x t n( ) ( , ):[ , )� � 
 �� 0 � R çàäà÷³ (2), (3) àñèìïòîòè÷íî ñò³éêèé ó l.i.m.

Äîâåäåííÿ. Çàñòîñóºìî ïåðåòâîðåííÿ Ëàïëàñà [3] �( )� äî ð³âíÿííÿ (18).

Ó ðåçóëüòàò³ îòðèìàºìî ð³âíÿííÿ â çîáðàæåííÿõ

M F H Mb b b b( ) ( ) { ( )} ( ) ( )� � � � � �� � E 2 ,

äå M tb b( ) { ( )}� �� � ; H b Hb t( ) { { ( ( , ))}}� � �� � E 2 ; F b yb t( ) { { ( ( , ))}}� � �� � E 2 .
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Ç ïîïåðåäíüîãî ð³âíÿííÿ äëÿ çîáðàæåíü ìàòèìåìî

M I H Fb b b( ) [ ( )] ( )� � �� 
 
1 . (23)

Ç óìîâ òåîðåìè 3 âèïëèâàº, ùî ðîçâ’ÿçîê y t( ) ÑÄÔÐ (1), (2) åêñïîíåíö³àëüíî

ñò³éêèé. Òîä³ F ( )� ÿê ïåðåòâîðåííÿ Ëàïëàñà �{ { ( ( , ))}}E b yt
2 � � íå ìàº ïî-

ëþñ³â ó íàï³âïëîùèí³ Re � � 0 .
Ïîçíà÷èìî � �( ) êîð³íü Ïåððîíà ìàòðèö³ Hb ( )� . Òîä³ ïîáóäîâà ìàòðèö³

Hb ( )� äàº âëàñòèâ³ñòü
max

Re �
� � �

�
�

d
d( ) ( ). (24)

Äîâåäåìî, ùî ð³âíÿííÿ

� ( ) [ ( ) { ( )}]� � � �� 
 �det I M b E 2 0

ìàº íóë³ â ë³â³é ï³âïëîùèí³ Re �� 0.
Ä³éñíî, ïðèïóñòèìî ïðîòèëåæíå, òîáòî ùî � ( )� 0 0� , äå Re � 0 0� .

Öå îçíà÷àòèìå, ùî Hb ( )� 0 ìàòèìå âëàñíå çíà÷åííÿ, ð³âíå îäèíèö³. Òîä³
� �( )Re 0 1� . Îäíàê åëåìåíòè ìàòðèö³ Hb ( )� ç óðàõóâàííÿì (24) äëÿ ä³éñíèõ
� �( )Re ñïàäàþòü, òîáòî � �( )Re º ñïàäíîþ ôóíêö³ºþ. Îòæå, � ( )0 1� , à ìàòðèöÿ
Hb ( )0 � B ìàº âëàñíå çíà÷åííÿ çà ìîäóëåì, íå ìåíøèì çà îäèíèöþ. À öå ñó-
ïåðå÷èòü óìîâàì òåîðåìè 3, çà ÿêèõ 
( )B � 1.

Îòæå, ïîëþñè M b ( )� ëåæàòü ó ï³âïëîùèí³ Re �� 0, à îðèã³íàë �b t( ) ïîâî-
äèòü ñåáå äëÿ t � �� ÿê exp ( )rt , äå r� 0 ( r — ä³éñíà ÷àñòèíà íàéá³ëüø â³ääàëå-
íîãî ïðàâîðó÷ â³ä ïîëþñà çîáðàæåííÿ M b ( )� [3]). Òîä³

| ( )| exp ( ) | | | |�b t C rt d� 
 0 ,

äå r � 0, C � 0.
Çà òâåðäæåííÿì òåîðåìè 2, äëÿ äîâ³ëüíîãî ë³í³éíîãî ôóíêö³îíàëà f ( )� ìàº

ì³ñöå îö³íêà
E{| ( ( )) |} (exp ( ))| | | |f y C r t dt

2
1 1 0� � 
 ,

äå r1 0� , C1 0� . À öå ïðèâîäèòü äî ñò³éêîñò³ â l.i.m. ðîçâ’ÿçêó x t( ) ÑÄÔÐ
(1), (2).

Àñèìïòîòè÷íà ñò³éê³ñòü ó l.i.m. öüîãî ðîçâ’ÿçêó âèïëèâàº ç íåð³âíîñò³

E E{| ( ) | } (exp ( )) | | | | {| | ( ) | | } | ( ) |x t C r t d H t tb
2

1 1 0
2� 
 � � 2

0

dt

�

� .

Òåîðåìó 3 äîâåäåíî.
Íàñë³äîê 1. ßêùî ï³äñòàâèòè âèðàç (12) äëÿ H tb ( ) ó âèðàç (16) äëÿ ìàòðèö³

B òà çàñòîñóâàòè òåîðåìó Ïëàíøåðåëÿ [13], òî ôîðìóëà äëÿ B íàáóäå âèãëÿäó

B E� 

�

�

�
1 2 2 1 2

0
�

� � �{ ( )} | ( ) | [ ( )]b e V is dsis , (25)

äå i � 
1.
Òåîðåìà 4. Íåõàé òðèâ³àëüíèé ðîçâ’ÿçîê y t( ) � 0 äèôåðåíö³àëüíîãî ð³âíÿí-

íÿ (7) åêñïîíåíö³àëüíî ñò³éêèé, ïðè öüîìó


( )B �1. (26)

Òîä³ â îêîë³ íóëÿ çíàéäåòüñÿ òàêà ïî÷àòêîâà ôóíêö³ÿ d t n( )	R , ùî ðîçâ’ÿçîê

x t n( , )� 	R ÑÄÔÐ (1), (2) ïîâîäèòü ñåáå â l.i.m., ÿê lim {| ( , ) | }
t

x t
��

� ��E � 2 .
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Äîâåäåííÿ. Âèêîðèñòàºìî ñï³ââ³äíîøåííÿ (23) äëÿ âèçíà÷åííÿ

M I H Fb ( ) [ { ( )} ( )] ( )� � � � �� 
 �
E 2 1 ,

äå F ( )� çà óìîâ òåîðåìè 4 íå ìàº îñîáëèâîñòåé ó ï³âïëîùèí³ Re � � 0.
Òîä³ ïîëþñè êîìïëåêñíîãî âåêòîðà M b ( )� çá³ãàþòüñÿ ç íóëÿìè âèçíà÷íèêà

det [ ( ) { ( )}]I Hb� � � �E 2 . Ìàòðèöÿ Hb ( )� , ÿê ôóíêö³ÿ êîìïëåêñíî¿ çì³ííî¿, ìàº

äîäàòíå âëàñíå çíà÷åííÿ � �( ) � 0, ìîäóëü ÿêîãî íå ìåíøèé çà ìîäóë³ ðåøòè
âëàñíèõ çíà÷åíü, òîáòî max

Re �
� � �

�
�

d
d( ) ( ) . Çà óìîâè òåîðåìè 4 � ( )0 1� . Îäíàê

� �( ) º íåïåðåðâíîþ ôóíêö³ºþ ä³éñíî¿ çì³ííî¿ � ³ òàêîþ, ùî lim
�

� �
���

�( ) 0.

Òàêèì ÷èíîì, çíàéäåòüñÿ òàêå ä³éñíå � 0 0� , ùî � �( )0 1� . Òîä³ | ( )|�b t çðîñòàòè-
ìå äëÿ t � �� íå ïîâ³ëüí³øå çà exp ( )� 0 t , � 0 0� .

Òåîðåìó 4 äîâåäåíî.
Çàóâàæåííÿ 1. Îñê³ëüêè óìîâà (26) âèìàãàº îá÷èñëåííÿ íàéá³ëüøîãî çà ìî-

äóëåì âëàñíîãî çíà÷åííÿ ìàòðèö³ B (25), äëÿ ïîáóäîâè ÿêî¿ ïîòð³áíî çíàéòè

îáåðíåíó ìàòðèöþ [ ( )]V is

�

1 2 äî ìàòðèö³ [ ( )]V is �
2 , à ïîò³ì ïî÷ëåííî ³íòåãðóâàòè

êîæåí åëåìåíò ö³º¿ îáåðíåíî¿ ìàòðèö³ â³ä 0 äî �� çà àðãóìåíòîì s, òî âèíèêàº çà-
ïèòàííÿ, ÷è ìîæíà óíèêíóòè îá÷èñëåííÿ âëàñíèõ çíà÷åíü òà ïîáóäîâè îáåðíåíî¿
ìàòðèö³, òîìó ùî öå ïðèçâîäèòü äî âåëèêî¿ ê³ëüêîñò³ äîäàòêîâèõ îá÷èñëåíü ³ âè-
êîðèñòàííÿ çíà÷íèõ îá÷èñëþâàëüíèõ ðåñóðñ³â êîìï’þòåðà ï³ä ÷àñ ðîçâ’ÿçàííÿ
ïðèêëàäíèõ çàäà÷.

Îá÷èñëåííÿ max 
( )B ìîæíà óíèêíóòè, ÿêùî â³ä ñèñòåìè (1), (2) ïåðåéòè
äî ïîêîîðäèíàòíîãî çàïèñó

dx t a x dt b xi j ij ijt

j

n

j ij ijt( , ) ( ) ( ( )) ( ) ( ( )� � � � � � �� �
�
�

1

) ( , )dw tij

j

n

�
�
�

1

(27)

çà ïî÷àòêîâèìè óìîâàìè
x t ti i( ) ( )� � , (28)

äå a bij ij( ), ( ):� � �D R1 — ë³í³éí³ íåïåðåðâí³ ôóíêö³îíàëè, w tij ( , )� , i j n, ,�1 ,

— ïîïàðíî íåçàëåæí³ òà Ft -âèì³ðí³ äëÿ t � 0.
Òîä³ â òåîðåì³ 4 ç óðàõóâàííÿì (27), (28) ïîòð³áíî ïåðåâ³ðÿòè òàêó óìîâó:

E{ ( ( ))}b H t dtij kl

j

n

l

n

k

n

i

n
2

01111

1� �
�

����
����� � . (29)

Çà ìàëèõ n � 10 äîö³ëüíî îá÷èñëþâàòè 
( )B , à çà á³ëüøèõ n ìîæíà ñêîðèñ-
òàòèñÿ ôîðìóëîþ (29).

ÀÑÈÌÏÒÎÒÈ×ÍÀ ÏÎÂÅÄ²ÍÊÀ ÍÀ ÁÅÇÌÅÆÍÎÑÒ² ÄÐÓÃÎÃÎ ÌÎÌÅÍÒÓ ÐÎÇÂ’ßÇÊÓ
ÑÈÑÒÅÌ Ë²Í²ÉÍÈÕ ÑÄÔÐ ÇÀÃÀËÜÍÎÃÎ ÂÈÃËßÄÓ Ï²Ä Ä²ªÞ ÇÎÂÍ²ØÍÈÕ ÇÁÓÐÅÍÜ
ÒÈÏÓ ÂÈÏÀÄÊÎÂÈÕ ÂÅËÈ×ÈÍ

Íåõàé íà éìîâ³ðí³ñíîìó áàçèñ³ ( , ,{ , }, )� F F tt � 0 P çàäàíî n-âèì³ðíèé âèïàä-

êîâèé ïðîöåñ x t n( , ):[ , )� 0 � 
 �� R , ÿêèé º ðîçâ’ÿçêîì ÑÄÔÐ âèãëÿäó

I
d x t

dt
A

d x t

dt

N

N jk

k

m

j

N

jk

j

j
� � �

��




��
( , )

( )
( , )�

� �
�

00

1

�
��




�� � �
� �

jk jk

k

m

j

N
jk

j

j
B

dw t

dt

d x t

dt
( )

( , ) ( , )

00

1
(30)

130 ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2023, òîì 59, ¹ 2



çà ïî÷àòêîâèõ óìîâ

d x t

dt
t j N

j

j
t r

( , )
( ), ,

[ , ]

�
�

	 


� � 


0

1 1, (31)

äå x t n( , )� 	R , I — ìàòðèöÿ ðîçì³ðó n n
 ; w t w tjk jk
lq( , ) ( , )}� �� { — íåçàëåæí³

ïîïàðíî Â³íåðîâ³ ïðîöåñè ç íóëüîâèìè çíîñàìè ³ ìàòðèöÿìè ïàðàìåòð³â äè-

ôóç³¿ S sjk jk
lq� { } ( ,l m�1 , j N� 
1 1, ); A ajk jk

lq� { }, B bjk jk
lq� { }, l N�1, ,

q N� 
1 1, , — ìàòðèö³ ç ä³éñíèìè åëåìåíòàìè; � �jk ( ), j N� 
1 1, , k m� 0, ,

— ïîïàðíî íåçàëåæí³ çîâí³øí³ âèïàäêîâ³ âåëè÷èíè ç³ ñê³í÷åííèìè ïåðøèìè

òà äðóãèìè ìîìåíòàìè E{ ( )}� �jk K� � �1 ; E{ ( )}� �
jk

K2
2� � � .

Ïîçíà÷èìî H t( , )� ìàòðè÷íèé ðîçâ’ÿçîê ç ³ìîâ³ðí³ñòþ 1 ñèñòåìè

I
d y t

dt
A

d y t

dt

N

N jk

k

m

j

N

jk

j

j
� �

�
�

��




��
( , )

( )
( , )�

� �
� �

00

1
0 (32)

òàêèé, ùî H t( , )� � 0 äëÿ t� 0,

H
dH

dt

d H

dt

d H

dt

N

N

N

N
( , )

( , ) ( , )
;

( , )
0

0 0
0

02

2

1
�

� � �
� � � �









�



�

1
I , (33)

à çà óìîâè t � 0
d H t

dt i
e V d

j

j

j t( , )
( , )

�

�
� � � ��� 


�
1

2
1

 

,

äå êîíòóð  îõîïëþº âñ³ íóë³ éìîâ³ðí³ñíîãî êâàç³ïîë³íîìà ñèñòåìè (32),
à ñàìå

det detV I A eN
jk jk

j

k

m

j

N

( , ) ( )� � � � � � ��� �
!

"
#
#

$

%




��




��
00

1
&
&

(34)

ç ³ìîâ³ðí³ñòþ 1.
Âèêîðèñòîâóþ÷è ôîðìóëè (14), (33), (34), ìîæíà ïåðåéòè â³ä (30) äî ³íòåã-

ðàëüíî¿ ñèñòåìè

x t y t
d H t

dt
dw tj j

j

j jk

t

k

m

( , ) ( )
( )

( , )�
	

�� �

!

"
#
#

$

%
&
&

��
� 00j

N

jk

j

j
B

d x t

dt�




�
0

1 ( , )�
, (35)

äå j N� 
0 1 1, , ..., , à y t( ) — ðîçâ’ÿçîê (32) ó äåòåðì³íîâàíîìó âèïàäêó.
Òåîðåìà 5. Íåõàé íà éìîâ³ðí³ñíîìó áàçèñ³ çàäàíà çàäà÷à Êîø³ äëÿ ÑÄÔÐ

(30), (31), äëÿ ÿêîãî âèêîíàíî óìîâè:
1) A Bjk jk, — ä³éñí³ ìàòðèö³;
2) � � � � �jk jk jkw( ), ( ), ( ) — ïîïàðíî íåçàëåæí³;

3) E{ ( )}� �jk K� � �1 ; E{ ( )}� �
jk

K2
2� � � ;

4) E{ ( )}� �jk K� � �3 ; E{� �
jk

K2
4( )} � � � ;

5) êîðåí³ êâàç³ïîë³íîìà det ( )V� � ëåæàòü ó ë³â³é ï³âïëîùèí³ Re �� 0;
6) ñïåêòðàëüíèé ðàä³óñ 
( )B � 1 äëÿ ìàòðèö³

B E( ) { ( )} | ( ) | [ (�
�

� �� �
�

��






���1 2 2

000

1
1

jk jk
j

k

m

j

N

S is V is ds, )] ,� �� 	2 � . (36)
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Òîä³ òðèâ³àëüíèé ðîçâ’ÿçîê ÑÄÔÐ (30), (31) º àñèìïòîòè÷íî ñò³éêèì, à ñàìå

lim
t

x t
��

�E{| ( , )| }� 2 0, ÿêùî 
( )B � 1. ßêùî 
( )B �1, òîä³

lim
t

x t
��

� ��E{| ( , )| }� 2 . ßê ³ ðàí³øå, 2 ó âåðõíüîìó ³íäåêñ³ á³ëÿ ìàòðèö³ (âåê-

òîðà) îçíà÷àº ï³äíåñåííÿ äî êâàäðàòà êîæíîãî åëåìåíòà ìàòðèö³ (âåêòîðà), à
+ ó íèæíüîìó ³íäåêñ³ ôîðìóëè (36) îçíà÷àº, ùî êîæíèé åëåìåíò ìàòðèö³
(âåêòîðà) ïîòð³áíî áðàòè çà ìîäóëåì.

Äîâåäåííÿ. Âèêîðèñòàºìî â³äîìó [12, 13] âëàñòèâ³ñòü ìàòåìàòè÷íîãî
ñïîä³âàííÿ â³ä êâàäðàòà ³íòåãðàëà ç³ çì³ííîþ äëÿ t � 0 âåðõíüîþ ìåæåþ, ÿêà
äîð³âíþº çâè÷àéíîìó ³íòåãðàëó â³ä ìàòåìàòè÷íîãî ñïîä³âàííÿ êâàäðàòà ï³ä³íòåã-
ðàëüíî¿ ôóíêö³¿, òà ïîïàðíó íåçàëåæí³ñòü åëåìåíò³â ìàòðèöü w tjk ( , )� . Ï³ñëÿ
ï³äíåñåííÿ çà ðÿäêàìè äî êâàäðàòà îáîõ ÷àñòèí (35) ³ çàñòîñóâàííÿ îïåðàö³¿ ìàòå-
ìàòè÷íîãî ñïîä³âàííÿ E{�} îòðèìàºìî ñèñòåìó ð³âíÿíü ( )N m� -ãî ïîðÿäêó âèãëÿäó

� �
�

l

l

l
t

d y t

dt
( , )

( , )
�
!

"
#
#

$

%
&
&

�

2

�

!

"
#
#

$

%
&
&

�
��




�� E{ ( )}
( , )

� �
	 �

jk
k

m

j

N l

l jk

d H t

dt
S2

00

1
2

2 � 	 � 	j d( )� , (37)

äå � l
n	R , l N� 
0 1 1, , ..., ; � l

l

l
t

d x t

dt
( )

( )
�

!

"
#
#

$

%
&
&

'

(
)

*)

+

,
)

-)
E

2

.

Ï³ñëÿ çàñòîñóâàííÿ äî îáîõ ÷àñòèí (37) ïåðåòâîðåííÿ Ëàïëàñà �{}�
çà çì³ííîþ � ìàòèìåìî

M Y H S el l jk
k

m

j

N

l jk( ) ( ) { ( )} { ( , )}� � � � � � 	� �
��




�� E E2

00

1
� �M j ( ), (38)

äå M tl l( ) { ( )}� �� � ; Y
d y t

dt
l

l

l
( )

( )
� �

!

"
#
#

$

%
&
&

'

(
)

*)

+

,
)

-)

'

(
)

*
)

+

,
)

-
)

� E

2

; H
d H t

dt
l

l

l
( , )

( , )
� �

�
�

!

"
#
#

$

%
&
&

'

(
)

*)

+

,
)

-)
�

2

.

ßêùî 
( )B � 1, òî äîâ³ëüíèé ðîçâ’ÿçîê y t( , )� ð³âíÿííÿ (32) çà ìîäóëåì ïðÿ-
ìóº äî íóëÿ äëÿ t � �� íå øâèäøå çà exp{ }
t ç 
�0 [13]. Òîä³ Yl ( )� íå ìàº
îñîáëèâîñòåé ó ï³âïëîùèí³ Re � � 0 [10].

Îòæå, îñîáëèâîñò³ âåêòîðà M l ( )� çá³ãàþòüñÿ ç íóëÿìè âèçíà÷íèêà F ( )�

ñèñòåìè (38).
Äëÿ ïðîäîâæåííÿ äîâåäåííÿ ñïî÷àòêó ñë³ä ïðîâåñòè åëåìåíòàðí³ ïåðåòâî-

ðåííÿ, à ñàìå ñïî÷àòêó äîìíîæèòè çë³âà ïåðøèé ðÿäîê ñèñòåìè (38) íà


 
H H( ) ( )� �0
1 ³ äîäàòè äî r-ãî ðÿäêà, ïîò³ì äîìíîæèòè çë³âà r-é ðÿäîê íà

H S jk

k

m

0
0

( )�
�
� ³ äîäàòè äî ïåðøîãî ðÿäêà ( , , ..., )r N� 
2 3 2 .

Îòæå, îäåðæóºìî F I L( , ) ( ( , ))� � � �� 
det , äå

L H S H e H
jk jk j

k

m

( ) ( , ) ( ) { ( , )} ( , )� � � � � � � � �	�� 
 


�
�0

2
0

1

0

E
j

N

�




� 	
0

1
, � � . (39)

Çã³äíî ç [14] ìàòðèöÿ L� ( )� ìàº êîð³íü Ïåððîíà, ÿêèé çà ìîäóëåì íå ìåíøèé
â³ä ðåøòè âëàñíèõ çíà÷åíü. Ïîçíà÷èìî öåé êîð³íü Ïåððîíà p( )� . Â³äîìî, ùî
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âñ³ âëàñí³ çíà÷åííÿ L( )� íå ïåðåâèùóþòü çà ìîäóëåì p( )� , òîáòî
max

Re ��
�

c
p z p c( ) ( ).

Ïåðøó ÷àñòèíó òåîðåìè 5 äîâåäåìî â³ä ñóïðîòèâíîãî. Íåõàé F ( )� 0 0� ,
àëå Re � 0 0� . Òîä³ L( )� ìàº âëàñíå çíà÷åííÿ, ÿêå äîð³âíþº îäèíèö³ ³
p( )Re � 0 1� . Ç óðàõóâàííÿì (39) îäåðæóºìî, ùî p( )Re � íå çðîñòàº ó âèïàäêó
çðîñòàííÿ Re �, îñê³ëüêè åëåìåíòè ìàòðèö³ L� ( )Re � íå çðîñòàþòü [14]. Öå
îçíà÷àº, ùî p( )0 1� .

Âèêîðèñòîâóþ÷è ñï³ââ³äíîøåííÿ

d H t

dt
e V d

j

j

j t( )
( )� 


�
1

2
1

�
� � ��

 

,

îäåðæóºìî
H is V is dsj

j
jk

( , ) | ( ) | ( )[ ( , )]0
1 2

0

2 1 2�
�

� � ��
�



�� .

Òîä³ î÷åâèäíî, ùî ìàòðèöÿ L( )0 ïîä³áíà äî ìàòðèö³ B çà óìîâè (36) òåîðå-
ìè 5. Òàêèì ÷èíîì, ìàòðèöÿ B ìàº âëàñí³ çíà÷åííÿ p( )0 1� , ùî ñóïåðå÷èòü
óìîâ³ 
( )B � 1 ç ïåðøî¿ ÷àñòèíè òåîðåìè 5.

Äîâåäåìî äðóãå òâåðäæåííÿ òåîðåìè. Íåõàé êîð³íü Ïåððîíà p( )B �1. Òîä³
p( )0 1� . Çàóâàæèìî, ùî äëÿ ä³éñíèõ s� 0 ìåæà lim

s
p s

���
�( ) 0 ³ p s( ) — íåïåðåðâíà

ôóíêö³ÿ ä³éñíîãî àðãóìåíòó s [14]. Îòæå, ³ñíóº ä³éñíå s0 1� òàêå, ùî p s( )0 1� .

À öå îçíà÷àº, ùî F s( )0 0� äëÿ s0 0� . Òàêèì ÷èíîì, � l t( ), l N� 
0 1 1, , ..., , çðîñ-
òàº äëÿ t � �� íå ïîâ³ëüí³øå çà exp( )st [14], ùî é äîâîäèòü îñòàòî÷íî òåîðåìó 5.

ÑÒÎÕÀÑÒÈ×ÍÀ ÇÀÄÀ×À ÑÒÀÁ²Ë²ÇÀÖ²¯ ÊÓÐÑÓ ÎÊÅÀÍÑÜÊÎÃÎ ËÀÉÍÅÐÀ
Ï²Ä Ä²ªÞ ÇÎÂÍ²ØÍÈÕ ÇÁÓÐÅÍÜ ÒÈÏÓ ÂÈÏÀÄÊÎÂÈÕ ÂÅËÈ×ÈÍ

Ðîçãëÿíåìî íà éìîâ³ðí³ñíîìó áàçèñ³ ( , ,{ , }, )� F F tt � 0 P ñèñòåìó äèôóç³éíèõ
äèôåðåíö³àëüíî-ð³çíèöåâèõ ð³âíÿíü âèãëÿäó [11]

��( , ) ( ) � ( , ) ( ) ( , )
( ) �( , ) (

x t Hx t Ky t

y x t w

� � � � � � �
� �

� � �
� 1 1 t y y t w t

y t
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y t

, ) ( ) ( , ) ( , ),

�( , ) ( ) ( , ) ( ) [
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�

� �

2 2
1

Bx t Lx t

x t w t x t

( , ) ( , )]
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� 	 �
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 �

� � 
1 3 2 � �) ( , )w t4

'

(

)
)

*

)
) (40)

çà ïî÷àòêîâèõ äàíèõ
�( , ) | ( ),
( , ) | ( ),
( , )|

x t

x t

y t

t

t

t

� � �

� � �

�

	

	

0 1

0 2

0

� �

� �

� �

�
�

	 � ��

'
(
)

*) ( ),
(41)

äå x t( , )� — êóò â³äõèëåííÿ ëàéíåðà â³ä òåîðåòè÷íîãî êóðñó çà êóòîì ïîâîðî-

òó êåðìà y t( , )� ; w t Tj ( , ):[ , ]� 0 1
 �� R , j �1 4, , — çàäàí³ Â³íåðîâ³ ïðîöåñè;

� � � �( ), ( ): � � R1 — îäíîâèì³ðí³ çàäàí³ çîâí³øí³ çáóðåííÿ òèïó âèïàäêî-

âèõ âåëè÷èí (ì³íëèâ³ñòü ìîðñüêèõ òå÷³é, íåð³âíîì³ðíà ³íòåíñèâí³ñòü ïîòîê³â);
� �1 ( ), � �2 ( ), � �1 ( ), � �2 ( ), � �( ) — îäíîâèì³ðí³ â³äîì³ çîâí³øí³ çáóðåííÿ
òèïó âèïàäêîâèõ âåëè÷èí ³ç çàäàíèìè çàêîíàìè ðîçïîä³ëó, ÿê³ âèçíà÷àþòüñÿ
ñåð³ºþ îá÷èñëåíü ìåòîäàìè ìàòåìàòè÷íî¿ ñòàòèñòèêè [8]; H � 0, K � 0, T � 0,
B, L — ñòàë³, ùî õàðàêòåðèçóþòü íàéïðîñò³øó ìîäåëü êóðñó ëàéíåðà [15].

Êâàç³ïîë³íîì ñèñòåìè (40) ìàº âèãëÿä
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Îá÷èñëèìî êâàç³ïîë³íîì äëÿ (42):

detV R H T( , ) ( ) ( )� � � �� � �� � � 

2 2 1


 
 � 
R B Le� � � � � �	�2 2 2( )[ { ( )} { ( )}]E E .

Ó ïðîñòîð³ ïàðàìåòð³â H T K B L R, , , , , , 	 çà ô³êñîâàíèõ � � � �( ), ( )

ç E{ ( )}� �2
1� � �K , E{ ( )}� �2

2� � �K ìîæíà ïîáóäóâàòè ìåæ³ D-ðîçáèòòÿ

çà Áåëëìàíîì, à òàêîæ îáëàñò³, äå êîðåí³ êâàç³ïîë³íîìà ìàþòü â³ä’ºìí³ ä³éñí³
÷àñòèíè ( )Re �� 0 . Îòæå,
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Ïîçíà÷èìî I11 ( ),� I12 ( ),� I 21 ( ),� I 22 ( )� â³äïîâ³äí³ âèïàäêîâ³ ³íòåãðàëè
ó ìàòðèö³ B ( )� . Òîä³ âëàñí³ çíà÷åííÿ (ÿê âèïàäêîâ³ âåëè÷èíè) ìàòðèö³ B ( )�

äîð³âíþþòü

� � � � �1 11 22( ) ( ( ) ( ) ( ) )� � �I I D ; � � � � �2 11 22( ) ( ( ) ( ) ( ) )� � 
I I D ,

äå D I I I I I I( ) ( ( ) ( )) ( ( ) ( ) ( ) ( ))� � � � � � �� � 
 �11 22
2

11 22 12 214 .

Òðèâ³àëüíèé ðîçâ’ÿçîê ñèñòåìè (40), (41) àñèìïòîòè÷íî ñò³éêèé ó l.i.m.,
ÿêùî | ( ) |� �i � 1, i �1 2, . Öå ³ º óìîâîþ ñòàá³ë³çàö³¿ êóðñó ëàéíåðà.

ÂÈÑÍÎÂÊÈ

Ó ñòàòò³ äîâåäåíî óìîâè àñèìïòîòè÷íî¿ ñò³éêîñò³ ó ñåðåäíüîìó êâàäðàòè÷-
íîìó òðèâ³àëüíîãî ðîçâ’ÿçêó äèôóç³éíèõ ñòîõàñòè÷íèõ äèôåðåíö³àëü-
íî-ôóíêö³îíàëüíèõ ð³âíÿíü Ã³õìàíà–²òî. Óìîâè ñôîðìóëüîâàíî â òåðì³íàõ
âëàñíèõ çíà÷åíü ìàòðèö³ B, ÿêà ïîáóäîâàíà ç êîåô³ö³ºíò³â öèõ ð³âíÿíü. Íà-
âåäåí³ óìîâè çàñòîñîâàíî äî äîñë³äæåííÿ ñòîõàñòè÷íî¿ çàäà÷³ ñòàá³ë³çàö³¿
êóðñó îêåàíñüêîãî ëàéíåðà ï³ä ä³ºþ çîâí³øíèõ çáóðåíü òèïó âèïàäêîâèõ âå-
ëè÷èí.
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V.K. Yasynskyy, I.V. Yurchenko

MEAN SQUARE STABILITY AND INSTABILITY CRITERIA FOR THE GIKHMAN–ITO
STOCHASTIC DIFFUSION FUNCTIONAL DIFFERENTIAL SYSTEMS SUBJECT
TO EXTERNAL DISTURBANCES OF THE TYPE OF RANDOM VARIABLES

Abstract. Òhe authors investigate the asymptotic stability in the mean square of the trivial
solution of the stochastic diffusion Gikhman–Ito functional differential equations in terms of
the eigenvalues of the matrix constructed from the coefficients of these equations.

Keywords: criterion, stability of the solution, stochastic functional differential Gikhman–Ito
equations, external disturbances.
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