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MOJU®IKOBAHAN METO/I PO3B’SI3YBAJIBHUX ®YHKIIIN
B I'POBUX 3AJAYAX 3BJMKEHHS KEPOBAHUX OB’EKTIB
3 PI3HOIO ITHEPLIMHICTIO'

AnoTanisi. Po3rsiHyTOo mnpoGneMy 30MMKEHHS KepoBaHHMX OO0 €KTIB 3 PI3HOI IHEpPIIHHICTIO
B irpoBux 3agadax auHamikd. ChopmyniboBaHO Moau(iKOBaHI JOCTaTHI YMOBH 3aKiHYCHHS IPH 3a
KiHIIeBHII TapaHTOBaHMII Yac y pa3si, Koiu ymMoBa [IOHTpsATiHA HE BHKOHYETHCS. 3aMICTh CEIEKTO-
pa Ilourtpsrina posrisgaroTees Aeski (yHKIii 3CyBy, a 3 TXHBOIO JOIIOMOTOI0 BBOJSITHCS
cnemnianbHi 0araTo3Ha4yHi BimoOpakeHHS. BOHM TOpPOUKYIOTH BEpXHI 1 HIDKHI PO3B’S3yBajibHI
(GyHKIIT CHemialbHOTO THITy 1 Ha iXHIH OCHOBI 3aIPOIIOHOBAHO [(Ba THIH MOJH(IKOBAHHX CXEM:
nepioro meroxy IloHTpsiriHa Ta Metonqy po3B’si3yBaibHHX (yHKIiH. Lle 3abe3neuye 3aBepiicHHs
KOH(ITIKTHO-KEPOBAHOTO MpOIecy Ui O0’€KTiB 3 PI3HOK IHEPUIHHICTIO B KJaci KBazicTpaTerii
i KOHTpKepyBaHb. HOBI TeopeTHuHi pe3ysIbTaTH NPOITIOCTPOBAHO HAa MOJCIBHOMY HPHKIA.

KmouoBi ci10Ba: KepoBaHi 00’€KTH 3 PI3HOIO IHEPHIMHICTIO, KBA3UTiHIMHA M(epeHIiaTbHa Ipa,
OaraTo3HauHe BiIOOPaKCHHS, BUMIPHHIT CEJIEKTOP, CTPOOOCKOIYHA CTPATerisi, pO3B’si3yBalbHa (DYHKITiSL.

BCTYII

PoGota mpucBsueHa BHBYEHHIO MPOOJIEMH 30MMKEHHS KEPOBAaHMX O0’€KTIB 3 PI3HOKO
IHEpIIHHICTIO Ta TIEPEXOIUICHHS IJIed B IrPOBUX 3ajiauax JMHAMIKM Ha OCHOBI TIEpIIIOTO
metony [lonTtpsirina [1], a Takok MeToxmy po3B’s3yBaTbHUX (YHKIMIH [2] 1 Horo cydacHOI
Bepcii [3]. AKTyanpHICTB 1€l IPOOJIeMH 3yMOBIICHa HEOOXITHICTIO TEOPETHYHOTO OOIpYyH-
TYBaHHSI BIJIOMHX TPOEKTYBAJIbHUKAM PAKETHOI T4 KOCMIYHOI TEXHIKM METOJIB KPUBOI I10-
roni JI. Eiinepa, Meromy mepeciigyBaHHs 3a IPOMEHEM 1, 30KpeMa, IMapaiebHOro 30
xeHHs. YMoBa [lontpsrina [1] € Kmo4oBOI0 yMOBOIO B TieprnoMy Meroxi [loHTpsrina Ta
METOly PO3B’s3YBIGHMX (YHKIIH, 1 y pasi i HEeBUKOHYBAaHOCTI 1li METOAM HE TMpallfo-
10Th. J711 KepoBaHUX 00 €KTIB 3 PI3HOIO IHEPIIMHICTIO XapaKTepHUM € Te, 0 Ha JEeSKO-
My iHTepBali 4acy He BHKOHYEThCS yMoBa lloHTpsriHa, IO iCTOTHO YCKITAIHIOE 3aCTOCY-
BaHHS METONy pO3B’S3YBAIBHUX (YHKIIH 1O LBOro Kiacy irpoBHX 3aaad JUHAMIKH.
[Mpuknagom Moke OyTH 3aa4a «XJIOMYMK 1 KPOKOMD [2].

VY miif poboTi ommcaHO BHIANOK, KOJIM yMoBa I[lOHTpsriHa HE BHKOHYETBHCS
1 3aMicTh cenekropa [ToHTpsTriHa pO3rIIsIaloThes JIesiKi (yHKIIIT 3CyBY, 3a JIOTIOMOTO0
SIKUX BBOJSITBCS CIIEIiaibHI Oararo3HauyHi BijoOpakeHHs. BoHU MOPODKYIOTH BEpXHI
1 HWOKHI PO3B’s13yBalbHI (DYHKIIIT CIIEIiaIbHOTO TUITY 1 Ha iXHIA OCHOBI 3aIIPOIIOHOBAHO
MoanQiKOBaHI CXeMH TIeprmoro Meroxy I[loHTpsriHa Ta MeToday po3B’sI3yBalbHHX
¢dyukiiii. [le 3a0e3neuye 3aBepiieHHs] KOHGIIKTHO-KEPOBAHOTO TIPOLIECY Uit 00 €KTIB
3 PI3HOIO IHEPLIHHICTIO B KJIacl KBa3icTpareriii i KOHTpKepyBaHb. HOBI TeopeTuyHi pe-
3yIBTAaTH MPOLTIOCTPOBAHO HA MOJCIHHOMY IPHKJIALI.

Po6ota nponoBxkye pocmimkenns [1-5], notnyna 1o myomikarmii [6—12] 1 momu-
pIO€ KJ1ac irpoBUX 3aja4 30JIMKEHHSI KEPOBAaHUX 00’ €KTIB 3 PI3HOIO 1HEPLIHHICTIO, sKi
MaroThb PO3B’SI30K.

MOJIMPIKOBAHA CXEMA TEPIIOTO METOJY IOHTPSTTHA
PosrnsiHeMo KOH(DIIKTHO-KEpOBAaHUI MPOIIEC, SBOJIOIII0 SKOTO OMHMCAHO PiBHICTIO
t

Z(Z)=g(1)+fQ(t, T)p(u(r), v(7)) dr, 120. (1)
0

1Po60Ty BHMKOHAHO 3a 4acTKOBOI minTpuMku HamioHambHOro (hOHAY JOCHTIDKEHb YKpaiHH.
I'pant Ne 2020.02/0121.
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Tyr z(¢) eR", bynkuis g(¢), g:R, — R", Bumipna 3a Jleberom [9] i oOmexena
it t>0, wmarpuuna dyskmist Q(¢4,7), t>71>0, BUMIpHA 3a f, a TaKOX
€ CYMOBHOIO 3a T IS KOKHOTO f€R,. brox kepyBaHHS 3amaeTbesi (yHKIIERO
p(u,v), p:U xV — R", aKka BBaXkaeTbcsi OE3MEPEPBHOIO 3a CYKYIHICTIO 3MiHHHUX
Ha TpsMOMY JOOYTKY HemycTux kommakTiB U 1 V; m, I, n — HaTypalbHI YucIa.

KepyBanns rpasuis u(r), w:R, - U, i v(r), viR, -V, € BUMIpHUMHU
(GyHKIISIMU 4acy.

Kpim nporecy (1) 3amaHo TepMiHAIBHY MHOXHHY M *, 10 Ma€ IMITHIPUIHIN
BUTJIS

M" =My + M, )
ne M, — nimifiamit mignpoctip 3 R”, a M — KOMIAKT 3 OPTOTOHAILHOTO
Jopatka L no migmpocropy Mg y R".

Himi mepmoro (#) i gpyroro (v) rpaBmiB mpoTwiexHi. [lepmuii rpaserp
(mepecnigyBad) HaMaraeTbCs BHBECTH TPAEKTOpil0 mporecy (1) Ha TepMmiHANbHY
MHOXHHY (2) 32 HaWKOpOTIIMI 4ac, a APYTHi rpaBelp (BTiKau) — MaKCHMalIbHO
BIATATHYTH MOMEHT MOTPAIUISTHHS TPaeKkTopii Ha MHOXHHY M " abo B3arani
YHHUKHYTH 3yCTpIivi.

CranemMo Ha OiK IMEpIIOTo TpaBIld 1 BBAXXATHMEMO, IO y pasi, koiu rpa (1), (2)

TpuBae Ha iHTepBadi [0, 7], KepyBaHHS MEPIIOTO TPABIS B MOMEHT / BUOMpPATUMEMO Ha
ocHOBi iH(opmamnii mpo g(7) i v,(-), TOOTO y BHUIVISLII BUMIpHOI (yHKIIi

u(t) = M(g(T), Ut('))n t E[Oa T], u(t) GU, (3)

ae v, () =1{v(s):s €[0, t]} — mepenicTopist KepyBaHHS IPYroro rpaBLisl 10 MOMEHTY f,
a0o y BUTIISAI KOHTPKEpYBaHHS

u(t)=u(g(T),v(t)), t [0, T], u(t)eU. 4)

AL vatpuana exc-

STk, soxpema, g(1) = e 25, (1, 1) = 7D, 2(0) =z, a €
MOHEHTa, TO BBAKATUMYyTh, IO KepyBaHHA u(t)=u(zq,v,(-)) peamidye KBasi-
crparerito [7], a xkonTpkepyBauHA [6] u(f)=u(zy,v(¢)) € IPOSBOM CTPOOOCKOMIYHOL
crparerii Xaiiexa [8].

Cdopmymroemo HeoOXinHi (haktu 3 omykiioro [1, 10] anamizy y BUTIISAI JIeMU.

Jlema 1. Hexail X eR”" — onykumii xommakr, w(T) — HeBig eMHa 0OMeXeHa

T T
BUMipHa yncioBa (yHkis. Tomi jw(r)Xdr = I w(t)drX, T >0. Jlo Toro x sikiio 0 € X,

0 0
T T
f@) ew(®X i j w(t)dr <1, 10 j f(v)dr € X, f(t)— sumipHa dysxuis, T €[0, T].
0 0

[T03HAYMMO 7T OIIEPaTOp OPTOTOHAIBLHOrO MPOEKTyBaHHs 3 R” y L. Tloknasimm
oU,v)= {p(u,v): uelU}, po3riasHeMo OaraTo3HauHi BifOOpa)KCHHS
W(t,7,v)=7Q(t, YU, v), W(t,1)= (W(t7,v)
vel
Ha MHOXHHAaX Ag xV 1 Ag BiANOBIAHO, Ae Ag ={(1,7):0<7<1<O< 0}, @ —
Jesike mo3utuBHE yucno. [Ipumyctumo, mo Oarato3HauHe BimoOpaxenus W (¢, T, v)

Ma€ 3aMKHEHI 3Ha4YeHHS Ha MHOXHHI Ag x V.
YmoBa Ilontpsarina. bararoznaune BimoOpaxenHs W(¢, T) nmpuiiMae HemycTi

3HAYEeHHA Ha MHOXUHI A g, ® — gesKe MO3UTHBHE UHCIIO.
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3 ypaxyBaHHSM MPHITYIIEHb MPO MaTpuuHy (yHKIi0 Q(7, T) MOKXHA 3pOOUTH
BHCHOBOK, IO Ui OyAb-iKOoTo (ikcoBaHoro ¢>0 BekTop-pyHKis wQ (¢, T)p(u, v)
oyne £ ® B-pimipuoro 3a (7,v) [0, ¢]xV i Oe3mepepHoo 3a uecl. Tomy Ha
mifcTaBi TeopeMu mpo npsMuii 00pas [9] mist Oynap-skoro ¢ikcoBaHoro ¢ >0 daratos-
HauHe BinoOpaxkenus W (t, 7,v) € £ ® B-pumipuum 3a (7, v) €[0, t]x V. ko ymona
ITonTpsirina BUKOHAHA, TO HAa MHOXKHHI A iCHye MpHHANMHI OAMH cenekTop ¥ ( (¢, T)
BinoOpaxkeHHst W(t, t), v (¢, v) eW(t, ). Takuii ceaekTop Ha3UBATUMEMO CEIEKTO-
pom [lonTpsirina. Chopmynroemo ymoBy IIOHTpsIriHa B €KBIBAJICHTHOMY BHIJISIL.

Ha mMHOXMHI A  , 1e ® — fesike MO3UTHBHE YUCIIO, icHye cenektop IloHTparina
Yo (2, T), U AKOTO CIIPaBEJIMBE BKIIOYCHHS

0e Wt 7,v) =y (5 D).
vel

VYmoBa [loHTpsriHa € KIIOYOBOIO YMOBOIO IUIsl Imepmroro Merony [lonTpsriHa,
1 SKIIO0 BOHA HE BHKOHAHA, TO MeToJ He mpairoe. ChopmyrnoemMo MoanpikoBaHy
ymoBy [loHTpsriHa A1 KepoBaHWX 00 €KTIB 3 PI3HOIO 1HEPIIIHHICTIO.

Hexaii y(¢,7), y:Ag = L, — neska (Mmaiixke BCIOJU) OOMeKeHa BUMipHa 3a !
i cymoBHa 3a 7, T €[0, ¢], U1 KOX)KHOTO >0 YHKIIIS, IKY Ha3UBATUMEMO (YHKIIIEO
3cyBy, Ag = {(,7): 0<7< ¢ < O®< o0}, ©® — neske mo3utuBHe umcno. Hexait M| —

OIYKJIMI KOMITAKT i3 OPTOrOHAJILHOTO A0AATKYy L 10 miampocrtopy M y R"raxuii,
mo it meM; matumemo —meMy, 1 My =M*M; ={mel: m+ M, c M}=

= N (M-m)#J, ne * — reomerpuyHa pizHuLsg MinkoBcekoro [1]. Hasm-
meM,

BaTHUMEMO JOIYCTUMUMH (YHKIIO 3CYBY Y (¢, 7) 1 MHOXUHU M|, M,, misd SKux

CIIpaBe/JINBI 3a3HAYECHI YMOBHM Ta BIACTHBOCTI.
PosrisineMo koMnakTHO3HauHe BHUMipHe OaraTo3HayHe BifmoOpaxkeHHS V (1),

V (1) C V i GesepepBHy MaTpiaHy QyHKI0 B(7) i3 3HAYCHHSIMH TOPSIAKY k , e k —
PO3MIpHICTh BEKTOpa U eV (1), t €[0, O], ® — nesike MO3UTHBHE YHCIIO. 3a3HAIMMO,
10 ISl B1JIOOpasKeHHSI I7(t) icHye BUMipHHil cenextop U (1), V(1) eI7(t), t €[0, 0].
Jlasti mpHITycKaTHMEMO, 10 GaraTo3Ha4He BifmoOpaKkeHHs V (f) € KOMIAKTHO3HAYHAM

BUMIPHUM BiI0OpaKeHHsIM, a MaTpu4Ha QyHKIis B (1) € 6e3nepepBHOI0 PYHKIIIEIO.
ITo3znauumo Wg(t,t,v)=aQ(t, 1)U, B(t —1)v), ¢p(t,u,v,V) =

=p(u, B(t, T)0)—p(u,v), (t,1)€Ag, ucl, veV, v eV (t) i posrasHeMO A
(t,1)eAg, VEV, VD eV (¢) Gararo3HauHe BiZOOPaKEHHS

Ap(t,T,v,0)={A20: Q(t, T)p 5 (t,U,v,0) C AM }.

SIkmio Ha MHOXKHHI A g x V' V () BuxoHaHO yMOBY A g (1,7, v, T) # O, TO po3-
TIsHeMO CKanspHy ¢yHkiito Ap (4, 7,v,0)=inf {A: L eAg(t,7,v,0)}, 7€[0,1],
v el,v el (t). llokaxemo [12], mo 6araTozHauHe BinoOpaxeHHs A g (¢, 7, v, V) € 3a-
MKHEHO3HaYHHM, € ® B ® B-pumipauM 3a CcykymuicTio (7,v,0), T€[0,¢],v €V,
v eV (t),aobyakuis Az (4,7,0,0) € £ ® B ® B-BUMIPHOIO 32 CYKYIHICTIO (T, V, V),
T€[0,¢], veV, T eV (), i ToMy BOHAa CymeprosuuiiiHO BumipHa [12], TO6TO
A (t,7,v(r),v(r)) BUMipHa 3a T, T €[0, ], 3a Oyab-aKkuX BUMipHUX (yHKUiH v(T) i
v(t), v()eV(), v()eV;(), mne V() — cykymnHicTh BUMIipHUX QYHKIIH v(T),
7 €[0,4+ ], 31 3HaYeHHsAMH 13 V), 17, () — cykymHicTh BuUMipHUX (yHKIIH V(T),
7€[0,+ o], 3i 3HauenmHaMu i3 V(). 3a3HAYMMO TAKOXK, MmO (YHKIis

sup  Ap(t,7,v,v) BumipHa 3a T, T €[0, ¢].
vel ,vel (1)
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Vmoga 1. Icuyiors Garatossaune Bimobpaxenust V (1), V (1) V i marpuana

¢byukuis B(t), t €[0, O], ® — geske MO3UTUBHE YHCIO, JOMYCTHMI (YHKILS 3CyBY

¥ o (¢, T) Ta MHOXXHHA M|, VISt SIKHX CIPaBeUIMBI CHiBBIAHOIECHHS A g (£, T, v, V) # O,
t

(,T) €A g,V €V, V €V (1), HepiBHICTH j sup  Ag(t,7,v,V)dr <1iBKmodyeHHsS
o VeV, ver (1)

Oe OWstn0)-yot D] pp@U V.V (D)  sup_ Ag(t1,0,0)M,.
vel (1) vel,vel ()
t
IMosunauumo & (1) =§(t, g(1), v o (¢, ) =mg(t) + jy o (¢, T)dr 1 po3risiHEMO MHO-
0
xuay P(g(),y0()=1{t€[0,0]:§(¢) € M, }. Skwo chiBBigHOWCHHS y (irypHHUX
TyXKKaXx He BHKOHYeTbcs Ui skomHuX ¢ €[0, ®], To moxmamemo P(g(),yo(.)=9.
Teopema 1. Hexaii mis koHduikTHO-KepoBaHoro mpouecy (1), (2) icHyroTb
Gararosmaune BigoOpaxenus V (¢), V (t) =V, i matpuuna dyukuis B(t), ¢ €0, O],
© — nesKe NMO3UTHBHE YHCIIO, AOMYCTUMI (YHKILS 3CYBY ¥ ((Z, T) 1 MHOXKHHU M,
M, Taki, mo Ha MHOXWHI A BHKOHaHa ymoBa 1, MHOXuHa P(g(),y((,-)) He
€ mopoxxHboro 1 P eP(g(-),v((,-). Toni rpa Moxxe OyTH 3akiHUeHA B MOMEHT P
3 BUKOPHCTAHHSAM KEpyBaHHS BUIISAY (4).
JoBenennsi. Hexait v(r) — JOBUTbHMN BHMIPHHH CEJIEKTOp KOMMakTa V,
7 €[0, P]. 3a3Haunmo croci® BHOOPY KepyBaHHS IMEPECiIigyBayeM.
Posristemo a0 €V (1), T €[0, P] koMIaKTHO3HAYHE GaraTo3HaYHe BiOOPaKEHHS

U, v)={uel: nQ(P,t)p(u, B(P-1)v)—7(P,7)=0}.
VYHacninok BiIacTHBOCTEH mapaMmeTpiB mporecy (1) koMmmakTHO3Ha4yHE BimoOpa-
xeuust U(r,7) € £ ® B-sumipuum [12] mm v eV (1), te[0,P]. Tomy 3a
TEOpPEeMOI0 TIPO BUMIpHUI BHUOIp cenekropa [9] Oararo3HavyHe BiOOpaKEHHS
U(t,v) wmictute £ ® B-BUMIpHUHA celekTop u(T,V), SKUH € CyNepHo3ULiiHO
BUMIpHOIO (yHKIi€ew [12].
Hexait v (-) € BUMIpHHM CENEKTOPOM BifOOpaXKeHHs V (t). Tloknagemo st

7 €[0, P] kepyBanns mepmoro rpaBus u(t)=u(r, v (1)), Ae

v(r) = v(t), sKo v(T) eI7(t -1),
v (1), gxmo v(7) eV (t—7).

3 ypaxysanusM (opmynu (1) orpumaemo

P
z(P) = ~[ aQ(P, )p g (P, u(z), v (2), (1))dr +

0
P

+&o(P) +I(ﬂQ(P, 7)p(u(7), B(P —1)v(7)) =7 o (P, 7))dr.
0

Toni BHACHIOK yMOBHM | 00 BU3HA4YEHHS MOMEHTY P maemo

aQ(P,v)pp (P, u(r),v(r),v(r))e sup Ag(P,T,0,0)M,
veV,Ee?(t)

P
I sup  Ag(P,7,0,0)dr<1.
o VeV, vel (1)
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Tomy 3rimHo 3 nemoro 1 crpaBeyIMBE BKITIOYCHHS

P
j aQ(P, 7)p 5 (P, u(t), v(r), D(1))dr e M,
0

1, OTKe, p
~[72QP, )p 5 (P, u(x), v(x), B(¥)dr € M.

0
3 ypaxyBaHHSM 3aKOHY BHOOPY KEpyBaHHsS IEpIIAM TpaBLEM OTPHUMAEMO

mz(P)eM|+E¢(P)eM |+ My M i Z(P)EM*. mo ¥ 3aBepurye JIoKas
TEOpEeMH.

3ayBaskennss 1. Teopema 1 e amamorom mepmioro mpsimoro meromy IloHT-
psrina [1] ams KepoBaHMX O00’€KTiB 13 pi3HOIO iHepHilHICTIO. 3a3HAYMMO, IO
momyctuMa (QYHKLIS 3CyBY Y o(f4,7) B ymoBi 1 € cemextopom IlonTpsrina mms
GaraTo3HauHOro Binobpaxenns V (1), V (f) < V. SIkiio BukoHaHo yMoBy IToHTpsriHa,
t0 moknagemo V (t) =V, B(t) = E, E — OIMHHYHA MATPHUIIA, i IEPETBOPHMO YMOBY |
Ha ymoBy [lonTpsarina. Otmxe, ymoBy | BBaxkaTMMeMO MOIM(IKOBAHOI YMOBOIO
[ToHTpsiriHa TIEPUIOr0 TUIY AJIsE KEPOBAHUX OO €KTIB i3 PI3HOIO IHEPIIHHICTIO.

t
Mosuaunmo (1) =&(t, g(t), y(¢,7)) =mg(t) + Iy(t, T)dr Ta PpO3IISTHEMO st
0
(t,1)eAg, ©>0, v eV (t) Garato3HauHe BiTOOPaKCHHS

At 7,0)={a>20: Wy (t,7,0) —v(t, D) na[M, —E(1)] =T} ®))

SAxmo Ha MHOKMHI Ag xV BukoHaHo ymoBy A(f,7,D)#Q, TO PO3LIAHEMO

BEPXHIO 1 HIDKHIO CKaJSIpHI PO3B’s3yBasibHI (QyHKIIT [4]
a (t,7,v)=sup{a:a €A(t, 1,V)},
ax(t,7,0)=inf {a:a eU(t,1,0)}, (t,T1)eAg, D eV (1).

MosxHa okaszartu [12], mo Oarato3znaune Bigoopaxenus U (¢, 7, V) € 3aMKHEHO3-
HayHUM, € ® B-BUMIpHUM 32 CYKYHHICTIO (T,V), (1,7) €Ag, U eV (1), a Bepxns i
HIDKHSL PO3B’si3yBaibHI (yHKIIT € £ ® B-BuMmipHUMHU 32 CyKynHictio (7,v),
(t,1) €A,V eV (1) i ToMy BOHH CyIeprosuiiiiiao BumipHi [12], To6T0 a (t,7,v(7))
iax(t,7,0(r)) BUMIpHI 3a T, (£, T) €A @, A5 OyAb-sKOT BUMiIpHOT (HYHKIIT U (+) eI7t OF
3a3HaYMMO TaKOX, 10 BEPXHS PO3B’sI3yBasibHA (PYHKIIisI HaMiBOE3NEpepBHA 3BEPXY,

1 : = e . * .
HIDKHS — HarniBGesnepepBHa 3HH3y 3a 3MiHHOW U Ta QyHkuii inf a (4,7,7) i
sup ax(1,7,U) € BuMipHuMH 33 T, (1,T) €EAg. vel (1)
vel (1)

YmoBa 2. IcHytots Garatosnadre Binodpaxersst V (), V (f) < V, i Matpudna hyHKis
B(t), t €[0, ®], ® — nesdxe NO3UTHBHE YUCIIO, AOMYCTUMI (DYHKIUS 3CyBY ¥ (£, T) 1 MHO-
*uHA M|, M, st SIKHX CIpaBeUIHBi CrIiBBiHOMIEHHS A 5 (¢, T, 0, V) =, (1, 7) €A g,
t t
v eV, D €V (1), nepiBHocri j sup  Ag(t,T,0,0)dr<], J sup ax(t,7,0)dr<1
o VeV, vel (1) 0 eV (1)
1 BKITFOUCHHSI B
pp,U,V, V(1) c sup  Ag(t, 7,0, V)M,
vel ,vel (1)
0e D {[ WB (t’ T, 17) - ’V(t: T)] - %(ta T, 6)[M2 - g(t)]}
ver (1)
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Posrnsinemo MHOXHHY

P (g(),7(5) = {1 €[0, O]: £(2) € M5 }. (6)

Skmo BkIrOYeHHs B (IrypHUX OyKKax CHIiBBiAHOWIEHHs (6) HE BUKOHYETbCS JUISA
xonuux t €[0, ®], To mokmanemo P« (g(-),y(,))=9.

Teopema 2. Hexaif mis xoHQuikTHO-KepoBaHoro mpormecy (1), (2) icHyroTh
GaratosHaune BinoGpaxenus V (1), V (f) <V, i marpuuna dyukuis B(r), ¢ €[0, O],
® — fesike MO3UTHBHE YUCIIO, OMYyCTUMI (pyHKIIs 3¢yBY Y (£, T) 1 MHOXUHHA M|, M,
Taki, II0 HA MHOXHHI Ag BUKOHaHa yMmoBa 2, MHOXxuHa Psx(g(),y(.-) He
€ opoxkHbOIO 1 P« €P«(g(-),y(;-)). Toni rpa Moxe OyTu 3akiH4eHa B MOMEHT P x
3 BUKOPHUCTAHHSM KEpyBaHHs BUTISAY (4).

HoBenennsi. Hexail v(r) — JOBIIbHMH BHMIPHHH CEJIEKTOp KOMMakTa V,
7 €[0,P«]. 3a3naunmo cnoci®0 BUOOPY KepyBaHHS IMEPECiyBayeM.

Posrnssnemo nns v 617(1‘), 7€[0,P+x] xomMmakTHO3HayHe OaraTo3HayHe

BiI0OpakeHHs
U « (‘L', ’U) =
= {u EUZ.T[Q(P*, T)(p(u, B(P* - T)’T)) —’}/(P*, T) e * (P*, T, 5)[M2 - E(P* )]}
Buacnigok BiactuBocTeil mapamerpiB mporecy (1) Ta HWKHBOI pO3B’S3yBalbHOI

¢ynxuii a« (P, 7,V) KomnakTtHo3HauHe BinoOpaxenns Usx(7,v) € € ® B-pumip-
HuM [12] 3a v €V (t), T €[0,P, ]. Tomy 3a TeopeMoro Npo BUMIpHUIT BHOIp CENeKTO-

pa [9] Gararo3naune BimoOpaxenHs U« (7,V) wmictuth £ ® B-BUMIpHHI CEIEKTOP
ux (T, V), AKMi € CymnepHno3uliiHo BUMipHOIO (yHKuieo [12].
Hexait v (-) € BumipHUM celekTopoM BigoOpaxkenHs V (¢). Iloxmamemo mis

7 €[0, P« ] kepyBaHHs mepuioro rpaBus ux(T) = ux (T, V(T)), A€

5(1) = v(t), skmo v(t) eV (¢ —1),
0,(7), axmo v(t) &V (¢ —1).

3 ypaxysanusMm ¢opmynu (1) orpumaemo

P*
wz(Ps)=— I TQ(Px, T)p g (Px, ux (7), v(7), V(7))dr +
0
P*
+&5(Px) + I (TQPx, T)p(ux (r), B(P+ —1)v (7)) —y(P+, 7))dr. (7
0

Buacnizok ymoBH 2 TIOJ0 BU3HAYCHHS MOMEHTY P Maemo

0eM;, tQP«,0)pp(P«,ux(7),v(1),v(r)) e sup Az(Px,7,0,0)M,
P, veV,UeV(t)

sup  Ag(Ps,7,0,0)dr<1.
o VeV, ver (1)

Toni 3 ypaxyBaHHSM JieMH | CIpaBe[sTUBE BKIIOYCHHS

P*
[7Q(P+, D) g (e us (1), v(x), D(D))dr € M,
0
Ta 3a MNPUITYIICHHAM
P*
- j AQ(P+, T)p g (P, ux (7), v(7), U(T))dr € M.
0

92 ISSN 1019-5262. KiGepHeruka ta cuctemHuit aHamiz, 2023, rom 59, Ne 2



3 YpaxyBaHHIM BI/I60py KEpyBaHHA Ta 3 BU3HAYCHHSA MOMCHTY P« Maemo
0e M2 - E(P * ) .

TQ P+, T)p(ux (1), B(Px —1)U (7)) =y (Px,7) €+ (Px,7,0(7))[M, —§(Px)],
P.

sup ax(P«,7,0)dr <1.

Toni 3 ypaxyBaHHSAM JeMu | cHpaBeasiMBe BKIIOYEHHS

P.
J(nQ(P*, T)p(ux (1), B(Px —1)0(7)) —y(Px,7))drt € M5 —E(Px).
0

Otxe, criBBifHOIIEHHs (7) BH3HAuae
JTZ(P*) EM] +§(P*)+M2 —E(P*)=M1 +M2 cM

izPx)eM *, 0 i 3aBepuIye JI0Ka3 TEOPEMH.

Jlema 2. [Inst koHuikTHO-KepoBaHoro mpouecy (1), (2) Bukonano ymoBy 1 Tomi
i Timekm TOmi, KONM iCHYIOTH GaraTosHauHe Bimobpaxenus V (1), V(1) V,
i marpuuHa ¢yskuis B(t), t €[0, ®], ® — neske MO3UTHBHE YHCJIO, TOMYCTUMI
¢ynxuis 3cyBy y(f,7), MHOKMHU M, M,, WIS AKX CIPABENIMBOIO € ymoBa 2 i
0eA(t,7,v) Ha MHOXKMHI Ag XV (7).

HoBenenns. Hexaii mis xoHdmikTHO-KepoBanoro mpouecy (1), (2) icHyroTh
Garatosnaune BinoOpaxenns V (1), V () <V, i marpuuna dyskmis B(1), ¢ €[0, O],
O — JiesIKe MO3UTHBHE YUCIIO, IOMYCTUMI (QYHKILsE 3CyBY ¥ (£, T) 1 MHOXUHU M| , M,
Taki, o BuKoHaHa ymoBa 2 1 0 €€ (2,7, V) Ha MHOXUHI A g %V (¢). Toxni HyIboBe
3HaUeHHsA ¢ 3abe3leuye He MyCTOTy IMEepeTHHY y Bupasi (5) i ToMy 3 ypaxyBaHHIM
ymon A(4, 7,0, 0) 2D, (t, 1) €A g, v €V, D €V (1), maemo 0 e Wy (£, 7, D) -y (1, 7),
(t, T, V) eAg xV ().

3BiJcu BUITUBAE, 10 1A (4, T) €A g Maemo 0 € ﬂ [(Wg(t,t,v)—y(t, )], TOO-

eV (1)
TO cIipaBe/yinBa yMoBa 1. Buxoasui 3 MipkyBaHb Mpo 3BOPOTHHM MOPSAOK, AIHAEMO
MOTPiOHOTO BHCHOBKY.

3ayBaskenns 2. SIkmo e Garatosnaune BigoGpaxenns V (1), V (1) <V, i matpuu-

Ha QyHKIis B(?), t €[0, ®], ® — neske NO3UTUBHE YKHCIIO, IOYCTUMI (QYHKIIIS 3CYyBY

y(t,7), MHO)XKUHU M|, M,, nnd sAKUX BUKOHaHAa yMoOBa 1, TO 3 BHKOPHCTaHHSIM
neMu 2 otpuMyeMo & « (¢, 7, V) = 1inf {a:a e A (t, 7, V)} =0 Ha MHOKHHI A g XV (2).

MOJUPIKOBAHA CXEMA METOJY PO3B’SI3YBAJBHUX ®YHKIIA

YMoBy 2 BBaxaruMeMo MOJU(IKOBAaHOK YMOBOIO [IOHTpsiriHA Jpyroro THILY.
BoHa € kimouoBoro B MoM(iKOBaHIW cXeMi METOJy PO3B’S3yBalIbHUX (YHKIH IS
KepoBaHUX 00’€KTIB 13 pi3HOI iHepiiiiHicTIo. Chopmymroemo MoaudikoBaHy cxe-
My METOAY PO3B’SI3YBAJIBHMX (DYHKIIH.
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VYmoga 3. Icuyiots Garatosnaune Bimobpaxewnust V (1), V (1) <V, i marpuuma
¢byskuis B(t), t €[0, @], ® — neske MO3UTUBHE YHCIIO, JOIMyCTUMI (QYHKIIISI 3CyBY
y(t,7) i MHOXuHH M, M, Taki, 0 Ha MHOXUHI Ay BHUKOHaHa yMoOBa 2 Ta
CIpaBeUIMBE BKIFOYCHHS

Oe () {Wp(tw0)~y(t, D]~ sup ax(t,1,0)[M, —E@)]}.
veV (1) vel (1)

3ayBaskenns 3. SIkmo icHyioTh Garatosmaune BimoGpaxenns V (t), V (1) V,

i mMatpuuHa QyHKUis B(f), t €[0,®], ® — neske MO3UTHUBHE YHWCIO, JOMYCTUMI

GbyHK1is 3cyBy ¥ (t, T), MHOXUHE M|, M, 11 SKAX BUKOHAHO YMOBY 1, TO 3 BHKO-

PUCTaHHAM JIEMH 2 BHKOHaHO yMOBY 3 i piBHiCTB sup ax(2,7,0)=0.
PosrnsitHeMo MHOXHHY vel (1)

t

T(2(),y() =1 t€l0, 0 [ inf a (170)dr>1f. (8)
ODEV(t)

Skmo a (t,7,0)=+00 g (1,7)€Ag, U eV (), T0 3HAYEHHS BiAIOBiTHOrO
iHTerpana y QirypHux JyKKaX CITBBIJHOIICHHS (8) MPUPOJAHO BBAKATUMEMO + o0 i
teT(g(t),y(,-)). Y pasi, KoIu HEPIBHICTH CHiBBiIHOMIECHHS (8) HE CIPaBIKYETHCS
i Beix ¢ €[0, ®], mokianemo 7(g(1),y(,-))=<.

Teopema 3. Hexaii s koHduikTHO-KepoBaHoro mpouecy (1), (2) icHyrooTb
GaratosHaune BimoOpaxenus V (1), V (t) <V, i marpuuna dyukiis B(t), ¢ €[0, O],
© — zesike MO3UTUBHE YUCIIO, AOMYCTUMI (QYHKIIS 3CYBY Y (¢, T) 1 MHOKUHU M| , M,
Taki, MO BHKOHaHO yMmoBYy 3, mHoxwuHa 71(g(?),7(,:)) HE € TOPOXHBOIO i
T eT(g(t),y(-). Toni rpa Moxe OyTH 3aKiHUeHa B MOMEHT I 3 BHKOPHCTaHHIM
KepyBaHHs Burisay (3).

JloBenenns. Hexaii v (-) € 1OBIIBHUM BUMIpPHUM CEIEKTOPOM KOMMakTa V', a v ¢ (+)

€ BHUMIPHHAM CEJIGKTOPOM BiJOOpaKeHHS V (t). Tokmagemo mis 7 €[0, T']

(1) = v(r), skmo v(t) €V (¢ —1),
0,(7), axmo v(t) &V (¢ —1).

3a3HaunMo croci®d BUOOPY KepyBaHHS TEPECIiyBadyeM.
Posrmsinemo Hacammiepen Bumanok §(7, g(T),y(,-)) ¢ M, Ta 3anpoBaguMo
KOHTPOJIBHY (YHKIIIIO

t T
hoy=1-[a" (T2, 9@)dr - | sup ax(T,7,v)dr, 1[0, T].
0 L UeV (1)
3a Bu3HaueHHAM T Maemo
T
h(O):l—I sup a«(T,7,0)dr>0,
0 VeV (1)
T * T *
h(T):l—ja (T,r,ﬁ(r))dtsl—.[iir;f a (T,7,0)dr<0.

0 OUeV(t)

Buacninox OesnepepBHOcTi (yHKUIT /A(f) icHye Takuii MOMEHT dacy fx,
t« €(0,T], wo A(t+)=0. 3a3Ha4UMO, L0 MOMEHT IEPEMUKAHHS f+ 3aJEKHUThb Bil
nepeznicTopii kepyBaHHsS Jpyroro rpasud v, (-) ={v(s):s€[0, ¢« ]}.

[pomixkku wyacy [0,¢x), [f+,T] Ha3UBaTUMEMO AaKTHUBHUM 1 NaCHBHHUM
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BiJINIOBIJIHO. 3anuiieMo Croci® KepyBaHHS MEPIIUTO IPaBId Ha KOXKHOMY TPOMIXKKY.
JIJis [bOTO PO3IIISIHEMO KOMIIAKTHI BiJOOpasKEHHS

U™ (t,0) = {uelU:nQ(T, 0)p(u, B(T —1)0) —y(T, 1)) €

ea (T,7,0)[ M, —ET)]}, T€[0,1,), )

Us(,v)={uelU:aQ(T,t)p(u, B(T —t)v)-y(T,1)) €
e sup ax(T,7,v)[M, -ET)]}, telt,,T]. (10)
vV (1)
bararo3nauni Bimobpaxenns U : (t, ) 1U « (7, V) Mae HENmopoxHi 0Opa3u. 3 ypa-
XyBaHHSM BJACTHBOCTEH mapamerpiB mpomecy (1), QyHKIiH « : T,7,v) i
sup ax (T, 7, V) KOMIAKTHO3HA4Hi BigoOpaxeHHs U : (t,v),7€[0,t+),1Ux (1, V),
VeV (1)

Te[ts,T], ana v eV (1) e & Q B-pumipuumu [12]. Tomy 3a Teopemoio Impo
BUMipHUI BuOiIp cenektopa [9] y KOXXHOMY 3 HUX ICHye Xo4a O IO OJHOMY
£ ® B-BUMIPHOMY CEICKTOPY u (T,0) 1 us (7, V), sIKi € CyNepHno3uLiiiHo BUMIpHUMHU
¢yukmisimu [12]. TToknageMo KepyBaHHS MEPIIOrO TPABII HA AKTUBHOMY IPOMIKKY
u (r)== u (t,v(r)), 7€[0,¢+), a Ha NAaCUBHOMY MNPOMIXKY THOKJaJIEeMO

ux () =ux (1, 0(1)), T €[ts, T].

Ha ocnoBi ¢opmynu (1) ansg BU3HAYEHUX KEpyBaHb OTPUMAEMO

b
az(T) =—| [aQ (T, 1) (T, u” (0), v(x), D(D)dr +
0
T
+j aQ(T, 1) 5 (T, ux (), v(7), U(7))dr | +
b

s«
+E(T) + [ (@QT, Dp(u” (@), BT ~1)0(0)) ~ 7 (T, 1))dr +
0
T B (11)
+[ @QUT, Dp(us (1), BT =)0 () - 7 (T, 0))dr.
t*
VYHacniok yMoBH 2 MaTHMEMO
T
OeMl,I sup  Ap(T,7,v,0)dr <1,
o VeV, ver (1)
QT Vg (T,u” (), v@),0() e sup  Ag(T, 7,0, 0)M, T€[0, 1),
vel, el (1)

aQ(T,v)p g (T, ux (1), v(r),v(1)) € sup Ag(T,7,v,0)My, Te[t«,T].
veV,EeV(t)

Toni 3 ypaxyBaHHsSM jJeMu 1 OTpUMaeMo
t

T
[72Q(T, D5 (T, 17 (@), v(@), D@)dr + [ aQT, D)p 5 (T, s (1), v (2), D(D))dlr € M
0 b
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Ta 3a NPUIYIIEHHIM MaeMO

b
| [2Q(T, 1) (T, u” (), v(x), D(D)dr +
0
T
+ j aQ(T, 1)p g (T, ux (1), (1), D(v)) dr | € M.
b

3 ypaxyBaHHSM OCTaHHBOTO BKJIIOUeHHs cmiBBigHOMEeHHS (9)—(11) BU3HA4alOTH

1«
az(T) e My +&(T) + [ ™ (T, 7, 0(@x)[ M5 - E(T)lde +
’ 0
+j sup ax(T,7,0)[My —ET)ldr =
1 UV (1)
b T

= My +&T) + [a" (T, 1, 0@)d My —EM)]+[ sup @ (T, 7, 0)dt[ M, ~E(T)]=
L VeV (¢

0 i zT ()

= My + &M - [a (T, 7, v(7))dr — [ sup au(T,7,0)dr]+
0 5 veV (1)
t T
+ j a (T,7,v(1))dr + j sup ax(T,7,0)dr|My =M{ + My < M.

0 1 VEV (1)

Tyt BpaxoBano nemy 1, piBHicCTb A(tx)=0 1 BkatoueHHs M| + M, c M.
I sunaaky &(7, g(T),y(,-)) € M, DOCTaTHBO 3aCTOCYBaTH TeopeMmy 2.
VYmoBa 4. Icuyiots Garatosuaune Bimobpaxenus V (1), V (1) <V, i marpuuma
¢byukuia B(t), t €[0, ®], ® — neske NO3UTUBHE YUCIIO, JOMYyCTUMI (YHKIIS 3CYBY
y(t,7) 1 mHOXMHH M|, M, TaKi, 0 Ha MHOXHHI Ag BHKOHaHO yMOBY 2 Ta
CIIPaBE/UTUBE BKIIOYCHHS

0e () {67 0) =y (D))= inf o (6,7, 0)[ My ~ £

velr

Teopema 4. Hexaii s koHduiikTHO-KepoBaHoro mpouecy (1), (2) icHyroTb
Garatosmaune BigoOpaxenus V (¢), V (t) =V, i marpuuna dyukuis B(t), ¢ €[0, O],
® — nesike MO3UTHBHE YHCIIO, OMYCTUMI (QYHKIIS 3¢yBY ¥ (£, T) i MHOXUHH M|, M,
Taki, 0 BUKOHaHO yMoBH 3, 4, MHOxuHa 71(g(?),y(,-)) HE € TOPOKHBOK 1
T eT(g(t),y(,-). Toni rpa Moxxe OyTH 3aKiHYeHa B MOMCHT 7 3 BHKOPHCTaHHSIM
KepyBaHHsS BUTIsiAy (4).

JoBenenns. Hexait v(-) € 1OBUIBHUM BUMIpPHUM CEIEKTOPOM KoMmakTa V, U ()

€ BUMIDHHM celekTopoM Bimobpaxenus 7 (¢). TMoxmagemo s 7 €[0, T']
(r) = E(T)’ SIKIO V(T) eV (t—-n),
v (7), saxmo v(7) eV (¢ —17).

3a3HaunMo crnoci6 BUOOpPY KepyBaHHS IepeciligyBadeM.
Posrmstnemo cmouvatky Bunamok &(7, g(T),v(,-) € M, Ta 3anpoBaguMo
KOHTPOJIbHY (PYHKIIIFO
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t T
h(z):l—j inf a*(T,r,v)dz—j sup a«(T,7,0)dr, te[0,T].
00V (® L veV (1)

3a Bu3HaueHHsAM I MaeMo

T T
h(0)=1—j sup a«(T,7,0)dr>0, h(T)=1—j inf a (T,7,0)dr<0.
EGAG) o Ve (@)

Bracniok OesnepepBHOCcTi QyHKIIT /A(f) icHye Takuii MOMEHT 4Yacy fx ,
t« €(0,T], mo A(t+)=0. 3a3Ha4MMO, 1110 MOMEHT NEPEMUKAHHS ¢+ HE 3AJIC)KHUTH BiJl
nepemnicTopii kepyBaHHsS apyroro rpasus v, (-) ={v(s):s€[0, t«]}.

[pomixkku wyacy [0,7x), [f+,T] Ha3uBaTUMEMO AaKTHUBHUM 1 HAaCHUBHUM
BiZIITOBITHO. 3alMIIEMO CIIOCiO KepyBaHHS MEPIINIO IPABII HA KOXKHOMY IPOMIDKKY.
Jis bOro pOo3riITHEMO KOMITAKTHI BiJIOOpayKeHHS

U (t,v)={uelU:aQ(T, 1)p(u, B(T —1)0) —y(T,7) €

e inf o (7,7, 0)[M; -ED)]}, 70, 1,), (12)
el (1)

Ux(1,0) = {ueU:aQ(T, v)p(u, B(T —1)0) -y (T, 7) €

€ sup ax(T,7,0)[M, -E()}, Telt,,T]. (13)
vel (1)

. . ook N - S7 _ .
Barato3nauni BimoOpaxenus U (t,v) i U« (T, V) MarlOTh HENOPOXKHI 00pasu.

3 ypaxyBaHHsIM BJIaCTUBOCTeH mapametpiB rpouecy (1), hbyHkiii 7i%f( )a : (T,7,v)1
ver (¢
sup a=x (T, 7, V) KOMIIAKTHO3HAYHI BilOOpaXKeHHs U” (t,v),7€l0,1x), iUx(1,7),
ver (t)
Te[te, T], 10 €V (1) € € ® B-pumipanmu [12]. ToMy 3a TEOPEMOKO PO BAMIPHHi
BUOIp cenekropa [9] B KOXKHOMY 3 HHX iCHye x04a 0 1o oxHoMy € ® B-umipHOMY Ce-
nektopy % - (t, ) iiix (z, D), 5IKi € cyneprosuwiiino sumipauvu ysxuisivu [12]. Tokia-
JIEMO KEepyBaHHs IEPIIOr0 TpaBIsi Ha aKTUBHOMY IIPOMDKKY : (t)=u . (,v(7)),
7€[0, +), a HA MACHBHOMY HOPOMDKKY ux (T)=ux (T, (7)), T €[t+, T].
Ha ocnoBi dopmymu (1) s BHOpaHUX KepyBaHb OTPUMAEMO

t
wz(T)=— InQ T, 0)pp(T,u : (1), v(7), v(7))dr +
0
T
+[AQUT, D) 5 (T, i (2), 0(7), (D) dr | +

1
b

+&(T) + J. @Q(T, 7)p(u : (1), B(T —1)v(v)) —y(T,7))dr +

0
T
+I (7T, T)p(ux (v), B(T —7)v (7)) —y(T, 7))dr. (14)
t*
VYHachiIoK yMOBH 2 MaeMo

T

0eM,, j sup Ag(T,7,0,0)dr<l,
OveV,EeV(t)
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nQ(T,r)<pB(T,ﬂ*(r),v(r),ﬁ(r))e sup Ag(T, 7,0, )M, T€[0,tx),
veV,EeV(t)

aQT, g (T, ux (1), v(r),v(t)) e  sup Ag(T,1,v, V)M, T€[t«,T].
veV,EeV(t)

Toxi 3 ypaxyBaHHSAM JIeMH 1 OTpHEMaeMo

tx T
[7QT, (T, (2),0(2), 0(1))dr + [7QUT, T )p (T, i (v), v(2), B(x))dr € M,

0 t
1 TOMy Maemo t .
| [2QT, D (T3 (@), 0(@), D(T)dr +
0
T

+ j aQ(T, ) 5 (T, s (1), v(7), U(T)) dr | € M.

T

3 ypaxyBaHHSM OCTAaHHBOTO BKIIFOUYCHHS criBBinHOMICHHS (12)—(14) BU3HAYAIOTh

I
az(T) e My +&T)+ [ inf " (T,7,0)[M; -&(T)]dr +

OEGV(t)
T
+j sup ax (T, 7,0)[ My —ET)ldr =
£t VeV (1)

t
= My +ET)+ [ inf @ (t,7,0)dr[ My —E(T)]+
OEGV(t)

T
+J sup ax(T,7,v)di[M, —&(T)]=
4 VEV (1)
t T
= M, +ET) l—jiigf a (z,r,ﬁ)dr—j sup o (T, 7,0)dr |+
o VeV (1) 5 VeV (1)
t T
+ j inf a (14,7, 6)dr+j sup ax(T,7,0)dt My =M, +M, < M.
0 VeV (1) L VeV (1)

Tyt BpaxoBano nmemy 1, piBHICTE A(fx)=0 i BrmroueHHs M| + M, c M.
V Bunanky §(T, g(T),y(T,-)) € My ROCTaTHBO 3aCTOCYBATH TEOpeMy 2.

MOJIEJIbHUI MPUKJIAJ («XJIOMYUK I KPOKOIUI»)

JuHamiky mepecnigyBaya 1 BTikaya 3aJaMO PIBHSHHSAMH BiATOBiIHO

¥=u, xeR", n>2, ueS?,
y=v, yeR", n>2, veSg, p>0>r>0, (15)

S ;’ C R" — xinbue 3 UEHTPOM B HyJi, 30BHIIIHIM pajgiycoM ¢ i BHYTpilIHIM
pazaiycom b .

[lepecnigyBanHs BBaXXaTUMEMO 3aBEpIICHUM, SKIIO ||x — y||< &

Buxinna 3amaga (15) 3BoanuThCs 10 KOH(MITIKTHO-KEPOBAHOTO TPOIECY B TaKWit
crnoci®. YBeaeMo HOBiI 3MiHHI

(ZI’ZZ):Z’
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Z1=x—-y, 22 =X.

(16)

[Mpopudepenuitoemo 3a wacom cmiBBinHOWmEeHHs (16). 3 ypaxyBaHHSM BHXiJIHUX

piBHsAHb (15) oTpumaemo
21 =Zp) -V,

22 =Uu.

(17

Tepminanbna MHOKHHA M = {z: 7| €Sy, Mo={z:2 =0}, M={zz €S,

z, =0} . Ilo3naunmo

M, :slSé, M, :szSé =M M, :8S(1)§81Sé =(6—81)Sé, ) =€—¢€p, E>€].

Toni

L={z:zy =0}, n:(ggj, nz=1zy, A:(ggj

OO0uacTi KepyBaHb MalOTh BHIJIS[

0 v (AN s =
Uz{(u):ueS,p},Vz{(ojzveSg},Vz{(oj:veS},S:Sgr/p,VcV.

®dyHaMeHTalTbHa MaTPUIls OJHOPIAHOT cucteMu (17) Mae BUTISIA eAt :(

Toxi orpumaemo
neAtUztSf, JteAtVzSg, 2 T M:Sg cL.

YmoBy IlonTpsrina He BHKOHaHO Ha iHTepBami [0,0/ p):
me'Usme'V =150 xS =@, te[0,0/p).
Busnaunmo ¢ynukmiro 3cyBy y(¢)=0 1 mokmagemo

B(1) = (p/oNE, 0<t<a/p, 7 () = V,0<t<o/p,
E, t>0/p. V,t>o/p.

Toni maemo B
Wy (t,7,0)=me™[U - B(t)v], v €8S,

0 (W3 (t.7.v) —y (1) =7e™U x e B(1)V (1) = {0}, t €[00/ p].

veS

VY pe3ynabTari NpoCTUX OOYMCICHb Ma€eEMO

(lvli=to /DYl -

At,v,0)= e 0,0/ pl,
0, t>o0/p,
o—pt
max ALv.)=| ¢ 00
veSq ,ves 0. t>0/p'

OcCKibKH
— _ o o
05 (.U, V,V(t))=neA’(V—B(t)V(z)):{ Sg =5, 1€l0, 0/ p],

0y, t>0/p,
TO

pp LU V.V () c max _A(1,v,0)S,".

veS{,ves
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00 )

(18)

(19)

99



Skmo & 2 o/ 2p, To 1t Beix t >0 crnpaBeqMBa HEPiBHICTh
(pt® /2)—ot+e, 20, (20)
Tomy nns & = o2/ 2p s BCiX t > (0 BHKOHYEThCS HEPIBHICTB

L 2
j max 7l(r,v,ﬁ)drswsl.
OveS(‘)’,EeS €1

21

Omxe, yHachimok cmiBBinHOmeHb (18), (19), (21) BukoHaHO YyMOBY 1.

At

IMoxnagemo &(¢) =me” z = z| + tz5. OCKiUIBKM BHKOHAHO YMOBY 1, TO crpaBemuBi

ymoBu 2, 3 1 s t €[0,0/ p], 7 eS maemo ax(t,T,v)=sup ax(t,7,0)=0. dxmo
veS

E(t) eeyS é, TO yHacligok TeopeMu 1 abo Teopemu 2 rpa Moxe OyTH 3aKiHYEeHa B

MOMEHT ¢ 3 BHKOPHUCTaHHSIM KepyBaHHs Burisimy (4). [lo Toro x 3 ypaxyBaHHIM
HepiBHOCTI (20) HaiiMEHIIMH MOMEHT Yacy 3a/JI0BOJIBHSE PIBHSHHIO

Iz + iz, ||=(pt? 12)—ot +¢, <0/ p.
Hexait §(¢) ze,S (1) Tomi ana t—t<0/p BepxHsd pPO3B’sA3yBaJibHA (YHKIIis
a” (¢, 7, V) BU3HAYA€THCS 13 CITIBBITHOIICHHS
a” (T, 0)=sup{a > 0: afe, Sy —EN]N (1 —)[SP -]} =

=sup{a >0: | p(t —1)0 —aé(t)|=ae, + p(t—T)}, DES.
i dyskIia a : (¢,7,V) € OULTBPIINM TTO3UTUBHUM KOPEHEM KBaJPAaTHOTO DPiBHSIHHS

(IED I~ (1)) a? 2@, E(0) + p(t —T)ex1a ~[p2 (1 = 1) (0 ~||T]|* )] =0

CToCOBHO «, Komu &E(t) €€,S, D €S.

VY pe3ynbrari 00YHCICHH OTPUMAEMO

mina” (t,7,0)=0, t—t<0/p, (22)
veS

J0 TOTO X MiHIMyM jgocsraetbes Ha Bektopi U =—0(&5()/ |E@)|]).
Hexait £(¢t) ¢e,S 1 t—7>0/p. Toxni Gararoznaune BimoOpaxenus A (z, 7, v)
Ma€ BHIJISII
A(t,7,0)={a >0 ale,S; —ENIN[(-1)SP —v]}, vesS?.

BoueBugs, A (1,7, v)#<J, TOMy CHpaBeAIHBE BKIIOUCHHS

0e () {I(t-D)SP —v]-A(t, 7, v)[e25, —EWD] (23)

veS§

Bepx#s po3s’sizyBanbHa QyHKILS : (¢, T, v) BUBHAYAETHCS 13 CIIBBIAHOIICHHS
a”(t,r,v)=supia >0 ale,S) —E()]e(t -)SF —v}=
=sup{a>0: |[v-ak(t)|=ae, +p(t—-1)}, veS?,
1 QyHKIIS : (¢,7,v) € OUIBIIUM TO3UTUBHUM KOPEHEM KBaJIPATHOTO PIBHSIHHS
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(IED 12 ~(e2)?)a? =2[(v,E()) +p(t — ey Ja —[p* (t —1)* —v]* ]=0

CTOCOBHO « it §(1) £€,S, v eSg.

V pesystsTati oGuHCIeHb /U  — 7> 0/ p OTpUMAEMO min a (1,7, v) = pli-1)=0
ves§ 1E@)]I- &3
i MiHIMyM JOCATA€THCS Ha BEKTOPI
ve—0 §(1) 24

1D

BusnaunMo MOMEHT 3akiH4YeHHs rpu it ¢ >0 / p. [loxiagemo

S,0<t<a/p,
S(‘)’, t>0/p.

eV (1) ={

3 ypaxyBaHHSAM piBHOCTeH (22), (24) 3ammmemo

t
. * —
min  a (4,T,0)dr=
0 venel'V (1)

t—(o/p) t t—(a/p) N
= [ mina"(rmd+ [ mina (rv)d= | pU=T)=0 4 _

) DS (1) V<SS o [1E@I-¢2
3 0CTaHHBOI PIBHOCTI OTPHUMAEMO PIBHSIHHS
lz) +izy||=(pt? /12) —ot +€ —¢;. (25)

HaiimMeHtmmii O3UTHBHUN KOPiHb PIBHSAHHS (25) € MOMEHTOM 3aKiHYCHHSI TPH.
Hnst ¢ =0 miBa yacTnHa piBHSHHA (25) CTAaHOBWTH | zy|| 1 31 3pocTaHHAM f 3pocTae
TMiHIKHO, a TpaBa YacTHHA [OPIBHIOE &—¢| 1 pocTe KBaapaTHIHO. OCKUTBKH
Iz ||> & — €1, TO 1 OyB-IKHX z| 1 Z, MOMCHT 3aKiHUCHHS I'PH € KiHIEBUM. PiBHICTH
z] + tz; =0 Moke OyTH BHKOHAHA JIMINE Ii3HIIIE 32 BUKOHAHHS PIiBHOCTI (25), ToMy
el BUIAJOK HE PO3TIISAAETHCSL.

Hexaii §(¢) ¢e,Si0/R<t—t<0/r.Tomi msav eSg HIKHS PO3B’sI3yBalibHA

GbyHKIISA @« (f, T, V) BU3HAYAETHCSA 31 CHIBBIIHOIICHHS
ax(t,,v)=inf {a > 0 a[szS(]) —EDIN[(t-1)SP -v]}.
Onnak mist v e(t —r)S(; MaEeMO
ax(t,7T,v)=a,(t,r,v)=sup{a>0:[v-a§(t)]e(t -1)S +a82S(1)} =
=sup{a>0: |lv-a&(®)|=(t-1)r+ae,}
i dymkuis a’, (¢,7,v) € GUIBIIMM MO3MTUBHAM KOPEHEM KBAJPATHOTO PiBHAHHS
(IEDIP~e2)*)a® =A@, EO) +r(t =Dz Ja ~[r? (1 =1)* ~[[v]|* 1=0

CTOCOBHO « , kKomu §(t) ¢€,S, 0/ R<t-1<0/r, ve(t-1)S.

Pes? =8P 10

OCKITBKH CHpaBeUINBO CHiBBifHOMIEHHS (¢ —7)S/. (t—T)r
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g

(1—7)r MAEMO

ax(t,7,v)= max a=(t,7,v)=0.
veSg_T)r

st v eS

Orxe, mst o/ R<t—t<0/r, v eSg BUKOHYETBCS PIBHICTb O (£, T, V) =

=a' (t,7,v) i BOTHOYAC OTPHMAEMO

r(t—t)+r
max a«(t,T,v)= max ai(t,r,v)=¥
veS§ ve(1-1)S; 1E(@) |1+
. ()
i MakCHMyM JIOCSTAa€ThCS Ha BEKTOpI ¥ =r .
1E@)|
Hexait &(r) ¢e,S, t—t>0/r, v eSg. Toxi maTumMemo max ax(t,t,v)=
rt-1)+0 . , E(r) V<%0
=——~ "~ | MakCHMMyM JOCSTAEThCS Ha BEKTOPI V =0 .
16(0) |1+ 1E@

SIKo mapaMeTpu rpu it t —t >0/ p, p >0 >r>0, 3aJ0BOTBHAIOTH HEPIBHICT

r(t—r)+o<p(t—r)—0’ (26)
IEDI+e2 6@ [l-¢2

TO OTPHUMAEMO
. £
max ax (¢, 7,v)< min a (t,7,v)

veS§ veS§
1 TOMy CIpaBeIjuBa HEPIBHICTh
T T .
max a*(t,r,v)dr<.[ min a (¢, 7,v)dr=1. 27
0 veS§ o Ve g

Orxe, 3 ypaxyBaHHsM criBBigHOmeHb (19), (21), (23) i (27), sxmo napaMerpu
Ipu Ui ¢t —7> 0/ p 3370BOJBHIIOTH HEPIBHICTH (26), BUKOHAHO YMOBY 2.

3a moOymoBo A BCiX U €S g CIIPABEJIMBE BKJIFOUYEHHS
ax(t,T,v)[e,8) —E(N]e(t-)SP —v.
Tomy 3 ypaxyBaHHSAM HepiBHOCTI (26) maemo

max & (1,7, v)[e2S —E(D] et —1)SF —v.
veS§

Takum YMHOM, BUKOHYETHCS BKIIIOUCHHSI

0e () [l -)SF ~v]- max e (s, 7, )£, — ()]
veS§ Ve

1 cripaBeyMBa ymoBa 3. HaliMeHIHA MO3UTUBHUN KOPiHb PIBHAHHSA (25) € MOMEHTOM
3aKIHYCHHSI TPU 32 TEOPEMOIO 3 3 BHUKOPHCTAHHSM KepyBaHHS BHUIISIY (3).
ITepeBipumo crpaBemmBicTh ymoBH 4. 3a moOya0BOIO JUIsl BCIX U eSg

CHpaBCIUII/IBe BKJIOUYCHHSA
%
a’ (t,T,v)e,8) —EN]e(t-)SP —v.

Tomy 3 ypaxyBaHHSM HepiBHOCTI (26) maemo
inf {a” (t,7,0)[e28) —EO]} e(t —1)SP —v.

veS§
OT)Ke, BUKOHYE€THCA BKIIFOUCHHS
0e () [[(t=7)SP ~v]~ inf ax(r,7,v)e285 ~EMN]]

ves
veSy§ 0
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i cripaBeyBa ymoBa 4. HalimeHIMi NO3WTHBHUK KOPiHb PIBHSHHS (25) € MOMEHTOM
3aKiHYEHHSI TPHU 32 TEOpeMOI0 4 3 BUKOPHCTAHHIM KepyBaHHsS BUTIIALY (4).

BUCHOBKHAN

PosrisinyTo TpoOnemMy 30JMKEHHS KEpOBaHHMX O0’€KTIB 13 PI3HOK 1HEPILIHHICTIO
B irpoBux 3ajadax auHaMikd. CpopMynbOoBaHO TOCTATHI YMOBH 3aKiHUCHHS TPH 3a
KIHLEBUI TapaHTOBaHWM wyac y pasi, Konu ymoBa IlOHTpsriHa He BHKOHYETHCS.
VYBeneHO BEpXHI Ta HIDKHI pO3B’SA3yBalbHI (YHKINI CHEmialbHOTO THIy Ta Ha
iXHi OCHOBI 3ampornoHoBaHO Moau(ikoBaHI cxemMu Mmeroay IloHTpsariHa Ta meromy
PO3B’s3yBaNnbHUX (YHKITH, Mo 3a0e3medye 3aBepIICHHS KOHMIIKTHO-KEPOBAHOTO
mporecy A 00’€KTiB 13 PI3HOIO 1HEPIIMHICTIO y KJaci KBasicTpaTerii Ta KOHTpKe-
pyBaHb. HaBeleHO MOJENbHUN TpPHUKIA.
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A.A. Chikrii, I.S. Rappoport

RESOLVING FUNCTIONS MODIFIED METHOD FOR GAME PROBLEMS OF APPROACH
OF CONTROLLED OBJECTS WITH DIFFERENT INERTIA

Abstract. The problem of approach of controlled objects with different inertia in dynamic
game problems is considered. Modified sufficient conditions for ending the game in the finite
guaranteed time in the case where the Pontryagin condition is not satisfied are formulated.
Some shift functions are considered instead of the Pontryagin selector, and special multivalued
mappings are introduced with their help. They generate the upper and lower resolving
functions of a special type and, based on them, two types of modified schemes of the first
Pontryagin method and the method of resolving functions are proposed, which ensure the
completion of the conflict-controlled process for objects with different inertia in the class of
quasi-strategies and counter-controls. New theoretical results are illustrated by a model
example.

Keywords: controlled objects with different inertia, quasilinear differential game, multi-valued
mapping, measurable selector, stroboscopic strategy, resolving function.
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