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Àíîòàö³ÿ. Îäåðæàíî ³íòåãðàëüíó îö³íêó òî÷íîñò³ ìåòîäó ïåðåòâîðåííÿ Êåë³
ðîçâ’ÿçóâàííÿ àáñòðàêòíî¿ çàäà÷³ Êîø³ äëÿ äèôåðåíö³àëüíîãî ð³âíÿííÿ 1-ãî ïîðÿäêó ç
íåîáìåæåíèì îïåðàòîðíèì êîåô³ö³ºíòîì ó Ã³ëüáåðòîâîìó ïðîñòîð³. Îö³íêà ñâ³ä÷èòü, ùî
öåé ìåòîä ìàº ñòåïåíåâó øâèäê³ñòü çá³æíîñò³, ïîðÿäîê ÿêî¿ àâòîìàòè÷íî çàëåæèòü â³ä
ãëàäêîñò³ ïî÷àòêîâîãî âåêòîðà, à îòæå, â³í º ìåòîäîì áåç íàñè÷åííÿ òî÷íîñò³. Äîâåäåíî
òàêîæ íåïîêðàùóâàí³ñòü îö³íêè çà ïîðÿäêîì N (ïàðàìåòð äèñêðåòèçàö³¿ N õàðàêòåðèçóº
ê³ëüê³ñòü äîäàíê³â ÷àñòèííî¿ ñóìè â àïðîêñèìàö³¿ íàáëèæåíîãî ðîçâ’ÿçêó).

Êëþ÷îâ³ ñëîâà: äèôåðåíö³àëüíå ð³âíÿííÿ, çàäà÷à Êîø³, îïåðàòîðíà åêñïîíåíòà,
Ã³ëüáåðò³â ïðîñò³ð, ïåðåòâîðåííÿ Êåë³, îö³íêà ïîõèáêè.

ÂÑÒÓÏ

Ìàòåìàòè÷í³ ìîäåë³ áàãàòüîõ ïðîöåñ³â, ùî äîñë³äæóþòüñÿ â íàóö³ òà òåõí³ö³,
ìîæíà ïîäàòè ó âèãëÿä³ àáñòðàêòíèõ äèôåðåíö³àëüíèõ çàäà÷ ó Áàíàõîâîìó òà
Ã³ëüáåðòîâîìó ïðîñòîðàõ. Îäíèì ç åôåêòèâíèõ ìåòîä³â ðîçâ’ÿçàííÿ òàêèõ
çàäà÷ º ìåòîä ïåðåòâîðåííÿ Êåë³, óïåðøå çàïðîïîíîâàíèé ó ïðàöÿõ [1, 2].

Ó Ã³ëüáåðòîâîìó ïðîñòîð³ H ç³ ñêàëÿðíèì äîáóòêîì ( , )u � ³ íîðìîþ

|| | | ( , )u u u� ðîçãëÿíåìî çàäà÷ó Êîø³ äëÿ äèôåðåíö³àëüíîãî ð³âíÿííÿ 1-ãî ïîðÿäêó:
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dt
Ax t t

x x
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(1)

äå A — ñàìîñïðÿæåíèé äîäàòíî âèçíà÷åíèé îïåðàòîð ³ç ù³ëüíîþ â H

îáëàñòþ âèçíà÷åííÿ D A( ) .
Ðîçãëÿíåìî îñíîâí³ ðåçóëüòàòè, îäåðæàí³ â [1, 2]. Äîâåäåíî, ùî ó âèïàäêó

ñê³í÷åííî¿ ãëàäêîñò³ ïî÷àòêîâîãî âåêòîðà x D A0 1� �( ),� � , ðîçâ’ÿçîê x t( )

çàäà÷³ (1) ìîæíà ïîäàòè ó âèãëÿä³ ðÿäó
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äå � � 0 — äîâ³ëüíå ÷èñëî, L tp
( ) ( )0 — ïîë³íîìè Ëàãåððà [3], I — îäèíè÷íèé

îïåðàòîð, T� — ïåðåòâîðåííÿ Êåë³ îïåðàòîðà A:

T I A I A� � �� � ��( ) ( )1 . (3)
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Â [1, 2] òàêîæ çàçíà÷åíî, ùî ðÿä (2) çá³ãàºòüñÿ ð³âíîì³ðíî â H íà ïðîìåí³

t 	 0 äëÿ ïî÷àòêîâîãî âåêòîðà x D A0 � ( )� ³ äëÿ � � 0 . Öå îçíà÷àº, ùî äëÿ � � 0

ñóìà x t( ) ðÿäó (2) º íåïåðåðâíîþ ôóíêö³ºþ íà ïðîìåí³ t 	 0 , à îòæå, ìîæå
ðîçãëÿäàòèñÿ ÿê óçàãàëüíåíèé ðîçâ’ÿçîê çàäà÷³ (1).

ßê íàáëèæåíèé ðîçâ’ÿçîê çàäà÷³ (1) çàïðîïîíîâàíî ÷àñòèííó ñóìó ðÿäó (2):
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(4)

Òî÷í³ñòü òàêîãî íàáëèæåííÿ âèçíà÷àºòüñÿ îö³íêîþ [1, 2]

| | ( ) ( ) | | | | | | ,x t x t
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N
A x tN� 
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0 0 , (5)

ç äîäàòíîþ ñòàëîþ C, íå çàëåæíîþ â³ä N òà x0 .
Äîñë³äæåííÿ ìåòîäó ïåðåòâîðåííÿ Êåë³ ïðîäîâæåíî â ïðàö³ [4], â ÿê³é

îäåðæàíî ³íòåãðàëüíó îö³íêó òèïó (5):
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äå � � 0 , à C � 0 — ñòàëà, íå çàëåæíà â³ä N òà x0 .
Â [4] äîâåäåíî, ùî îö³íêà (6) íåïîêðàùóâàíà (ç òî÷í³ñòþ äî ëîãàðèôìà) çà

ïîðÿäêîì N . Òî÷í³øå, ³ñíóþòü îïåðàòîð A ³ ïî÷àòêîâèé âåêòîð x0 òàê³, ùî çà
óìîâ � � � � �0 1 0 2 1� 
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Ìåòà ö³º¿ ñòàòò³ — îòðèìàòè îö³íêó òèïó (6) ç³ ñòàëîþ C � 0 ó ÿâíîìó
âèãëÿä³ òà äîâåñòè íåïîêðàùóâàí³ñòü ö³º¿ îö³íêè çà ïîðÿäêîì N áåç ëîãàðèôìà.

ÎÖ²ÍÊÀ ÏÎÕÈÁÊÈ ÌÅÒÎÄÓ ÏÅÐÅÒÂÎÐÅÍÍß ÊÅË²

Äîñë³äèìî òî÷í³ñòü ìåòîäó ïåðåòâîðåííÿ Êåë³ (4).
Òåîðåìà 1. Íåõàé îïåðàòîð A ³ ïî÷àòêîâèé âåêòîð x0 çàäà÷³ (1) çàäîâîëüíÿþòü

óìîâè A A I� 	 �* ,� �0 0 0; x D A0 0� �( ),� � , 0 0� 
� � . Òîä³ òî÷í³ñòü íàáëè-

æåíîãî ðîçâ’ÿçêó (4) õàðàêòåðèçóºòüñÿ îö³íêîþ
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�
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N � 	
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1
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2
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( )
.

Äîâåäåííÿ. Â³äîìî [1, 2], ùî íåïåðåðâíà çàäà÷à (1) ïîðîäæóº äèñêðåòíó
çàäà÷ó

y T y n y xn n� � � �, , ,, , , ,� � � �1 0 00 1 � .

¯¿ ðîçâ’ÿçîê ìîæíà ïîäàòè çà äîïîìîãîþ äèñêðåòíî¿ íàï³âãðóïè T n
� :

y T y T x nn
n n

� � � �, , , , ,� � �0 0 0 1 � (9)
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Òîä³
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Óçàãàëüíåí³ ïîë³íîìè Ëàãåððà L tn
( ) ( ),� � � �1, çàäîâîëüíÿþòü óìîâó

îðòîãîíàëüíîñò³ ç âàãîâîþ ôóíêö³ºþ [3]:
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äå � jk — ñèìâîë Êðîíåêåðà. Çîêðåìà, äëÿ � � 0 ìàºìî ñï³ââ³äíîøåííÿ
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²íòåãðóþ÷è îáèäâ³ ÷àñòèíè ð³âíîñò³ (10) ç óðàõóâàííÿì ôîðìóëè (12),
îäåðæóºìî
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Óíàñë³äîê (3) ³ (9) ìàºìî
y y T I T xk k
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Ç óðàõóâàííÿì ôîðìóëè (15) ñï³ââ³äíîøåííÿ (13) íàáóâàº âèãëÿäó
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Ðîçãëÿíåìî ôóíêö³þ
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Çàñòîñîâóþ÷è öþ íåð³âí³ñòü ó ïðàâ³é ÷àñòèí³ çîáðàæåííÿ (16), äëÿ âñ³õ
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Òåîðåìó äîâåäåíî.

ÍÅÏÎÊÐÀÙÓÂÀÍ²ÑÒÜ ÎÖ²ÍÊÈ ÏÎÕÈÁÊÈ

Äîâåäåìî òâåðäæåííÿ, ÿêå äîïîâíþº ðåçóëüòàò òåîðåìè 1.
Òåîðåìà 2. Îö³íêà (8) íåïîêðàùóâàíà ùîäî ïîêàçíèêà ñòåïåíÿ ïàðàìåòðà N .
Äîâåäåííÿ. Äîñòàòíüî çàïðîïîíóâàòè îïåðàòîð A ³ ïî÷àòêîâèé âåêòîð x0 ,

äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè òåîðåìè 1, à òî÷í³ñòü ìåòîäó (4) îö³íþºòüñÿ çíèçó
çà ïîðÿäêîì N òàê ñàìî, ÿê â îö³íö³ (8).

Íåõàé îïåðàòîð A ìàº çë³÷åííó ìíîæèíó âëàñíèõ çíà÷åíü

0 0 1� 
 
 
 
� � �� �k
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òà â³äïîâ³äíèõ âëàñíèõ âåêòîð³â e kk , , , ,� 0 1 2 � , ÿê³ óòâîðþþòü îðòî-
íîðìîâàíèé áàçèñ â H: ( , ) , , , , ,e e j kj k jk� �� 0 1 2 � Òîä³ äëÿ áóäü-ÿêîãî

ïî÷àòêîâîãî âåêòîðà x D A0 0� �( ) ,� � , ñïðàâäæóºòüñÿ çîáðàæåííÿ
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ÂÈÑÍÎÂÎÊ

Îäåðæàíà â òåîðåì³ 1 ³íòåãðàëüíà îö³íêà (8) îçíà÷àº, ùî ìåòîä ïåðåòâîðåííÿ
Êåë³ (4) ìàº ñòåïåíåâó øâèäê³ñòü çá³æíîñò³ òà âëàñòèâ³ñòü íåíàñè÷åííÿ
òî÷íîñò³ â ñåíñ³ Ê. Áàáåíêà [5], òîáòî øâèäê³ñòü çá³æíîñò³ ìåòîäó àâòîìà-
òè÷íî çàëåæèòü â³ä ãëàäêîñò³ âõ³äíèõ äàíèõ (ùî êðàù³ äèôåðåíö³àëüí³ âëàñ-

òèâîñò³ ïî÷àòêîâîãî âåêòîðà x D A0 � ( )� , òî âèùîþ º òî÷í³ñòü ìåòîäó).

Ó òåîðåì³ 2 äîâåäåíî, ùî îö³íêà (8) º íåïîêðàùóâàíîþ çà ïîðÿäêîì N .
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V. L. Makarov, N. V. Mayko, V. L. Ryabichev
UNIMPROVABLE ERROR ESTIMATES OF THE CAYLEY TRANSFORM METHOD
FOR THE OPERATOR EXPONENTIAL FUNCTION IN A HILBERT SPACE

Abstract. We obtain the error estimate of the Cayley transform method for solving the abstract
Cauchy problem for the first-order differential equation with an unbounded operator coefficient
in a Hilbert space. The estimate indicates that our method has a power rate of convergence
which automatically depends on the smoothness of the initial data (i.e., our method is
a method without saturation of accuracy). Moreover, we substantiate that the estimate is
unimprovable in the order of N (the discretization parameter N characterizes the number of
summands in the partial sum for the approximate solution).

Keywords: differential equation, Cauchy problem, operator exponential function, Hilbert space,
Cayley transformation, error estimate.
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