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ÍÅÊÎÒÎÐÛÅ ÇÀÄÀ×È ÄËß ÌÎÄÅËÈ ÊËÀÐÊÀ.
II. ÐÅØÅÍÈÅ ÇÀÄÀ×È Ð. ÌÅÐÒÎÍÀ1

Êëþ÷åâûå ñëîâà: ñòîõàñòè÷åñêèé èíòåãðàë ïî ïóàññîíîâñêîé ìåðå, óðàâíå-
íèå Áåëëìàíà, îïòèìàëüíîå óïðàâëåíèå.

ÂÂÅÄÅÍÈÅ

Â äàííîé ðàáîòå íà îñíîâàíèè ðàññìîòðåííîé â ïåðâîé ÷àñòè íàñòîÿùåé ñòàòüè
ìàòåìàòè÷åñêîé ìîäåëè ýâîëþöèè àêöèé ðàññ÷èòûâàþòñÿ îïòèìàëüíûå óïðàâëå-
íèÿ â øèðîêî èçâåñòíîé çàäà÷å èíâåñòèðîâàíèÿ Íîáåëåâñêîãî ëàóðåàòà ïî ýêî-
íîìèêå Ð. Ìåðòîíà. Â êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè ýâîëþöèè àêöèé âçÿòà
ìîäåëü Êëàðêà èç ïåðâîé ÷àñòè ðàáîòû [20] (ññûëêè è íóìåðàöèÿ ñîõðàíåíû).

3. ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×È Ð. ÌÅÐÒÎÍÀ

Ïóñòü �( )t — êàïèòàë èíâåñòîðà íà ìîìåíò âðåìåíè t T�[ , ]0 , �( )0 — íà÷àëü-
íûé åãî êàïèòàë. Èíâåñòîð óïðàâëÿåò ñâîèì êàïèòàëîì ñëåäóþùèì îáðàçîì:

— óïðàâëåíèå u�[ ; ]0 1 — äîëÿ êàïèòàëà, êîòîðûé âêëàäûâàåòñÿ â àêöèè;
—1 0 1� �u [ ; ] — äîëÿ êàïèòàëà, êîòîðûé âêëàäûâàåòñÿ íà áàíêîâñêèé ñ÷åò;
— u t x1 ( , ) — ñêîðîñòü ïîòðåáëåíèÿ íà ìîìåíò âðåìåíè t T�[ , ]0 , åñëè êàïè-

òàë èíâåñòîðà íà ýòîò ìîìåíò ðàâåí x .

Óðàâíåíèå äëÿ ýâîëþöèè öåíû àêöèè S t( ) , 0 � �t T , èìååò âèä [20]
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Tîãäà ïðèðàùåíèå öåíû àêöèè îïðåäåëèòñÿ ôîðìóëîé
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Â äåíåæíîì èñ÷èñëåíèè äîëÿ ñðåäñòâ u�[ ; ]0 1 ñîñòàâèò ñóììó u t�( ) . Íà ýòó

ñóììó ìîæíî êóïèòü
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øòóê àêöèé, âêëàä â áàíê ñîñòàâèò ñóììó

( ) ( )1� u t� . Ïîñêîëüêó u t x1 ( , ) — ñêîðîñòü ðàñõîäîâàíèÿ ñðåäñòâ â ìîìåíò âðå-
ìåíè t ïðè êàïèòàëå x, òî ðàñõîä ñðåäñòâ çà âðåìÿ [ ; ]t t t� � ñîñòàâèò ïðèáëè-
çèòåëüíî u t t t1 ( , ( ))� � . Òîãäà ñïðàâåäëèâî «ïðèáëèçèòåëüíîå» ðàâåíñòâî
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Ââåäåì ñëåäóþùóþ ñîâîêóïíîñòü óñëîâèé:

• u t x u t x C t x1 10( , ): ( , ) ( )� � � ��;
• ôóíêöèÿ u t x1 ( , ) íåïðåðûâíà ïî t;

• ïðîèçâîäíûå
�

�

�

�

u

x

u

x

1
2

1

2
, íåïðåðûâíû ïî ñîâîêóïíîñòè

àðãóìåíòîâ è îãðàíè÷åíû;

• e C s dss

t

T
�� � �� � ( ) , 0 � �t T , 0� � ��� ;

• 0� � � ��C s C t( ) ( ) , 0� � �s t T .

Îáîçíà÷èì R êëàññ ôóíêöèé, óäîâëåòâîðÿþùèé óñëîâèÿì (42). Âåçäå
â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òî ñêîðîñòü ïîòðåáëåíèÿ u t x1 ( , ) ïðèíàäëå-
æèò ýòîìó êëàññó ôóíêöèé.

Ýòèõ îãðàíè÷åíèé äîñòàòî÷íî, ÷òîáû ïðîöåññ � t x s, ( ) , 0 � � �t s T , ïðè íà÷àëü-
íîì óñëîâèè � t x t x, ( ) � � 0 äëÿ âñåõ 0 � � �t s T , îñòàâàëñÿ ïîëîæèòåëüíûì. Ñëåäóåò

çàìåòèòü (ñì. [18 , ëåììà 2, ñ. 486]), ÷òî ôóíêöèÿ u t x1 ( , ) � M[ ( , ( ))],u s st x1 � � ,

0 � � �t s T , äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà ïî x è äèôôåðåíöèðóåìà ïî t .

4. ÐÀÑ×ÅÒ ÎÏÒÈÌÀËÜÍÛÕ ÓÏÐÀÂËÅÍÈÉ ÄËß ÑËÓ×Àß 0 1� ��

Ïðåäïîëàãàåì, ÷òî âûïîëíÿåòñÿ ñîâîêóïíîñòü óñëîâèé (42). Ñëó÷àé 0 1� ��
ñîîòâåòñòâóåò ïîâåäåíèþ èíâåñòîðà, íå ñêëîííîãî ê ðèñêó.

Ââåäåì ôóíêöèîíàë êà÷åñòâà
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V t x V t x u u e
u u u u

s( , ) max ( , , , ) max
, ,

�
� � �� � � ��

�

0 1
1

0 11 1

= M � [ ( , ( ))] ,,u s s dst x

t

T

1 0 1� ��� � � .

Ñîñòàâèì óðàâíåíèå Áåëëìàíà [ ]19 äëÿ ýòîãî ôóíêöèîíàëà êà÷åñòâà:

� � � � � � � � �
�
�
	


	

�V V x u u r u e ut
u u

x
tmax [ ( ( ) ) ]

, 1

1 1 1
� � �

� � � � � � �
��

��
���

	

� � �[ ( , ( )) ( , ) ( )]V t x xu e V t x V xu e ex1 1
1

2

2 2d�
�
�
	


	
, V T x( , ) � 0. (43)

Îò ïðàâîé ÷àñòè ðàâåíñòâà (43) âîçüìåì ïðîèçâîäíóþ ïî u1, ïîëó÷èì
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Åñëè ôóíêöèîíàë V t x( , ) íàõîäèòñÿ â âèäå
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Îäíàêî ïîñêîëüêó
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ïðàâàÿ ÷àñòü (43) áóäåò èìåòü ìàêñèìóì äëÿ ëþáîãî ôèêñèðîâàííîãî çíà÷åíèÿ
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2 2 � �� ( )1 u r, (46)

òîãäà äëÿ íàõîæäåíèÿ îïòèìàëüíîãî óïðàâëåíèÿ u èìååì óðàâíåíèå
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Ðàññìîòðèì âòîðóþ ïðîèçâîäíóþ íà ïðîìåæóòêå 0 1� �u :
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òî íà ïðîìåæóòêå 0 1� �u âòîðàÿ ïðîèçâîäíàÿ ìåíüøå íóëÿ è, ñëåäîâàòåëüíî, íà

ïðîìåæóòêå 0 1� �u ôóíêöèÿ f u( ) âûïóêëà ââåðõ, ïîýòîìó èìååò ìàêñèìóì.

Èç (47) ñëåäóåò

f
r

� �
�

�( )0 0
�

�
,

f e e
r

e� � � �
�

� ��( ) ( )1 1
2 22 1 2� � �

�
.

Òîãäà åñëè f � �( )1 0 , òî êîðíåì óðàâíåíèÿ (47) åñòü u* ( , )� 0 1 ; åñëè $ %f � �1 0 ,

òî ôóíêöèÿ íà ïðîìåæóòêå [0, 1] âîçðàñòàåò. È ïîñêîëüêó èç (46) âûòåêàåò

f r( )0 � � , (49)
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òî ïðè 0 1� �u* ìàêñèìóìîì áóäåò f u( )* ; åñëè u* � 0 , òî â ñèëó (49) ìàêñè-

ìóìîì áóäåò f r( )0 � � ; åñëè 1� u* , òî â ñèëó (49) ìàêñèìóìîì áóäåò

f e e( ) ( [ ])/1 1 1
2 2� � � � �� � ��� .

Ïîäñòàâëÿÿ îïòèìàëüíûå óïðàâëåíèÿ â óðàâíåíèå Áåëëìàíà, ïîëó÷àåì äèô-
ôåðåíöèàëüíîå óðàâíåíèå äëÿ g t( ):
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2

) � 0 . (50)

Òàê êàê u* íå çàâèñèò îò t , òî ïîëîæèì

( ( ) )* *u u r B�� � �1 ,

[( ( )) ( )]* *1 1 1 1
1
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� . (51)

Òîãäà óðàâíåíèå (50) ïðèìåò âèä

g t g t B C g t e
t� � � � � �( ) ( )( ) ( ) ( )

(� � � ���
 � ����

1 , g T( ) � 0 .

Ñäåëàåì çàìåíó

h t g t e g t h t et t( ) [ ( ) ] , ( ) [ ( )]( )� � �� �� � ��� � �1

� � � � � �� � � �g t h t h t e h t et t( ) ( )[ ( )] ( ) [ ( )]1 1� �� � � � .
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Â ðåçóëüòàòå ïîëó÷èì
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Òîãäà îïòèìàëüíîå óïðàâëåíèå èìååò âèä
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Åñëè â (52) � �B C� � � 0 , òî

h t h T� � � �( ) , ( )1 0 0,

h t t C h T T C C T h t T t( ) , ( ) , ( )� � � � � � ' � � �2 2 2 .
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g t h t e T t et t( ) [ ( )] ( )� � �� � � �1 1� � � � , u x g t e x T tt
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1 1* (
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V t x x T t e t( , ) ( )� � � �� � �1 .

Ïîñëåäíèé ðåçóëüòàò ìîæíî ñôîðìóëèðîâàòü â âèäå ñëåäóþùåãî óòâåðæäåíèÿ.

Òåîðåìà 2. Ïðåäïîëîæèì, ÷òî ýâîëþöèÿ öåíû àêöèè îïèñûâàåòñÿ ïðî-

öåññîì (40), u*— êîðåíü óðàâíåíèÿ (47). Òîãäà ïðè 0 1� �u* ; u* � 0 ;

1� u*ìàêñèìóì ôóíêöèîíàëà êà÷åñòâà áóäåò ñîîòâåòñòâåííî äîñòèãàòüñÿ

ïðè u u� * ; u � 0 ; u �1 , çäåñü u — îïòèìàëüíàÿ äîëÿ âëîæåíèé â àêöèè, îñòà-
òîê (äîëÿ) 1� u âêëàäûâàåòñÿ íà áàíêîâñêèé ñ÷åò, ïðè ýòîì îïòèìàëüíîå ïî-
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òðåáëåíèå îïðåäåëèòñÿ êàê

1) u t x x
B C

e

B C
T t

1
1

1

1
1( , )

( )

�
� �

�
�

�

�

�
�
�

�

�

�
�
�

� �

�
�

�

� �

�

� �

� , åñëè � �B C� � & 0 ,

2) u t x x T t1
1( , ) ( )� � � , åñëè � �B C� � � 0,

à öåíà óïðàâëåíèÿ ðàâíà

1) V t x x
B C

e

B C
T t

( , )
( )

�
�

� �

�

�
�

�

�
� �

�

�

�
�
�

�� � �

�
�

�
� � �

��

� �

1
1

1
1

�

�
�
�

�

�

1 �

�e t ,

åñëè � �B C� � & 0,

2) V t x x T t e t( , ) ( )� � � �� � �1 , åñëè � �B C� � � 0 , ãäå

B u u r� � �( ( ) )� 1 ,

C u e u e e d� � � � � �
��

��
��� �

	
�� � � �[( ( )) ( )]1 1 1 1

1

2

2 2 .

5. ÐÀÑ×ÅÒ ÎÏÒÈÌÀËÜÍÛÕ ÓÏÐÀÂËÅÍÈÉ ÄËß ÑËÓ×Àß � � 1

Ïðåäïîëàãàåì, ÷òî âûïîëíÿåòñÿ ñîâîêóïíîñòü óñëîâèé (42). Ñëó÷àé � �1 ñîîò-
âåòñòâóåò ïîâåäåíèþ èíâåñòîðà, íåéòðàëüíîãî ê ðèñêó. Ôóíêöèîíàë êà÷åñòâà
ïðè � �1 ïðèìåò âèä

V t x u u e u s s dss
t x

t

T

( , , , ) [ ( , ( ))],1 1= M ��
�

�
�
�

�

�
�
�

� � . (54)

Öåëü óïðàâëåíèÿ — íàéòè u u s x, ( , )1 , äîñòàâëÿþùèå ìàêñèìóì ôóíêöèîíà-
ëà êà÷åñòâà

V t x V t x u u e
u u u u

( , ) max ( , , , ) max [
, ,

�
� � �� � � ��

�

0 1
1

0 11 1

= M �s
t x

t

T

u s s ds[ ( , ( ))] ],1 �� . (55)

Ñîñòàâèì óðàâíåíèå Áåëëìàíà [ ]19 äëÿ ýòîãî ôóíêöèîíàëà êà÷åñòâà:

� �� � � � � � � �
�
�
	


	

�V V x u u r u e Vt
u u

x
t

xmax ( ( ) )] ( )
, 1

1 1� �

� � � � � � �
��

��
���

	

� � �[ ( , ( )) ( , ) ( )]V t x xu e V t x V xu e ex1 1
1

2

2 2d�
�
�
	


	
,

V T x( , ) � 0 .

(56)

Ðàññìîòðèì âûðàæåíèå u e Vt
x1 ( )� � �� . Âûðàæåíèå â ñêîáêàõ ( )e Vt

x
� � �� íàçû-

âàåòñÿ óïðàâëÿþùèì. Çàìåòèì, ÷òî ïðè t T� �0 âûðàæåíèå u e Vt
x1 ( )� � �� ïðèíè-

ìàåò ìàêñèìàëüíîå çíà÷åíèå ïðè ìàêñèìàëüíîì ïîòðåáëåíèè u C t x1 � ( ) . Äåéñòâè-

òåëüíî, òàê êàêV T x( , ) � 0 , òî � ��Vx t T| 0 è â ñèëó íåïðåðûâíîñòè � �� �Vx t T| 0 0 .

Ïðè ìàêñèìàëüíîì ïîòðåáëåíèè ïëàòåæíàÿ ôóíêöèÿ (55) ïðèìåò âèä

V t x e C s s ds e C
u

s
t x

t

T

u

s( , ) max ( ) ( ) max,� �
� �

�

� �

��
0 1 0 1

M � �� ( ) ( ),s s dst x

t

T

M�� . (57)
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Äëÿ íàõîæäåíèÿ M� t x s, ( ) ïîäñòàâèì â áàëàíñîâîå óðàâíåíèå (41) ìàêñè-
ìàëüíîå ïîòðåáëåíèå u C s x1 � ( ) . Ïîëó÷èì

d s s u u r C s ds u e d dt x t x� � � � ��
, ,( ) ( )(( ( ) ( )) [ ] ~ ( ,� � � � � �1 1 s))

��

��

� , � t x t x, ( ) � . (58)

Îòñþäà

M M( ( )) ( ( )(( ( ) ( )) [ ]~, ,d s s u u r C s ds u et x t x� � � ��� � � � � �1 1 ( , )))d ds�

��

��

� ,

M� t x t x, ( ) � . (59)

Â ðåçóëüòàòå ïîëó÷àåì

d s s u u r C s ds t xt x t x t xM M M� � � �, , ,( ) ( )(( ( ) ( )) ), ( )� � � � �1 . (60)

Ðåøèì ýòî óðàâíåíèå

M� � � �t x

t

s

s x u u r C d, ( ) exp ( ( ) ( ))� � � �
�
�
	


	

�
�
	


	
� 1 . (61)

Ïîäñòàâëÿÿ âûðàæåíèå (60) â (56), ïîëó÷àåì

V t x x e C s u u r C d
u

s

t

s

( , ) max ( )exp ( ( ) ( ))� � � �
�
�

� �

� �
0 1

1� � � �
	


	

�
�
	


	
� ds

t

T

. (62)

Òàê êàê �� r , òî äëÿ äîñòèæåíèÿ ìàêñèìóìà î÷åâèäíî, ÷òî íàäî âûáðàòü
u �1; òîãäà çíà÷åíèå ôóíêöèîíàëà êà÷åñòâà áóäåò îïðåäåëÿòüñÿ âûðàæåíèåì

V t x x e C s C d dss

t

s

t

T

( , ) ( )exp ( ( ))� �
�
�
	


	

�
�
	


	
�� �� � � � �

� �
�
�
	


	

�
�
	


	

� � ��xe e C s C d dst s

t

s

t

T
� � � � �( ) ( )exp ( ) (63)

ïðè óïðàâëåíèè u �1 , u s x C s x1 ( , ) ( )� .
Ïîëó÷åíî çíà÷åíèå ôóíêöèîíàëà êà÷åñòâà, êîãäà óïðàâëÿþùåå âûðàæåíèå

e Vt
x

� � �� áîëüøå íóëÿ. Ðàññìîòðèì ñëó÷àé, êîãäà óïðàâëÿþùàÿ ñêîáêà ìåíÿåò

çíàê. Òîãäà î÷åâèäíî, ÷òî ïðè e Vt
x

� � ��� 0 âûðàæåíèå u e Vt
x1 ( )� � �� ïðèìåò ñâîå

ìàêñèìàëüíîå çíà÷åíèå ïðè ìèíèìàëüíîì ïîòðåáëåíèè, ò.å. u s x1 0( , ) � .

Ïóñòü ñóùåñòâóåò òàêàÿ òî÷êà ïåðåêëþ÷åíèÿ t t T1 �( , ) , ÷òî e V
t

x
� � � �� 1 0 .

Òîãäà íà ïðîìåæóòêå [ , ]t t1 ïîòðåáëåíèå ñîñòàâèò u s x1 0( , ) � , à íà ïðîìåæóòêå
[ , ]t T1 ìàêñèìàëüíîå çíà÷åíèå ñîñòàâèò u s x C s x1 ( , ) ( )� , ãäå 0 1� � �t t T .

Ôóíêöèîíàë êà÷åñòâà (55) èìååò âèä

V t x e u s s ds
u u

s
t x

t

T

( , ) max [ ( , ( ))]
,

,� �
� � ��

��
0 1

1
1

M � �

� ( � �� ���M Me ds e C s ss s
t t

t

T

t

t

t x

� �
��0

1 1

1

1

( ) ( ), ( ),

� �� e C s s dss
t t

t

T

t x

�
��( ) ( ), ( ),

M
1 1

1

, (64)

ãäå
M M{M }� � ��t t t x t xt x

s s t x
1 1 1 1 1 1, ( ) , ,,

( ) ( ) / ( )� � �
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� � � �
�
�
	


	

�
�
	


	

�
�
	


	
�M � � � �t x

t

s

t u u r C d, ( )exp ( ( ) ( ))1 1

1

�
�
	


	
�

� � � �
�
�
	


	

�
�
	


	
�M� � � �t x

t

s

t u u r C d, ( )exp ( ( ) ( ))1 1

1

. (65)

Íàéäåì M� t x t, ( )1 . Äëÿ ýòîãî ðåøèì áàëàíñîâîå óðàâíåíèå (41) íà ïðîìåæóò-
êå [ , ]t t1 :

d s s u u r ds u e d dst x t x� � � � ��
, ,( ) ( )(( ( ) ) [ ]~ ( , )� � � � �

��

�

1 1

�

� �), ( ),� t x t x . (66)

Îòñþäà àíàëîãè÷íî (61) ïîëó÷àåì

M� � � �t x

t

s

s x u u r d x u, ( ) exp ( ( ) ) exp{( (� � �
�
�
	


	

�
�
	


	
� �� 1 1� �u r s t) )( )} , (67)

òîãäà

M� �t x t x u u r t t, ( ) exp{( ( ) )( )}1 11� � � � . (68)

Ïîäñòàâëÿÿ íàéäåííûå âûðàæåíèÿ â (64), ïîëó÷àåì

V t x e C s s dss
t t

t

T

t x
( , ) ( ) ( ), ( ),

� ��� �
��M

1 1

1

� � � � � � ��x u u r t t e C s u u r Csexp{( ( ) )( )} ( )exp ( ( ) ( )� � ��1 11 )d ds

t

s

t

T

�

11

��
�
�
	


	

�
�
	


	
. (69)

Òàê êàê �� r , òî äëÿ äîñòèæåíèÿ ìàêñèìóìà ñëåäóåò âûáðàòü u �1; òîãäà
çíà÷åíèå ôóíêöèîíàëà êà÷åñòâà îïðåäåëèòñÿ ôîðìóëîé

V t x x t t e C s C ds

t

s

( , ) exp{ ( )} ( )exp ( ( ))� � �
�
�
	


	

� �� � � ��
1

1

�
�
	


	
�� ds

t

T

1

� �
�
�
	


	

�
�
	


	

� � ��xe e C s C d dst s

t

s

t

T
� � � � �( ) ( )exp ( )

11

(70)

ïðè óïðàâëåíèè u �1 , u s x( , ) � 0 ïðè s t t u s x C s x� �[ , ), ( , ) ( )1 ïðè s t T�[ , ]1 .

Èñõîäÿ èç òîãî, ÷òî â òî÷êå t1 óïðàâëÿþùåå âûðàæåíèå ðàâíî íóëþ, ïîëó÷àåì

e e e C s C d ds
t t s

t

s

t

� � �� �
�
�
	


	

�
�
	


	
�

� � � � � �1 1

11

( ) ( )exp ( )

T

� ,

e e C s C d ds
t s

t

s

t

T
( ) ( ) ( )exp ( )
� � � � � �� �� �

�
�
	


	

�
�
	


	
��1

11

. (71)

Tîãäà, ïîäñòàâëÿÿ (70) â (69), èìååì

V t x xe et t
( , )

( )� � �� � � 1 . (72)

Ïðåäïîëîæèì, ÷òî òàêèõ òî÷åê ïåðåêëþ÷åíèÿ íåñêîëüêî, ò.å. ïîìèìî t1 ñó-

ùåñòâóåò òî÷êà t t t2 1�( , ) òàêàÿ, ÷òî e V
t

x
� � � �� 2 0 . Òîãäà, îïðåäåëèâ ïðîèçâîä-
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íóþ �Vx èç (72) è ïîäñòàâèâ åå, ïîëó÷èì

e e e
t t t� � �� �� � � �2 2 1 0

( )
;

e e t t
t t( ) ( )� � � �� �� ' �2 1

2 1 , (73)

÷òî ïðîòèâîðå÷èò ïîñòðîåíèþ òî÷êè t2 . Ñëåäîâàòåëüíî, ñóùåñòâóåò òîëüêî
îäíà òî÷êà ïåðåêëþ÷åíèÿ t1 .

Òåîðåìà 3. Ïðåäïîëîæèì, ÷òî ýâîëþöèÿ öåíû àêöèè îïèñûâàåòñÿ ïðîöåñ-
ñîì (40), t t T1 �( , ) — êîðåíü óðàâíåíèÿ (71). Òîãäà îïòèìàëüíàÿ äîëÿ âëîæåíèÿ
â àêöèè ñîñòàâëÿåò u �1, îñòàòîê (äîëÿ) 1� u âêëàäûâàåòñÿ íà áàíêîâñêèé ñ÷åò,
ïðè ýòîì îïòèìàëüíîå ïîòðåáëåíèå ñîñòàâëÿåò

1) u s x1 0( , ) � íà ïðîìåæóòêå [ , )t t1 ;

2) u s x C s x1 ( , ) ( )� íà ïðîìåæóòêå [ , ]t T1 ,

öåíà óïðàâëåíèÿ ñîñòàâëÿåò

V t x xe e C s C d dst s

t

s

t

( , ) ( )exp ( )( )� �
�
�
	


	

�
�
	


	

� � �� � � � �

11

T

� .

6. ÐÀÑ×ÅÒ ÎÏÒÈÌÀËÜÍÛÕ ÓÏÐÀÂËÅÍÈÉ ÄËß ÑËÓ×Àß � � 1

Ïðåäïîëàãàåì, ÷òî âûïîëíÿåòñÿ ñîâîêóïíîñòü óñëîâèé (42). Ñëó÷àé � �1 ñîîòâå-
òñòâóåò ïîâåäåíèþ èíâåñòîðà, ñêëîííîãî ê ðèñêó. Ôóíêöèîíàë êà÷åñòâà ïðè
� �1 èìååò âèä

V t x u u e u s s dss
t x

t

T

( , , , ) [ [ ( , ( ))] ],1 1= M �� � �� . (74)

Öåëü óïðàâëåíèÿ — íàéòè u u s x, ( , )1 , äîñòàâëÿþùèå ìàêñèìóì ôóíêöèîíàëà
êà÷åñòâà

V t x V t x u u e
u u u u

s( , ) max ( , , , ) max
, ,

�
� � �� � � ��

�

0 1
1

0 11 1

= M � [ ( , ( )],u s s dst x

t

T

1 � ��
�

�
�
�

�

�
�
�

. (75)

Ñîñòàâèì óðàâíåíèå Áåëëìàíà [ ]19 äëÿ ýòîãî ôóíêöèîíàëà êà÷åñòâà:

� � � � � � � � � �
�
�
	


	

�V V x u u r u e u Vt
u u

x
s

xmax [ ( ( ) )]
, 1

1
1 1� � �

� � � � � � �
��

��
���

	

� � �[ ( , ( )) ( , ) ( )]V t x xu e V t x V xu e ex1 1
1

2

2 2d�
�
�
	


	
, (76)

V T x( , ) � 0 .

Ðàññìîòðèì âûðàæåíèå u e u Vt
x1 1

1� � �( )� �� � . Ëåãêî óâèäåòü, ÷òî ïðè

t T� �0 âûðàæåíèå u e u Vt
x1 1

1� � �( )� �� � ïðèíèìàåò ìàêñèìàëüíîå çíà÷åíèå â

ñëó÷àå ìàêñèìàëüíîãî ïîòðåáëåíèÿ u C t x1 � ( ) . Äåéñòâèòåëüíî, òàê êàê

V T x( , ) � 0 , òî V x t T� ��| 0 è â ñèëó íåïðåðûâíîñòè � �� �Vx t T| 0 0 .

Ïðè ìàêñèìàëüíîì ïîòðåáëåíèè ïëàòåæíàÿ ôóíêöèÿ (75) ïðèìåò âèä

V t x e C s s ds e
u

s
t x

t

T

u
( , ) max ( ( ) max,� �

� �

�

� �

��
0 1 0 1

M � � � �
 � s
t x

t

T

C s s ds� ��( ( ),)M� . (77)
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Íàéäåì M st x��
, ( ) . Äëÿ ýòîãî ïîäñòàâèì â áàëàíñîâîå óðàâíåíèå (41) ìàêñè-

ìàëüíîå ïîòðåáëåíèå u C s x1 � ( ) . Ïîëó÷èì

d s s u u r C s ds u e d dt x t x� � � � ��
, ,( ) ( )(( ( ) ( )) [ ]~ ( ,� � � � � �1 1 s))

��

��

� , � t x t x, ( ) � . (78)

Èç (78) ñ èñïîëüçîâàíèåì îáîáùåííîé ôîðìóëû Èòî [ ]14 ïîëó÷èì

d s u u r C s dst x t x� �� �� �
, ,( ) ( ( ) ( ))� � � � �1

� � � � � �
��

��
���� �

	
�� � � � �

t x s u e u e e d, ( ) (( ( )) ( ))1 1 1 1
1

2

2 2 ds�

� � � � �
��

��

�� � � �� � � � �
t x t xu e d ds t x, ,(( ( )) )~ ( , ), ( )1 1 1 . (79)

Îòñþäà

d s s u u r C s dst x t xM M� � �� �
, ,( ) ( ) ( ( ) ( ))� � � � �

�

�

 
 

1

� � � � � �
�

�

 
 

!
�

��

��

�� �
	

�� � � �(( ( )) ( )) )1 1 1 1
1

2

2 2u e u e e d ds

"

#
#

!

"

#
# , M�� �

t x t x, ( ) � . (80)

Â ðåçóëüòàòå ðåøåíèÿ ýòîãî óðàâíåíèÿ èìååì

M� � � �� �
t x

t

s

s x u u r C b u d, ( ) exp ( ( ) ( ) ( ))� � � � �
�
�
	


	

�
�
	



� 1

	
, (81)

ãäå b u u e u e e d( ) (( ( )) ( ))� � � � � �
�

�

 
 

�

��

��

�� �
	

�� � � �1 1 1 1
1

2

2 2
!

"

#
#

.

Ïîäñòàâëÿÿ ïîëó÷åííîå âûðàæåíèå (81) â (77), ïîëó÷àåì

V t x x e C s u u r C b u
u

s( , ) max ( )exp ( ( ) ( ) ( ))� � � � �
� �

�� � � � �
0 1

1 d ds

t

s

t

T

���
�
�
	


	

�
�
	


	
. (82)

Ðàññìîòðèì ôóíêöèþ f u u e u e( ) ( ( )) ( )� � � � � �1 1 1 1� � �� . Ïðîäèôôåðåíöè-

ðóåì ïî u è ïîëó÷èì

( ) (( ( ) ) )e e u� � ��� � � � )�1 1 1 1 01 . (83)

Ñëåäîâàòåëüíî, b u( ) âîçðàñòàåò ïî u .
Äàëåå, ñ ó÷åòîì �� r ïîëó÷àåì, ÷òî äëÿ äîñòèæåíèÿ ìàêñèìóìà íàäî âû-

áðàòü u �1 , òîãäà ôóíêöèîíàë êà÷åñòâà îïðåäåëèòñÿ óðàâíåíèåì

V t x x e C s C b d ds

t

s

( , ) ( )exp ( ( ) ( ))� � �
�
�
	


	

�
�
	


	

� �� � � � � �1 s

t

T

� �

� � � �
�
�
	� � �x b t e C s C db s

t

s

exp{ ( ( )) } ( )exp ( )( ( ) )� � �� � �1 1


	

�
�
	


	
� ds

t

T

, (84)

ãäå

b e e e d e( ) ( ( ))1 1 1
1

2

2 22 2� � � �
�

�

 
 

!

"

#
#
��

��

��

�� �
	

� ��� � � � � � ��
�
 

!
"
#�1 1 0� ( )e

ïðè óïðàâëåíèè u s x C s x1 ( , ) ( )� .
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Ðàññìîòðèì âûðàæåíèå u u e Vt
x1 1

1( )� �� � � � . Î÷åâèäíî, ÷òî åñëè óïðàâëÿþùåå

âûðàæåíèå ( )u e Vs
x1

1� �� � � � äëÿ âñåõ s t t�[ , )1 ìåíüøå íóëÿ, òî íóæíî âûáðàòü ìè-

íèìàëüíîå ïîòðåáëåíèå u s x1 0( , ) � . Òîãäà ñóùåñòâóåò òî÷êà ïåðåêëþ÷åíèÿ

t t T1 �( , ) òàêàÿ, ÷òî u e V
t

x1
1 1 0� �� � � � � , è íà ïðîìåæóòêå [ , ]t t1 ïîòðåáëåíèå

u s x1 ( , ) ðàâíî íóëþ, à íà [ , ]t T1 ïîòðåáëåíèå ìàêñèìàëüíîå: u s x C s x1 ( , ) ( )� , ãäå
0 1� � �t t T . Ââèäó òîãî, ÷òî â òî÷êå t1 óïðàâëÿþùåå âûðàæåíèå ðàâíà íóëþ,
ïîëó÷àåì

C t x e
t� � �� � � �1

1
1 1( )

� � � �� � �� � � �� � � �x b t e C s C db s

t

1
1

11exp{ ( ( )) } ( )exp ( )( ( ) )

11

0

s

t

T

ds��
�
�
	


	

�
�
	


	
� ;

1 1
1

1 11

�
�� � � � � �C t e e C s C d

b t b s� � � � �� �( ) ( )exp ( )
( ( ) ) ( ( ) ) �

t

s

t

T

ds

11

��
�
�
	


	

�
�
	


	
. (85)

Ðàññìîòðèì ôóíêöèîíàë êà÷åñòâà (75):

V t x e u s s ds
u u

s
t x

t

T

( , ) max [ ( , ( ))]
,

,� �
� � ��

��
0 1

1
1

M � ��

� ( �
� �

�

� �

��max max (
, ,0 1 0 1

0
1

1u

s

t

t

u

s

t
e ds e C s

t x

M M� � � �
�


�
( )

(
t

t

T

s ds
1

1

� 
� �

�
� �

��max ( (
, ( ),0 1 1 1

1

u

s

t t
t

T

e C s s ds
t x

� �
�

�
 � 
M , (86)

ãäå

M M M }� � �
�

� � � �
t t t x t x

t x

s s t x
1 1 1 1

1 1, ( ) , ,
,

( ) { ( ) / ( )� � �

� � � � �
�
�
	


	

�
�
	



�M � � � ��

t x

t

s

t u u r b u C d, ( ) exp ( ( ) ( ) ( ))1 1

1
	

�
�
	


	

�
�
	


	
�

� � � � �
�
�
	


	

�
�
	



�M� � � ��

t x

t

s

t u u r b u C d, ( )exp ( ( ) ( ) ( ))1 1

1
	

. (87)

Áàëàíñîâîå óðàâíåíèå (41) ïðèìåò âèä

d s s u u r ds u e d dst x t x� � � � ��
, ,( ) ( )(( ( ) ) [ ]~ ( , )� � � � �

��

�

1 1

�

� �), ( ),� t x t x . (88)

Àíàëîãè÷íî (78) ïîëó÷èì M��
t x t, ( )1 :

M� � �� �
t x

t

s

s x u u r b u d, ( ) exp ( ( ) ( ))� � � �
�
�
	


	

�
�
	


	
� 1 ,

M� �� �
t x t x u u r b u t t, ( ) exp{( ( ) ( ))( )}1 11� � � � � . (89)
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Òåïåðü, ïîäñòàâëÿÿ íàéäåííûå âûðàæåíèÿ (89) è (87) â (86), ïîëó÷àåì

V t x e C s s ds
u

s

t t
t

T

t x

( , ) max ( ( )
, ( ),

� �
� �

��
0 1 1 1

1

� �
�

��)M (90)

� �
� �

� � � � �max ( ) exp (
( ( ) ( ))( )

0 1

1 1

u

u u r b u t t sx e C s e u� � � � � ( ) ( ) ( )) .1

11

� � �
�
�
	


	

�
�
	


	
�� u r b u C d ds

t

s

t

T

� �

Ëåãêî çàìåòèòü, ÷òî ìàêñèìàëüíîå çíà÷åíèå äîñòèãàåòñÿ ïðè u �1 . Òîãäà
ïîëó÷àåì

V t x x e C s e b C d
b t t s( , ) ( ) exp ( ( ) ( ))

( ( ))( )� � �� � �� � � � � �1 1 1 �

t

s

t

T

ds

11

��
�
�
	


	

�
�
	


	
�

� �
�
�
	


	

� � � � �x e C s e C db t b s

t

s
� � � � � � �( ( )) ( ( ) )( ) exp ( )1 1

1

�
�
	


	
� ds

t

T

1

(91)

ïðè óïðàâëåíèè u �1; u s x( , ) � 0 ïðè s t t�[ , )1 ; u s x C s x( , ) ( )� ïðè s t T�[ , ]1 .
Äàëåå, ïîäñòàâëÿÿ (85) â (91), ïîëó÷àåì

V t x x e C t eb t b t
( , ) ( )( ( )) ( ( ) )� � � � � �1 1 1

1
1 1

�

� � � � �
. (92)

Ïóñòü òàêèõ òî÷åê ïåðåêëþ÷åíèÿ íåñêîëüêî, ò.å. ïîìèìî t1 ñóùåñòâóåò òî÷êà

t t t2 1�( , ) òàêàÿ, ÷òî u e V
t

x1
1 2 0� �� � � � � . Òîãäà, íàéäÿ ïðîèçâîäíóþ �Vx èç (92) è

ïîäñòàâèâ åå, ïîëó÷èì

C t x e x e C t e
t b t b� � � � � � �� � � � � � � ��1

2
1 1 1 1

1
12 2( ) ( )

( ( )) ( ( )� ��)t1 0 ,

C t e C t e
b t b t� � � � � �� � � � � ��1

2
1 1

1
12 1( ) ( )

( ( ) ) ( ( ) )
. (93)

Ïîñêîëüêó � �� �b( )1 , òî ïðè âoçðàñòàþùåé ôóíêöèè C s( ) âòîðîé òî÷êè ïå-
ðåêëþ÷åíèÿ ñóùåñòâîâàòü íå ìîæåò.

Òåîðåìà 4. Ïðåäïîëîæèì, ÷òî ýâîëþöèÿ öåíû àêöèè îïèñûâàåòñÿ ïðîöåñ-
ñîì (40) è C s( ) — âîçðàñòàþùàÿ ôóíêöèÿ; t t T1 �( , ) — êîðåíü óðàâíåíèÿ (85).
Òîãäà îïòèìàëüíàÿ äîëÿ âëîæåíèÿ â àêöèè áóäåò ñîñòàâëÿòü u �1 , îñòàòîê (äîëÿ)
1� u âêëàäûâàåòñÿ íà áàíêîâñêèé ñ÷åò, ïðè ýòîì îïòèìàëüíîå ïîòðåáëåíèå îïðå-
äåëÿåòñÿ êàê

1) u s x1 0( , ) � íà ïðîìåæóòêå [ , )t t1 ;
2) u s x C s x1 ( , ) ( )� íà ïðîìåæóòêå [ , ]t T1 ,

öåíà óïðàâëåíèÿ ðàâíà

V t x x e C s e C db t b s

t

s

( , ) ( ) exp ( )( ( )) ( ( ) )� �� � � �� � � � � � �1 1

1

��
�
�
	


	

�
�
	


	
ds

t

T

1

,

ãäå b e e( ) ( ( ))1 1 1
2 2� � � �� �� .

ÇÀÊËÞ×ÅÍÈÅ

Â êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè ýâîëþöèè ðèñêîâîãî àêòèâà áûë âçÿò
îäèí èç âàðèàíòîâ ìîäåëè Êëàðêà, ïðèâåäåíà àðãóìåíòàöèÿ â ïîëüçó âûáîðà
òàêîé ìîäåëè, äîêàçàíà åå áåçàðáèòðàæíîñòü. Áûëà ïîëó÷åíà îöåíêà ñíèçó äëÿ
âåðîÿòíîñòè íåðàçîðåíèÿ ñòðàõîâîé êîìïàíèè, ðàáîòàþùåé íà (B, S)-ðûíêå,
ò.å. â òîì ñëó÷àå, êîãäà êîìïàíèÿ èìååò âîçìîæíîñòü âêëàäûâàòü èìåþùèåñÿ
ñðåäñòâà êàê â ðèñêîâûå, òàê è â áåçðèñêîâûå àêòèâû. Ðàññìîòðåíà èçâåñòíàÿ
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çàäà÷à Ð. Ìåðòîíà — íàõîæäåíèå îïòèìàëüíûõ óïðàâëåíèé ïîòðåáëåíèåì è
ïîðòôåëåì èíâåñòîðà, ðàáîòàþùåãî íà (B, S)-ðûíêå ñ äàííûìè àêòèâàìè.
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