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HNEPEMEININBAIOIIAE CBOMCTBA OIIEPAIIWM,
ONPEJIEJIEHHBIX HA MHOXECTBE N-MEPHBIX BEKTOPOB
HAJI IPOCTBIM KOHEYHBIM ITOJIEM

AnHoTanms. [losyyeHbl pe3ysibTaThl, XapaKTEPU3YIOIIUE BIHMSHUE OINEPALUM IOPA3PsIHOIO
(MOIyIBHOTO) CIIOKEHHSI Ha MHOXKECTBE BEKTOPOB HaJ MPOCTHIM KOHEUHBIM IOJEM Ha CTPYKTY-
Py akToprpynmsl 1Mo onpeneNeHHOH MOArpyIIe OTHOCHTEIBHO ONEpaliyu MOAYJIBHOrO (Iopas-
PSTHOTO) CIIOXKEHHs Ha 3TOM e MHOxkecTBe. Iloka3aHo, 4TO MepeMenInBarolie CBOWCTBA Orle-
panuii MOIYJIEHOTO CIIOXKEHHS 3aBHUCAT OT BHEIOOpA MOATPYIIIEI OTHOCHUTENHHO OIEpalnyl Hopas-
PSAHOTO CIIOXKEHUS.

KiioueBble cJI0Ba: KOJBLO BBIYETOB, (haKTOPrpyIna, NepeMEIINBAIONIME CBOWCTBA ONEpaLHi,
OllepaLiK MOPA3PSIHOTO M MOIYJIBHOTO CIIOKCHHUS.

BBEJEHHUE

OpHOM M3 3a7ad COBPEMEHHOM NPHKIAJAHOW KpUOTOrpaduu SBISETCS CO3AaHUE
KpUnrorpaduueckux MPUMHUTHBOB, KOTOPBIE, C OJHOH CTOPOHBI, CTOMKHE K pa3ind-
HBIM COBPEMCHHBIM aTakaMm, a C JIpPYrodl — TPOCTHl M YAOOHBI B pealu3aluu.
[TosTOMy BO3HHKAaeT BOIIPOC O HAXOKIACHWM Takoro Habopa omepanuii Ha MHOXKeEC-
TBE p-MYHBIX (p — TMPOCTOE YHCII0) BEKTOPOB (OTKPBITBIX TEKCTOB), KOTOPHIE JIETKO
peanu3yloTcsl U HPOrPaMMHBIM, M allllapaTHBIM CIIOCOOOM, IPU 3TOM HMEIOT XOpo-
1IMe MepeMelInBalolue CBOMCTBa. UepenoBaHHUE OMepaluil ¢ TaKUMHU CBOMCTBaAMHU
obecrie4nBaeT CTOMKOCTh NMPUMHUTHBA K Pa3IM4YHBIM anreOpandecKuM M CTAaTHCTH-
YECKHM aTakam, 4TO IO3BOJISIET CTPOWUTH MPUMHUTHUBBI C NMPOCTOW M YAOOHOH 1Jist pe-
IM3alMU CTPYKTYPOH.

B paborte [1] momyyeHbl pe3ysibTaThl, XapaKTEPU3YIOLIHE TIEPEMENTHBAOIIIE CBOHCTBA
orepanyii B KOHEYHOM I10JIe, M TIOKa3aHo, YTO JICHCTBHUE OINEpaluy CIOKEHUs (YMHO-
JKEHUS) Ha SJIEMEHTHI KJIACCOB CMEKHOCTH OTHOCHUTENIBHO ONEPallii YMHOXKEHHUs (cI1o-
JKEHUS) CYIIECTBEHHO pa3pylIaeT CTPYKTYpPy COOTBETCTBYIOLIEH (haKTOPTPyIIIbL,
MIOATOMY HCIOJIb30BAHHE KOMITO3UIMH 3THX ONEPALUil MPU MOCTPOSCHUM AJITOPUTMA
mu(POBAHMS JICTAET €ro CTOWKAM K KPUIITOAHAIN3Y HAa OCHOBE TOMMOMOP(H3MOB.

B pabore [2], HanpoTHB, MMOKa3aHO, YTO CYIIECTBYET TaKoe pa3OHeHHe MHOXKEeC-
TBa Z,, Ha HEIEPECCKAIONNECs KIIACCHI, I KOTOPOTO KOMITO3HIIHS ONEpAIiii Mo-
JYJIBHOTO CIIOKEHHsI M OOpallleHus] HEe3HAYMTEIbHO pa3pylIaeT €ro CTPYKTYpY.

B pabotax [3, 4] cienaHbl BBIBOJbI, KOTOPBIE XapaKTEPU3YIOT IEPEMEIIHBAIO-
e CBOKCTBa oOImepanuii MoOWTOBOrO M MOMAYJBHOTO CIIOKEHHS, 33JaHHBIX Ha
OJIHOM HOCHTEJIE.

B pabore [5] momydeHsl pe3yiabTaTbl OTHOCHTEIBHO HAIMYHUS HETPUBUAIBHBIX
(aKTOPCTPYKTYp UL OIPEIeSIeHHBIX IPe0Opa30BaHUi aJAUTUBHBIX I'PYIII, B YACTHOCTH,
000011eH pe3ynbTar u3 [3, 4], Kacarouuiics CyIeCTBOBAHNSI MHBAPUAHTHBIX TOIPYIII
aJIUTUBHON TPYIIIBl KOJIbIIA ZZ,, U IOANPOCTPAHCTB JMHEHHOIO NpOCTpaHcTBa V.
OpHaKo B 3THX padOTax J0Ka3aHO TOJBKO CYIIECTBOBAHWE WHBAPHAHTHBIX MOJTPYIIL,
HO HE OMNpE/eNIEHbI BEPOSATHOCTH MOTMAaHNUS B PA3IIMIHBIE KJIACCHI CMEXHOCTH CYMMBI
3JIEMEHTOB, IPUHAJICKAIINX KIaccaM CMEKHOCTH 10 HEMHBAPHAHTHOM MOArpyIIIe.

B Hacrosiieii ctatbe 00001IeHBI pe3yabTaThl [3, 4] [Js oneparuii mopas3psIHoro
U MOJYJbHOTO clioxkeHus. IlokazaHo, 4TO B 3aBUCUMOCTH OT BbIOOpa MOIAIPYIIIbI
BV, (p) onepauus ClokKeHUs B Z,n MOXET KaK CYLIECTBEHHO paspyliaTh CTPYKTYpY
(axTOprpynisl Mo BEIOPaHHON MOATPYIIE, TaK W MOJHOCTBIO €€ COXPaHATh. Tarke
TI0Ka3aHO, 4TO Ul JI0OOH MOArpYIIbl B Z,n ONEPALHs OPA3PSIIAHOTO CIOKECHHSA
BCETJIa COXPAHSET CTPYKTYPY COOTBETCTBYIOIICH (HaKTOPrpPYIIIIBL.
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BCIIOMOTI'ATEJIbHBIE OBO3HAYEHHS U PE3YJbTATbBI

[Ipn gokazaTenbCTBE OCHOBHBIX PE3yJbTAaTOB HCIOIB3YeM cleayrommue 0003Ha-
deHUs M yTBepxkacHus. 3neck m panee (V,(p),®,) — MHOKECTBO BEKTOPOB
JUIMHBI 71 C Olepanueil MmopaspsiHOTO CIOKEHHUsS 0 MOJIYJII0 IPOCTOTO YHUCHIa p,
a (Zp,,,+) — aJUTUTUBHAS TPYyIIAa KOJbIA BEYETOB C OINCpPALUCH CIOKCHUS IO MO-

nymo p". KakmgoMmy nenomy gmciry zeZp,, IIOCTaBUM B COOTBETCTBHE BEKTOD

JUIMHBI 71, SIBJISIFOIIUICS. p-WYHBIM TPEJCTAaBIEHHEM 3TOro 4mcia. TakuMm o0pazom,
OTOXKAECTBUM MHOXecTBa Z , U V, (p). Llenoe 4ucio U COOTBETCTIBYIOIUHM eMy
P-VUYHBIA BEKTOp 00O03HA4YMM OJMHAKOBO.
Juis moboro ¢ >0 BBeneM clieayroniue 00O3HAYCHHUS:
1 1

S = —+——|; g, =1-s,.
t > 2pt q: t

O6o3HaueHne BUIA

0O --- 0 0 -0
by, | PA3PALIOB @y paspssioB by pazpsoB a) paspsnoB by pa3psiion
k k+1
HCIIOJB3YEM [JIA p-UIHOT'O BEKTOpAa IJIMHBI n=2al~ -‘eri, Y KOTOpOTO CJI€Ba
i=1 i=1
bk+1 IIPOM3BOJIBHBIX PA3PAA0B, AAJICC d) HYJICBBIX pPaspsaaoB WU T.A.
Jlemma 1. 1. JIro6oe TOAMHOXKECTBO MHOXECTBA V), ( p), UMEIOIIEe CTPYKTYPY

0 - 0 0 - 0 0 --- 0 ,
by, 1 PA3PSLIOB @y PA3PANOB by pa3psiioB ) pa3psnioB b, paspszioB  a; paspsinoB b pa3psanoB

k k+1

rue Zai + sz‘ =n,a;>0, b; >0, npu i=2,...,k; by 20, by,; 20, saBnsercs noa-
i=l1 i=1

rpymmoit B (V, (p),® ,);
2. Bce moarpynmsl B (Zp,,,+) UMEIOT CJIeIYIOIIYI0 CTPYKTYpy:

0 -+ 0 mua mekoroporo k =0,..., n.

n—k pa3panoB  k paspsiios
CrpaBeIuBOCTD I1. | IeMMBI OY€BH/IHA, & CIIPABEIIMBOCTD I1. 2 CIIEAYET U3 TOTO,
YTO Tpynmna (an ,4) SBISIETCS IUKIMYECKOU.

Jlemma 2. Ilycts:
a) CIyJaiHble BEJIMYMHBI X U ) HE3aBUCHMBI i PABHOBEPOSTHO PacIpeIeieHbl Ha
muoxectBe {0,...,a—1}, a € N, Torna

1) Px+y<a)=P(x+y2 a—l):1+i;
2 2a

1 .
o
2a
0) ciryJaiiHble BEJIMYUHBI X U Y HE3aBUCUMBI i PABHOBEPOSTHO PACIpPEICIICHbI Ha
rpyrre (Zp,, ,+), Toraa

2) P(x+y<a-1)=P(x+y> a)zé_

1 1
- —qn;P(xSy)zi—k

2p" 2p"
JokazareinbcTBo. Ilo dopmyrne NOmHOH BEpOSTHOCTH HMEEM AL MEPBOTO
YIBEpKAEHUS 1. a):

1

Px>y)= =s

n-

N | =
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a-1 a=1
P(x+y<a)= ZP(x+y< al y=i)-P(y=i)= ZP(x< a-i)-P(y=i)=
i=0 i=0

1 (a+1)a a+l

- 11 e _asl_1 1
fZP(x<a )= ZP(X<J) Z 22 2 2a 2 2a

AHaJOTUYHO JJIs1 BTOPOTO YTBEPXKICHHS M. ) MMEEM

a-l a-1
P(x+y< a—l)zZP(x+y< a—l/y:i)-P(y:i):ZP(x< a—i-1)-P(y=i)=
i=0 i=0
72P(x< a—l—l)—— ZP(x< ])_pr(Kj)_l 21
= ] 0 ] 1 a : a
_ 1 (@-D-a_a-1_1 1
a2 2 2a 2 2a

[Mockoabky P(x+y<a):1—P(x+y2a):%+2i nu Px+y<a-1)=1-
a

—P(x+y2a—1)=l—i, TO P(x-i—yZa)zP(x—i—y<a—l)zl—i n P(x+y=>
2 2a 2 2a

>a—-1)=P(x+y< a):%+$.

Hokaxkem yTtBepkaeHuss m. 0): o6ozHauum s=P(x> y). Torma P(x=y)=
n
=2 = L Haiinem s. Ucnonesyem tot ¢axt, yro P(x < y)=1—-P(x> y), oTcrona
p" P
Px< y)+P(x=y)=1-P(x> y).

IMockonmbky P(x> y)=P(x< y)=s, MOJIy4uM ypaBHEHHUE S+ 1 =1-s, oTKyna

pl’l
S=l— ! . Torma
2 2p"
1 | 1 1
P(x>y)=s=—— , Pk<y)=1-P(x>y)=1-s=1- =—+ .
2 2p" 2 2p" 2 2p"
1
B mnpuBeneHHbix 0003HaueHHAX P(x> y)=-—-— =q,, a Px<y=
2 2p"
o,
=3 2y =5,.
JlemMma nmokazaHa.
3ameuanue 1. [lycte Ha (Zp" ,+) ompereneHbl
A= A, A1 A, ,
l,, paspsioB [, | pa3psioB [ paspsioB
B = B, B, B ,
l,, paspsinoB [, pa3psioB [ paspsioB
m
rie 0< 4;,B; < pl", i=1...,m, Zli =n.
i=1
Paccmorpum cymmy
C=A4+B= Cm Cm—l Cl
l,, pazpsanoB [, | pa3psioB [} pa3psnoB
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OO6o3naunMm v;, i=1,...,m, 6ur mepenoca u3 6noka C,_;:

[
0, ecmu A;_+B._{+v,_ 1< p'i!
v =0, v; =4 i-1 i-1 i-1<P

1 B NpPOTHUBHOM Ciydae.

Torma oueBHIHO, 41O P(v;=a;/vi_1=a;,_1,...,vi=a1)=P(v;=a; /v, =
=a;_1), rae a; €{01}, i=1,...,m.

BJIMSSHUE OIEPALIMM MOJYJBHOI'O CJIOKEHUSI HA CTPYKTYPY

®AKTOPTPYIIBI (V,(p),®,) MO EE MOATPYNNE

Onpenenenue 1. O6oznaunm G(ay, a,,..., a, by, by, ..., by, by 1) noarpynmny uH-
nexkca p“ rpymmst (V, (p),® p)- DJIEMEHTBI TPYIIIBI COACPXKAT Kk HYICBBIX OII0KOB

Ay, Ay, ..., Aj, cyMMa JJIMH KOTOPBIX PaBHA d, T.€. UMEIOT CIEAYIOUIYIO CTPYKTYypYy:

Bk+1 Ak Bk A2 Bz Al Bl
e 0 0O ... 0 0O ... 0 >

by, | Pa3PALOB  ay paspszios by paspsnos a; paspsinos by paspsinos a, paspsiioB by pazpsaios

TJe pa3psjbl U3 HEHYJIEBBIX OJNOKOB By, ..., B, | IPUHUMAIOT IIPOU3BOJIbHBIC 3HAYE-

k k
HUS, TPUYEM Zai =a, Zb,- =b, a+b+by 1 =n a;>0, b;>0 nmpu i=2,...,k
i=1 i=1
b 20, by 20.
CnpaBeuiiBa Ciieyromas Teopema.
Teopema 1. Ilycts G =G(ay, ay, ..., ay, by, by, ..., by, b, 1) — paccMoTpeHHas
BbILIE NOArpyIma uHaekca p rpymmst (V, (p),® p)» € 1 d — HE3aBUCHMBIC CIly4aliHbIC

OIIEMCHTBI, KOTOPbIC PABHOBEPOSTHO PACIIPE/ICIICHBI Ha KJIacCax CMEKHOCTH /; 1 H ; 10

noarpynne G COOTBETCTBEHHO, i, j =1, ..., p“. Torna uMeeM CileIyIoNnIKe yTBEPKICHHS.
1. Kosim4ecTBO KJI1acCOB CMEXKHOCTH 110 oArpymnie G, B KOTOpble CyMMa 3JIeMEH-

TOB ¢ ¥ d 1O MOmymo p" TOMamaeT ¢ HeHyJIeBOM BEPOSATHOCTBIO, PABHO 2k, eciu

b >0, Zk_l, eciu b =0, a KOJIMYECTBO KJIACCOB CMEXKHOCTH, B KOTOPBIE CyMMa 3Je-

MEHTOB ¢ ¥ d 1o Moy p” momajaer ¢ HyJeBOil BEPOATHOCTBLIO, paBHO p¢ —2k,

ecn by >0, n p® =251 ecom by =0.
2.Ecmn H; =H j» TO DJICMEHTBI KJIACCOB CMEKHOCTH, B KOTOPbIC Pa3HOCTH dJIe-

MEHTOB ¢ M d 110 MOJYJIF0 p”' MomagaeT ¢ HEHYJIEBOi BEPOSITHOCTHIO, HMEIOT BHU/I

bk+ 1 paspsaaoB  a; paspsaioB b/c paspsaa0oB ay pa3psaaoB bl pa3ps10B
rae Omoku A; comepikar aubO TONBKO HynH, nubo p—1 mms moboro /=1,..., k; xo-

JINYECTBO YKA3aHHBIX KJIACCOB CMEXHOCTH PABHO 2ok , ecma by >0, u 2k_1, eclu
b; =0; KOIMUYECTBO KJIACCOB CMEXKHOCTU O noArpynne G, B KOTOpbIe Pa3HOCTh dJle-
MEHTOB ¢ ¥ d 1o Momymo p” mnomagaeT ¢ HEHyJIEBOH BEpPOATHOCTHIO, PaBHO
p¢ —2k ecrm by >0, u p? 2k ecnm b, =0.

Bonee Toro, BeposTHOCTH TMOMaJaHUsI Pa3HOCTH AJIEMEHTOB ¢ U d B pa3inyHbIC
KJacChl CMEKHOCTH OJIMHAKOBBI IIPH JI0O0M BBIOOpE KIlacca CMEXHOCTH /1 ; (T.e. Kilacca

CMEKHOCTH, KOTOPOMY IPUHAIIEKAT € ¥ d) ¥ 3aBUCAT TOJIBKO OT BUJA MOArPyHbl G.
3. HenyneBble BepOATHOCTH HOMAJaHHUA CyMMBI (Pa3HOCTH) 3JEMEHTOB ¢ U d IO

MOAYJIHO pn B COOTBCTCTBYIOIIUC KJIACCBbI CMCIKHOCTHU 3aKJIIOYCHBI B IIPCACiiaX OT
T a5 20 [T s
i=1qbi A i=1°b;
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HoxazarenbcTBo. 1. IlycTth

c c c
Bin Ck By | B
Cc= cen cee “ee 5
by, | PA3PATIOB @, PA3pANOB by, pazpsnoB @) paspszioB b, paspsioB
d d d
Bk+1 dk Bk dl Bl
d = o e .o )
_ [ ———
by, 1 pa3panoB a; pa3psnoB b, paspsanoB @ paspsiioB  p, paspsiion
rae paspsaabl U3 OIOKOB Blc yeees Blf+1’ Bld yeers Blg+1 MOTYT IIPUHUMATH IIPOU3BOJIb-
HBIC 3HA4YCHHA, a ONOKH cy,...,Ck,d|,...,d; SBISIOTCS (UKCHPOBaHHBIMH. Torma
B Fy By £y B,
f=c+d= , (D
) —
by 1 PA3PAIOB a; pa3panoB by, pa3psaoB @) paspsiioB b, paspsiion
a; c d b . _
e F, = (¢; +d;)mod p“i, ecnu B; +B; +z;<p, i=1...,k,
i= ,
(¢; +d; +1)mod p“ B mpoTuBHOM ciTydae,
z; — OuT mepeHoca u3 Onoka F,;_j, z; =0.
Hcnonb3ys pes3ynbTar I. a) JleMMbl 2, noiydaeM npu z; =0:
, 1 1
(¢; +d;)mod p“ ¢ BepOATHOATHIO 55, :EJFT’
2 i
Fi= | pl
(¢; +d; +1)mod p“ ¢ BeposTHOATBIO ) =—— ,
2 9 pbi
a npu z; =1 umeem
a 1 1
(cj +d;)mod p™ ¢ BepOATHOSTHIO qp, :E_T’
i
Fi= 1 2};
(¢c; +d; +1)mod p“ ¢ BepoATHOATHIO Sp, = E+7b.
2p7

BC.HC,HCTBI/IC 3aMCUYaHUuAg 1
P(Fg = frs Fro1 = fi=15 -+

=) =P =fr/! Fro1 = fr-1)s

e f; €{(c; +d;)mod p“, (c; +d; +1)mod p“}, nockonbky 3Hauenue Fj MOTHOC-

TBIO ompefensieTcss OUTOM MepeHoca M3 MpeAbIAyIIuX pa3psnoB. CienoBaTenbHO,

By

re Sk

—_— —
by, | Pa3pANIOB @y pA3psOB

=Py =fi> Frm1 = Fk-15---

P

Fi=f1)=PFr=fi! Fro1 =Jfi=1>--»
XP(Fr_1 = fi—1/ Fr—2 = fi=25---

By N B,
by, pazpsiioB a) paspsanoB by pa3psnoB

Fi=/f1)x
s F = f1)x . xP(Fy =fy/ Fy=f1)x

XP(Fi =f1)=PFy = fi | Fxo1 = fim) ¥ P(Fr1 = i1/ Fr—z = fr—2)%-.

X P(Fy = fo [ Fy = f1)x P(Fy = f1) = ug Xug_y X... X up X uy, 2
rae 11
S, =—+——, ecmu f; =c; +d;,
2 9 b;
! 1 1
qbi :*_T, cClIn fi:ci+d+13
2 2p7
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i z; =0,

Sbi :l"‘%, cClIn fl :ci+di +1,
y 2 2p
i =
qbi :l_T’ cCiau fl :Ci+d,
2 2p1

mi oz =1.

B cayuae by =0: Fy =c¢; +d; ¢ BepostHOCTRIO 1 M uy =1.

U3 dpopmyst (1) cnemyer, 4TO KOJTMYECTBO KIACCOB CMEKHOCTH 10 oarpymie G,
B KOTOPBIE CyMMa 3JIEMEHTOB ¢ M d 10 MOy I0 p* TIonajgaeT ¢ HeHyJIeBOii BEPOATHOC-
THIO, PAaBHO 2k, econ by >0, u 2k _1, ecin by =0, Tak kak kaxnoe F; (kpome F|) MOXKeET

OPUHUMATh J[Ba 3HAYCHMs; F| NpUHMMAeT OAHO 3HaueHue, ecau by =0, U 1Ba
3HaueHus, ecau by =0.

2. JIOKa)eM Tenephb yTBEPHKIEHHUS IS PA3HOCTH 110 MOJYJIIO p’' IIEMEHTOB C U C,

MPUHAUICKAIMX OJHOMY KJIaCCy CMEXHOCTH. BHauane mpoBeneM J0Ka3aTeIbCTBO
s ciydas by > 0.

IIycte
c c c
B, Cr B, q B,
-_ - Y ’
by, pazpsioB % PaspANOB b, pa3psanos @ PaspANOB  p haspsanon
c' c' c'
B Cr B, o B,
CI — e cen e cen ,
-— - —
by, pazpsino 4 PA3pANOB  p pazpsinoB ay paspsaaoB by pazpsiios
rJe paspsisl U3 OJOKOB Blc ,..., B ]fﬂ, Blc ,...,B I:+1 MOTYT HNPHHHMATh IPOH3BOJIb-
HBIC 3HAYCHUS, a OJOKH cy,...,C; SBIAIOTCS (DPUKCHPOBAHHBIMU.
Torna
B Ey By, E, B,
e=c—c = , (3
| S N —
by, 1 PA3PANIOB @y PA3psaOB by paspsiaoB @, paspsAaoB by pazpanoB
0 - 0, ecnu Bf —z; >Bf ., i=1,...,k,
|
rne E; = a; pa3psnoB
p—1--- p—1 B NpoTUBHOM ciy4ae,
| N
a; pa3psnoB
z; — OUT 3aMMCTBOBaHMA Jui Onoka E;_y, z; =0.
Hcnons3yst pesynbrar m. 0) nemmsl 2, momydaeMm mpu z; =0
1 1
0 -+ 0 c BeposATHOCTBIO ) :5+—b,
R — i
E. - a; pa3psiioB Zp
e 1 1
p—1--- p—1 c BepoaTHOCTBIO ¢; =———F),
[N — ’ 2 2pbl
a; paspsyoB
a npu z; =1 umeeM
1 1
0 -+ 0 c BEepoATHOCTBIO ¢}, 25—7,
- ! i
E. - a; pa3psanoB 2p
r 11
p-1-- p—1 c BepoATHOCTBIO §} =—+—r-.
[N — i 2 2pb,
a; pa3psaaoB
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Hcnonp3zyem pe3yabTaThl, MONTYYSHHBIE MPU JAOKA3aTEIbCTBE YTBEPIKICHUS IS
CyMMBbI 3ieMeHTOB. Torga

Bk+1 € Bk €1 Bl
P e = .

by, | PA3PSLIOB @y pa3psioB by paspsioB a) paspsioB by pa3psoB
=P(Ey=e Exy=¢py,....Ey =) =P(Ey =¢, | Ef_ =ej_1)xP(Ej_y =
=€ /Ek72 Zekiz)x...XP(Ez =€ /El zel)xP(El 261)2

=Mquk_1><..,><u2 Xul)

rue
e <0 - 0, p=1--- p-1¢,
a; pa3psioB a; pa3psAIoB
1 1
sp, =—+——, ecme; =0 -+ 0,
i b.
2 2p 1 %/—/
_ a; pa3psiIoB
s 11
qp, =5~ > ecm e;=p-1--p-1,
2 2p" —_—
a; paspsiIoB
ms z; =0, 1
! qp, =————, ecme; =0 -+ 0,
T2 gpb -
_ p a; pa3psiIoB
s 1,1
Sp, :§+7b, ecmd e; =p—1--- p—1,
2p” a; pa3psiioB
s z; =1. !
B caywae by =0: E, =0 -+ 0 ¢ Beposirhocteio 1 1 uy =1.
|
a, paspsoB

U3 dopmynst (3) cnenyeT, YTO KOJIMYECTBO KIACCOB CMEKHOCTH 10 noarpymie G,
B KOTOPBIE Pa3HOCTh JIEMEHTOB ¢ U d 1O MO0 p”' MOMANAET ¢ HEHYJIEBOIT BEPOSIT-

HOCTBIO, PABHO 2k ,eciu by >0, u 2k_1, ecau by =0, Tak Kak kaxnaoe E; (kpome £) Mo-
AKET NIPUHUMATh [Ba 3HaUCHUs; £ IPUHUMAET OAHO 3HadeHue, eciu b =0, u 1Ba 3Ha-
yeHus, ecau by #0.
3. 31ech yTBEpXKIEHHE HEMOCPEJCTBEHHO cieayeT u3 (opmyibl (2).
Teopema noka3zana.
PaccMoTpuM HECKOIBKO IPUMEPOB IPUMEHEHHS TEOPEMBI 11 IOATPYIIT Pa3iny-
HOH CTPYKTYpBHI.
IIpumep 1. Ilycrs H; ,, — noarpymma (V,,(3),® 3) nxuexca 9, a1eMeHTbL KOTO-
POl UMEIOT BUJ
O T |
—_— — ) —
m pa3psaoB ¢ pa3psoB
PaccMoTpuM jieficTBHE ONEparii MOLYJIBHOTO CIOXKCHHS B rpymne (Z,,,+) Ha
snementhl akroprpynus (V, (3),® 3) no BeiOpanHoi noarpymme H, ,, OTHOCHTEILHO
OIepaluy TIOPa3PSITHOTO CIIOKEHHS.
Beinmumem Bce Kiacchl CMEKHOCTHU IO 3TOW MOATPYIIIE:

oo o 0 e 0 e g e 0 e L e g e 0 e 2 e
1 —_— — [—) 2 —— [— [ 3 — [S—
m paspsyoB ¢t paspsIoB m paspsioB ¢ paspsoB m paspsaioB ¢ paspsIoB
Ho- 1 e 0 - S Ho- 1 e 1 e PSR 1 e 20 e
4T —— 5§ T e— —— — 6 ———— —— e
m PaspssioB ! Pa3psioB m PaspsioB ! Pa3psioB m PaspsioB ! Pa3psioB
Hoo o0 2 e 0 e s e 2 e L e g e 2 e 2 )
7T T 8 T — — 9T —

m paspsifioB ! paspsiioB m paspsijioB ¢ paspsiioB m paspsifioB ! paspsiioB
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Torna Beposithoctn P(vi+vy €H; /vy €H;, vy €Hy), tre i, jk=1....9,
onuceiBaroTcs Tabn. 1, a BeposrHoctn P(vi—vy €H; /vy, vy €H;), rae
i, , k=1,...,9, — Tabn. 2. Ormerum, 4to Tad). | CUMMETpUYHA OTHOCHTEIHHO IJIaB-
HOM JuaroHau.

Tad6aumma 1. BeposTHOCTH nonasaHus CyMMBI BEKTOPOB V| U V) B COOTBETCTBY-
IOIUI KIIaCcC CMEKHOCTH

Vi
" H, H, . H,
H, H, Hy
S5 QS 0 0 StSm qt5m qt5m 0 Stdm
H H H
H 4 5 6 .
1 0 Siq q:9 0 0 0
Sim | 944m 0 i i
H('] Hff H('f 0 0 0 i 4m 0 St5m
0 StSm 9t5m q19m 0 StSm StSm 9t5m 0
Hy 0 $9m | 4dm | 915w 0 5t dm e 0 0 0
0 0 0 0 0 0 Stdm 9t9m 0
qt Sm 0 St qm Sl Sm qt Sm 0 0 0 0
Hy 0 0 0 0 0 0 0 Stdm qt9m
qt9m 0 StSm Stdm qt9m 0 0 StSm qt5m

Tabaumma 2. BeposATHOCTH NONAJaHUs PA3HOCTH BEKTOPOB V| M V, B COOTBET-
CTBYIOUIMH KJIACC CMEKHOCTHU

N7
H, H, Hy H, Hy Hy H, Hy Hy
vl >V
H;,
ic1 g Stom 0 919m 0 0 0 S19m 0 45m

Hpumep 2. [lycts H, — noxrpynna (V,, (3),® 5 ) uaaekca 9, 3neMeHTbl KOTOPOH

HUMCIOT BHUI
.0 v 0.
—_—— ——
t pa3psaoB

Brinumem Bce KiIacchl CMEKHOCTH IO 3TOH MOATPYIIE:

t paspsanoB ¢ paspsoB { paspsoB
[ " — S N — [ " —

{ paspsnoB { paspsoB ¢ paspsnoB
—_— — —_— — [N N —

¢ paspsoB ¢ paspsioB ¢ pa3psnoB

PaccmoTtpum nelicTBrue omepanudd MOAYJIBHOTO CIOKEHUS B TPYIIIE (Z3n,+) Ha
snemeHTsl (akroprpynmsr (V,(3),® 3) mo BeIOpaHHOH moarpymme H,.

Torna BeposatHoctu P(vi+v, €H;/vieH;, vy €eHy), tae i jk=1..)9,
onuceBaroTes Tabn. 3, a BepostHocTH P(vi—vy €H;/vi,vy €H;), rxe
i, , k=1,...,9, — T1abn. 4. OrmMeTum, uto Taba. 3 CUMMETpHYHA OTHOCHTEIBHO TJIaB-

HOM JUaroHalw.
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Taduaumuma 3. BeposTHocTy nonajaHus CyMMbl BEKTOPOB V| U V) B COOTBETCTBY-

FOIIIMM KJAacC CMEKHOCTH

Vi
vy ! H 1 H 2 H 9
H H H
1 2 3
0 5 0 0 0
5 0 0 t q;
H H H
H 4 5 6 0 0 0 0 0
1 4 0 0 gy
H H H
07 08 09 0 0 0 0 0 5
0 St 0 0 St St 0
H 0 4 0 4 = 0
0 0 0 0 q;
0 q; S 0 0 0 0
H, 0 0 0 9
0 St q; St

Tadnumuma 4. BepoaTHOCTH NONajgaHWs Pa3sHOCTUM BEKTOPOB V| M V, B COOTBET-
CTBYIOLIMI KJIACC CMEXHOCTHU

"
H, H, H, H, H Hy H, Hyg H,
MELY)
H.,
=19 0 0 0 0 0 4 0 0

OTMeTHM, YTO €CJIM B MOATPYIIE UMEIOTCS TOJIBKO HYJIEBbIe OJOKH €TUHUYHOM
JUIMHBL, TO KOJIMYECTBO KIIACCOB CMEKHOCTH, B KOTOPBIE CyMMa BEKTOPOB I10 MOJYJIIO

p" momanaer ¢ HeHyJEBOH BEPOSATHOCTBIO, SIBJISETCA HAMOOJNBIIMM; €CIH HYJIEBBIE
0JIOKH UMEIOT OOJIBIIYIO JUIMHY, TO KOJIMYECTBO KJIACCOB CMEKHOCTH, B KOTOPBIE CyM-
Ma BEKTOPOB MO MOJYJIO p’' TONAJAET C HEHYJIEBOM BEPOSTHOCTHIO, YMEHBINAETCS.
UeM aMHHEE HyJIeBbIe OJIOKH, TEM B MEHbBILEE KOJINYECTBO KIACCOB CMEXHOCTH I10T1a-
JIa€T CyMMa BEKTOPOB T10 MOJYJII0 p’' ¢ HEHyJIEBOM BEpOATHOCTHIO. Takum 06pasom,

IepeMEIINBAONINEe CBOMCTBA ONEPAllMM MOIYJIBHOIO CIIOKECHHS OTHOCHTEIBHO
MIOPa3PSIAHOTO CIOXKEHUSI 3aBUCAT OT CTPYKTYpPBI MOATPYIIIIHI.

BJIMAHUE OIIEPALIMU IMOPA3PAJHOI'O CJIIOXKEHHUSA HA CTPYKTYPY
DAKTOPI'PYIIIBI (an,+) IO EE NOAI'PYIIIE MHAEKCA pk
OTHOCHUTEJBHO MOAYJbHOI'O CJIOXEHUSA

Teopema 2. Ilycts G, — noarpynmna (an,+) HMHJEKCA pk. Torna:

a) Gy (B cooTBeTCTBYIOMEM mnpezcTaienn) — noarpymma (V, (p),® )
b) ximaccel cMekHOCTH O Toxarpymie G (OTHOCHTEIBHO OMEpary +) MMEIOT
Bun i+Gy,0< i< pk, a KJIacChl CMEXKHOCTH 0 noarpynmne G, (OTHOCHTEIBHO oIepa-

unn @ ) umeror Bun i® ), Gy, mpudeM (@ , Gy =i+Gy, 0<i< pk;
¢) ecmut ¢,d €i® , G, TO ¢ BepOSTHOCTBIO 1 ¢—d €Gy, 0< i< pk;

d) ecmu c €i+Gy, d € j+Gy, 10 ¢ BeposiTHOCTBIO L ¢ @ |, d €1 ® |, j+ Gy, IpueM
Kimace cmexHoctd i@, j+Gy, BooOme roBops, HE coBmagaeT ¢ i+ j+Gy,

0<4,j< pk;

ISSN 0023-1274. Kubepuetrka u cucteMHbIil ananus, 2014, Tom 50, Ne 4 143



e) ecg{n cei® , Gy, dej®, Gy, 10 ¢ BeposTHOCTBIO 1 ¢ +d €i+ j+Gy,
0<i, j< p”.
JlokakeM KaKI0e€ YTBEpIKICHHE:
a) B COOTBETCTBUU ¢ JeMMOoH 1 moarpynma G UMeEeT CTPYKTypy
0 - 0;

n—k pa3psiioB  k paspsiio

b) mockonbky i+0=i® p0, 0<i< pk, KJIacChl CMEXHOCTH 10 noarpynne Gy
OTHOCUTEIBHO omepauuid + u @ p COBNAJAIOT M UMEIOT BUJ

B A

n—k pa3psiioB k paspsiioB

B

rie paspsibl M3 010ka B MOryT NPUHMMATh HPOM3BONIBHBIC 3HAadeHUs, a Onok A
ABNsAETC (PUKCUPOBAHHBIM.
Hycrs c€i+ Gy (i® ), Gy), de€j+Gr(j® ), Gy), Torma

B, I B, J
Cc= oo e 2 d = . oee s
n—k pazpsano k paspsaos n—k paspsimop K paspsnos

rae paspsagbl U3 O1nokoB B, B,; MOTyT NpPHHUMATh INPOH3BOJIBHBIC 3HAYEHMS,
a ONOKH i, j SBISAIOTCS (PUKCHPOBAHHBIMHU;
C) eclM ¢ U d NPUHAAIEKAT OJHOMY KJIACCy CMEXKHOCTH 1o moArpynne Gy, T.e.
i=j, Torga
B A
f = C‘—d = e 0 e 0 B
—_——— —_——
S n—k pa3psnoB  k paszpsamos
TaKk Kak i—j=i—1=0;

d) nns mobbIx ¢ U d umeeM

%/_/
n—k pa3psgoB  k paspsgoB
rne 4y =i® , j;
€) s 00X ¢ U d uMeeM

%,—/
e Al _ (i+j) mod pk' n—k pa3psgoB k paspsaoB

Teopema noka3zaHa.
W3 naHHO#M TEOpEeMbl MOYKHO CJIEJIaTh CISAYIOLIMNA BBIBOJ: €CIIM MOATPYIA UMEET
CTPYKTYpY, OMHMCAHHYIO B II. 0) JieMMbI 1, T.e. Juist HeKoToporo k =0,..., n 3JIEMEHTBI

9TOW MOATPYNIBI UMEIOT BHI
0 - 0,

n—k pa3psgoB k pa3psioB

TO OMEpaIs MOPA3PSTHOTO (MOTYJIBHOTO) CIOKECHUS COXPAHSET CTPYKTYPY COOTBETCTBY-
oIIei (pakTOPIPYIIBl OTHOCUTEIBHO MOJYJIBHOTO (IIOPA3PsIHOTO) CIIOKEHHS.

3AK/IIOYEHHUE

Pe3ynbTarhl, HOJIy4eHHble B JaHHOH paboTe, XapaKTEepU3yIOT IepeMEIlUBarOLIe
CBOMCTBa omepanuil MopaspsgHOrO U MOJYJIBHOTO CIIOKEHUS, 33JaHHBIX Ha OJIHOM
HocuTene. Hanbomnee MHTEpeCHBIM SIBISIETCS TOT (aKT, YTO ACHCTBHE OMEPALlUH MO-
JYJIBHOTO CIIOKEHHs Ha (aKTOPIPYIIy OTHOCHUTEIBHO OIEpalldy MOPa3psaIHOTO
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CIIOXCHHUs CYIIECTBCHHO 3aBHUCHT OT BbIOOpa moarpymmsr B (V,(p),® ,), a omepa-
LUl TIOPa3psIIHOTO CJIOKEHMS BCErJa COXPaHSAET CTPYKTYPY COOTBETCTBYIOIIEH ax-
TOPrpyNIbl Mo J000# moarpymmne rpynmsl (Z ,,+).

JpyruMu crioBaMu, TOJYYEHHBIC PE3yJIbTaThl CBUACTEIBCTBYIOT O TUIOXHX Tepe-
MEIIHBAIONINX CBOMCTBAX PACCMOTPEHHBIX ONCpPALlHi: BO-NIEPBBIX, CYIIECTBYET MHOTO
HETPUBMAIBHBIX MOAIPYII, KOTOPBIE SBJIAIOTCS MOATPYIIaMU OTHOCHTENIBHO 00enx
OlepaLuii; BO-BTOPBIX, I TAKUX MOATPYII MMOJHOCTHIO COXPaHIETCS CTPYKTypa co-
OTBETCTBYIOILIEH (hakToprpymnmnsl. B TepMuHax atak, 6a3upyrOmUXcs HA TOMOMOPQH3-
Max [6], MOKHO yTBEep»K/1aTh, YTO KJIACCHI CMEKHOCTH MO TAKUM MOJIPYIIIaM CO3/1ai0T
OJIOKM MMIPHIMHUTHBHOCTH, a HAIMYUE TaKUX OJIOKOB JIaeT MOTEHIHAIBHYIO BO3MOXK-
HOCTb peaiM30BaTh yKa3aHHbIE aTaky Ha OJ04HbIE MH(PHI, IOCTPOCHHBIE C UCIIOIb30-
BaHMEM TOJBKO ONepaluii MopaspsAHOrO M MOAYJIBHOTO CIOKEHHS.

PaccMmoTpeHHBIEe onepanuu HCHOIB3YIOTCS B HEKOTOPBIX COBPEMEHHBIX alTOPHT-
max mudposanus (IDEA (International Data Encryption Algorithm) [7] — mexayHa-
poxublii anroput™ mudpoBanus maHHEIX; [OCT 28147-89 [8] — nelicTByrommit
CcTaHAapT WdpoBaHus B YKpauHe, Poccun U HEKOTOPBIX Ipyrux crpaHax; «Kamunay
[9] — nperenieHT Ha HAMOHAJBHBIN CTaHAAPT MKH(pPOBaHUS YKpPAWUHbBI U Jp.), OHU
MEPCIIEKTUBHBI IPU IIOCTPOSHUU HOBBIX KPUITOTPa(YUIECKUX AITOPUTMOB, IIOCKOJIBKY
JIETKO PEANU3YIOTCS C MOMOINBI0 COBPEMEHHBIX BBIYHCIHTEIBHBIX YCTPOICTB.
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