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KUBEPHETUKA

A.B. BECCAJIOB, JI.B. KOBAJIBYYK

VJIK 681.3.06 TOYHOE YUCJIO JVIMIITUYECKUX KPUBBIX
B KAHOHUYECKOMN ®OPME, U30MOP®HBIX
KPUBBIM JJIBAPJICA HAJl MPOCTBIM ITOJIEM

AHHoTanms. HalineHsl HeoOXOAMMBbIE M JOCTaTOYHBIE YCJIOBHS IJIS IapaMeTpOB KPHBOH B Ka-
HOHMYECKOH (opMe ¢ JBYMS TOUKAMHU UYCTBEPTOTO Mopsaka. JlokazaHBI JBe JEMMBI O KBajpa-
TUYHBIX BBIUETAX B KOHEYHOM II0J€ C MCIOJIb30BaHMEM cXeMbl [aycca a1 KBaJpaTHUHBIX
BBIUETOB M HEBBIYETOB. Ha mx OCHOBe MOIydeHBI TOUHBIE (HOPMYINBI pacdeTa 4Mcla IJIHITH-
YEeCKMX KPHUBBIX C HEHYJIEBBIMH IapaMeTpaMH @ M b U JIBYMsS TOYKAMH YETBEPTOrO IMOPSIKA,
U30MOPGHBIX KPHBBIM DjBapiaca Haj MPOCThIM mosieM. J[oka3aHo, 4TO it OOJNBIINX TOJICH
JIOMTS TaKWX KPUBBIX OJM3Ka K %.

KnroueBble c1oBa: xaHoHWYECKass (opMa SIIMNTHYECKOH KPHBOH, KpuBas DjaBapjaca, KpHBas
KpY4YeHHs], MapaMeTpsl KPUBOH, M30MOP(U3M, KBAaJpPATUUHBIH BEIYET, KBAJPATUUHBIH HEBHIUET.

Cpenu GopM MpencTaBlIeHHs DIUTMIITHYSCKUX KPUBBIX B 3aJa4aX KpUNTOrpaduu Hau-
Oorniee TepCHEKTUBHBI KpuBBIE B Qopme Iasapiaca [1-5], pexopuHble 1O OBICTpOEH-
CTBUIO M yJOOHbIe Ui mporpamMMmupoBaHus. OHM 00NafaloT JBOHHOM CHMMETpHEH
B KOOpJMHATAX IOJI XAPAKTEPUCTUKU p>2, BCIEACTBUE YEro KOJIUYECTBO TOUEK N g
Takoil kpuBoi gemurcs Ha 4: Ny =0(mod 4). IlosToMy IMKIMYECKHE KpUBbIC

gﬂBaleC'a BCETIa COACPKAT OJHY TOYKY BTOPOIro IOpsAAKa W JABE TOYKU YETBEPTOIO

3

nopsizka. KpuBbIX B KaHOHMYECKOH (hopme y2 =X~ +ax+b c TaKUM CBOWCTBOM CpaBHH-

TEJBHO HEMHOIO (10 MpPEABAPUTENBHBIM OLEHKAM — OKOJO YETBEPTH BCEBO3MOMKHBIX
KpuBbIX [3]), B CBA3M C OTUM JUIS TNOCTPOCHMS M30MOP(HBIX MM KPHUBBIX DJBapica
BO3HMKaeT 3ajaya IIOMCKa KpHUBBIX B (hopme Belepurpacca ¢ AByMS TOUKaMU 4eTBEp-
Toro mopsaka. OfHAKO B M3BECTHOM JMTepaType HE paccMaTpHBajach 3afada HaXOxX-
JICHUSI TOYHOTO YHMCIIa TaKMX KPHUBBIX C HEHYJIEBBIMH TapamMeTpamud a # b.

B nanHoii pabote BriepBble MOTy4YeHbl (POPMYIIBI UL YUCIa KPUBBIX C OTOBOPEHHBI-
MH CBOWCTBaMH (M COOTBETCTBEHHO M30MOP(HBIX UM KPHBBIX DjBapjca). BegeH mapa-
METp ¢, 3aBUCSIIMI OT TPAMIMOHHBIX TapaMeTpoB (@, b) KpuBOW B KaHOHHYECKOH (opme
KaK C/IMHCTBCHHBI B moIe F,, KopeHb KyOudeckoro ypaHeHus. [lonydensr Heobxonu-
MBbI€ U JIOCTATOYHBIE YCJIOBUSI CYIIIECTBOBAHMS JIBYX TOYEK YETBEPTOTO TOPS/IKA, a TAKKE

cUCTeMa JIMHEHHBIX ypaBHEHMH JUIl HaXOXKICHWS HEW3BECTHBIX IApaMETpOB d U 2,
B YpaBHEHHS KOTOPOW BXOAAT KBAJpPaTUYHbIC BBIYETHI M HEBBIUCTHI. [IJIsI HAXOXKIEHUS
TOYHOT'O YHCIIa KAHOHUYECKUX KPHUBBIX, H30MOP(MHBIX KPUBBIM DJBap/ca, HOTpedoBaIOCh
chopMyIIHpOBaTh M JIOKA3aTh JIBE JIEMMbI O YHCJIC PEIICHUH YpPaBHEHWH, CBSI3BIBAIOIINX
CYMMBI KBaJIpaTUYHBIX BBIYETOB M HEBBIYETOB. JlOKa3aTenbcTBa onupatoTcs Ha cxemy [ a-
ycca pacrpesielieHus: KBaJIpaTUUHbBIX BbIYETOB [6]. B pesynbrate momydeHs! (opmybl
pacuera TOYHOTO YHCIIa KPUBBIX C 33/laHHBIMU CBOMCTBAMH HAJl JIIOOBIM HMPOCTHIM KOHEY-
HBIM T107IeM F';, XapaKTepuCTHKu p > 3. Kpome Toro, MpeioxeH aiaroput™ IMoucKa Kpu-
BBIX C XOPOIIMMH KPUTITOIpaHICCKUMH CBOMCTBaMH, H30MOP(HBIX KPUBBIM JJIBap/ica.
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HEOBXOJMMBIE M TOCTATOYHBIE YCJIOBHSI CYHIECTBOBAHHUSI POBHO JIBYX
TOYEK YETBEPTOI'O MOPSIIKA JUISI DJUTMITHYECKON KPHBOI,

3AJJAHHOI B KAHOHUYECKOI ®OPME

Kanonuueckast ¢popMa KpHBOHW HaJ IMOJIEM XapaKTEPUCTUKU p >3 ONMUCHIBACTCS H3-
BECTHBIM ypaBHEHHEM [7]

Ep: y2 =x3+ax+b, A =4a> +27p% #0, a,ber. (1

CornacHo onpezeneHHI0 onepanust yABOCHUs: TOuku P = (x;, y; ), KoTopasl JaeT
KOOpAMHATHL TOYKH 2P = (x3, y3), 334acTCSI TaKUM O0Opa3oM:

X3 =1/2 —2X1,

2

3x7 +a

y3=-yn vy -x), v=—>i—0u 2)
2y

B nmanpHelineM noHao0sTes Clieyolue CTaHapTHbIe 0003HaYeHusl. MHOXKECTBO
TIPUBEJICHHBIX KBAIPATUYHBIX BEIUYETOB MO MOJIYJIIO TIPOCTOTO YKCHIa p 0003HAYNM O b’

Q,=1x€F, [;jzl .

X
31ech [j — cumBon JlexaHnjpa, Tie
P

1, CCIIN X — KBaleaTH‘-IHLIﬁ BBMCT I10 MOAYJIIO P,

X N
(Jz —1, ecnmm x — KBaApaTHUHBIH HEBBIMET IO MOAYIIO P,

p
0, ecam x ;menuTcs Ha p.

B nanHo#t paboTe paccMOTpUM TOJIBKO Takue Kpuble (1), MOpsoOK KOTOPBIX Je-
mutes Ha 2. Jlerko qokaszaTh, 4TO B TAKOM Cly4ae KpuBas 00s3aTeIbHO UMEET TOUKY
BTOPOTO TOPsIZIKA (B YaCTHOCTH, 3TO clieayeT u3 Teopembl Cuiosa). CormacHo (2) Tod-
ka P =(x;, ;) Oyaer Toukoi BTOPOro MOpsAKa TOTAA U TOJIbKO TOrAa, korga y; =0
(B 9TOM Cityyae MpH BBIYUCICHUU TOYKH 2P B (2) Bo3HUKaeT nenenue Ha 0), T.e. Touka
BTOpOTO Topsifika Oy/ieT UMeTh KoopAuHATHI (¢, 0), a1t HeKoToporo ¢ € F - Honcras-

nsis B ypaBHeHue kpuBoit (1) 3Hauenue y =0, mojaydaem, 4To ¢ — KOPEHb ypaBHEHHUS

x> +ax+b=08 none F » (KOTOPBIii 00S3aTEIEHO CYIIECTBYCT BCIIC/CTBHE CYIECTBO-

BaHUsI TOYKH BTOPOTO Nopsaka). Torna B mpuBeeHHBIX 0003HaYeHUsIX ypaBHeHue (1)
MOXKHO TIeperucaTrh B BHJIC

y2=(x—c)(x2+cx+a+cz), b=-c? —ac, ceF,. 3)

Kak ynomuHanoce panee, kpuBas B KaHOHMYECKO# (opme u3zoMopdHa KpHUBOM
DpaBapzca B TOM U TOJIBKO TOM CIy4ae, €CIIM OHa COACPIKUT POBHO JIBE TOYKH YETBEP-
Toro mopsaka. Cremyromas Teopema ITaeT HEOOXOAWMBIE M JIOCTATOUHBIC YCIIOBHS
(B TepMHHAaX IapamMeTpoB KpuBoi (1)) cyuiecTBoBaHMs HA KPHBOH £, POBHO ABYX
TaKUX TOYEK.

Teopema 1. HeoOX0oIuMBIM M IOCTaTOYHBIM YCJIOBHUEM CYLIECTBOBAHHUS POBHO
JIBYX TOYCK YCTBEPTOrO IOPsiJKa HA KPHBOM £, SBISETCS OXHOBPEMCHHOC BBILIONIHE-
HHE CIIEAYIONINX PaBEHCTB!

2
a) —@c” +4a) =-1; 6) [‘j:l, 5=3c% +a. (4)
P p
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Joka3zarenncTBo. J[okaxkeM HEOOXOIMMOCTh MAHHBIX ycioBui. [Tpemnonoxum,
YTO KpUBAsi UMEET JIBE TOUKU YETBEPTOIO MOPsAKA, U MOKAXKEM, YTO IIPU STOM BBINOJ-
usitorest yenosust (4). ITyers Ha kpuBoii (1) cymecTByeT poBHO JBE TOYKH YETBEPTOTO
nopsinka. Torga oHa He MOXKET coepkaTh 0ojiee OJHOW TOYKH BTOPOTO MOpsAIKa (Tak
KaK COTJIACHO OTPEAETICHHUIO MOpsIKa TOUYKN KPUBOH CyMMa TOYEK YETBEPTOrO U BTO-
poro nopsizika OyJeT TOUKoi yeTBepToro nopsaka). CienosarespHo, napadosa B mpa-
BoH vactu (3) He UMeeT KOpHEH B mojie £, T.e. JUCKPUMUHAHT COOTBETCTBYIOIIETO
KBaJIpaTHOTO YPAaBHEHUS SIBISIETCS KBAJPAaTUYHBIM HEBBIUETOM. J[aHHBIH AMCKPUMHU-
HaHT paBeH

? —da+c?)=—(3c? +4a)

H, MOCKOJIbKY OH KBa,Z[paTPI'—IHI:Iﬁ HCBbBIYCT, UMCEM

~(3c? +4a) |
P

-1.

Heobxomumocts nepBoro yciaoBus B (4) 1okazaHa. 3aMeTHM, YTO YCJIOBHUE
(3c2 +4a) #0, koropoe cieayeT u3 1. a) Gopmyiibl (4), UCKITIOUAET KPATHBIC KOPHHU

KyOW4ecKOro ypaBHEHHS M TEM CaMbIM CHHTYJISIPHbIC KPUBBIC C TUCKPUMHHAHTOM
A=0 [7].

ITycts P =(xq, ¥ ) — TOUYKa 4eTBEpTOro nopsaka. Toraa mpu ee yABOSHUU CO-
riacHo (2) moiy4yaem TOYKy BToporo mopsiika D = (¢, 0):

2
3x12 +a
— | = 2x1=¢
2y
3)612 +a ®)
- | ——— |[(c—x;)=0.
2y

s TMEPBOro ypaBHEHUSA CUCTEMBI MMEEM BBIPAKCHHUC

, Gxl+a)?
V=
U 4(c+2x))
a U3 BTOPOro mnojrydyacm

,  Gxl+a)e-x)
yl =- ) .

[IpupaBHUBas TpaBble YaCTH 3THUX BBIPAKCHUI W COKpallas Ha MHOKXHUTEIb
3x12 +a, moMyJaeM KBaJpaTHOE YpPaBHEHHE AT KOOPIMHATHI X| 3TOH TOUKH
2 2
x| —2cx) —(2c¢” +a)=0. (6)

KopHr naHHOTO ypaBHEHHs CYIIECTBYIOT (BCICICTBHE CYIICCTBOBAHUS TOYKH
YETBEPTOTO MOPSIKA), 3HAYUT, TUCKPUMHHAHT O 3TOr0 YPaBHEHUsS OO PaBEeH HYIIIO,
0o SIBISICTCS KBaJPaTHYHBIM BBIYETOM. ECIM JHCKPUMHUHAHT paBEeH HYIIO, TO TPH
y =0 ypaBHenue (3) NpUHUMAET BUJ

(x—c)z(x +2¢) =0,

BCIICJICTBHE YETO Ha KPHUBOM CYIIECTBYIOT NBE TOYKM BTOporo mopsanka. Ho torma
HEIMOCPE/ICTBEHHBIMI BBIYUCICHUSIMH TIOJTy9YaeM, 4TO cymMma JI000H TakoW TOUYKH
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C TOYKOHM YeTBEpTOro MopsaKa Toxke OyAeT TOYKOHl 4YeTBEpTOro MOpsAiKa, 4TO Ipo-
THBOPEYNT IPEATIOIOKEHNIO TEOPEMbI O CYIIECTBOBAHWH POBHO ABYX TOYEK YETBEPTO-
ro nopsiaka. CiiezoBaTesbHO, JUCKPUMHHAHT O SIBISIETCS KBAJIPATHYHBIM BBIYCTOM, T.C.
BhINIONIHSACTCS ycnoBue 0) dopmynsl (4). HeoOxoaumocts ycnoBuil (4) mokasaHa.
Jokaxem ngocratogHocTs. [lycTs BeimonHstoTes ycnosus (4). Ilokaxem, 4to npu
9TOM CYIIECTBYET POBHO JiBa perienus cuctemsl (5). Ilyrem npeoOpasoBanuii ypaBHe-
HUI TaHHON CHUCTEMbI MONTYyYHM ypaBHeHHe (6) ¢ oxHOIl mepeMeHHOH xq. ITockonbky
BBIMOJTHSAETCS YCIIOBHE a) GOPMYJIBI (4), CYILIECTBYET /IBa KOPHS JAHHOTO YPaBHCHHUS:

xl(l)’(z) =ct/0 = ctV3c? +a. (7
[loncraBnss 3TH BBIpa)KEHUS] BO BTOPOE ypaBHEHHE CHUCTEMBI (5), moiydaem
yE =271 3(cxV0)? +a)FVO) =227 Vo(3(c? £2eVd +0) +a) =

=+27'V83c? +6¢0 +36+a) = 2716 (£6¢4/6 +40) = ®)

=+ (£3¢y/0 +20) = +0(£3c+2v0) = 9(3c £29).

U3 (8) cnemyer, uTo pemeHue cucTeMbl (5) CyIECTBYET TOT/Ia W TOJBKO TOT/IA,
KOI/Ia XOTsl OBl OJIHO W3 BBIPAKCHUI

3c=25, 3c+24/0 )

p
[Tokaxkem, 4TO B paccCMaTPUBAEMOM Cllyyae B TOUHOCTH OJHO M3 BhIpaxkeHUH (9)
OyJeT KBaJpPaTUYHBIM BBIYETOM. [|GHCTBHTEIBLHO, IEPEMHOKHB TH BBIPAKECHUS, TTOTYIUM
PaBEHCTBO

0
SABJISACTCA KBaApPaTUYHBIM BbIYCTOM (TaK KaK IO YCJIOBUIO ( ZD

Be-2V8)3c+240) =9¢ —46 =—(3c? +4a),

MpaBasi 4acTh KOTOPOTO COTJIACHO TI. @) YCJOBHUS (4) SIBISICTCS KBAAPATHYHBIM HEBBI-
yeroM. Otciozia, BCIEICTBHE CBOMCTBA MYJBTHUIUIMKATUBHOCTH CUMBOJNa JlexxaHnpa, BbI-
TEKAeT, YTO B TOYHOCTH OJHO W3 BBIpakeHUH (9) — KBaJgpaTHUYHBIA BBIUET.

Eciu 3¢—2+4/0 sBasercs KBaJIPaTUYHBIM BBIUETOM, TO CYILECTBYIOT

y D =1 /6Ge+240),

B NPOTHBHOM CJiy4da€ CYyHICCTBYIOT

yl(l)’(z) = +/0(3c—20).
Torga mbo mapsl (30—2\/5, i\/6(3c+2\5)), b0 Tapbl (3c+2\/5, i\/6(3c—2\5))

COOTBETCTBEHHO JBa peuleHus cucremsl (5). HemocpeactsenHoi npoBepkoit (moxcra-
HOBKOW B ypaBHeHue (1) wim B ypaBHeHue (3)) yOexkmaemcsi, 4TO 3TH MHapbl — pe-
menust ypaBHenuil (1) u (3), 3HauMT, Kaxnas mapa 3agaeT KOOPAMHATHI HEKOTOPOH
TOYKM JAHHOW KpWBOHW. BcerexctBue BbIMONHEHHS (5) Kakaas W3 JIBYX IMOJIYYESHHBIX
TOYEK sIBJSIETCA TOYKOM ueTBepToro mnopsaka. Jpyrux pemeHuid cucrema (5) He MMe-
€T, CJIeZ0BAaTeNbHO, Ha KpUBOH (1) CyLIECTBYIOT POBHO JBE TOYKH YETBEPTOrO IO-
psiiKa, YTO W JOKa3blBaeT AOCTATOYHOCTH YCIOBUH (4).

Teopema 1 poka3zaHa.

3aMeTHM, YTO KPHUBbIE C HYJEBBIMH 3HAYEHHSMHU MapaMeTpoB a WK b o0ragaror
IUIOXUMH KPHIITOrpaQUYECKUMH CBOMCTBAMH M COOTBETCTBEHHO HE HCIOJB3YIOTCS
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B KpHITOrpaUuecKux mpuiiokeHnsix [7]. Bo3Hukaer Bonpoc, ckoibko KprBbIX (1) ¢ HeHy-
JIEBBIMH TTApaMETpaMu @ ¥ b, Il KOTOPBIX CYIIECTBYET N30MOP(MH3M C KPHBBIMU DJBap/-
ca, TIPH Pa3TMYHBIX 3HAYCHMSX TOpsAKa IMOMS p. JIpyrmmm croBamu, CKOJNBKO KPHBBIX
DOnpaprca ¢ yKa3aHHBIMH CBOWCTBAMH CYILIECTBYeT HaJl HPOCTHIM KOHCYHBIM MOJIeM?

TOYHOE YHCJIO KPUBBIX B KAHOHUYECKOW ®OPME, U30MOP®HBIX

KPUBBIM JJBAPICA

JU1 ompeneneHus TOYHOIO YMCIa JUIMITUYECKUX KpuBBIX B (popme Beilepurrpacca (1),
HUMEIOLINX POBHO JBE TOYKHM YETBEPTOro MOPsAAKA, HEOOXOIUMO HCIIOJIB30BATh He-
KOTOpBIe pe3ynbTaThl Teopuu uducen. . JIapeHnopt B padore [6] mpuBogut Oiects-
mee JI0Ka3aTeIbCTBO pacHpe/eNieHUs] KBaJIpaTUYHBIX BBIYETOB, MOJy4deHHoe ['ayc-
com. Pacemorpum cxemy l'aycca u uroru ero anammsa.

IMocnenoBatensHOCTh Tpou3BeneHnii n(n+1)mod p, n=12,..., p—1, Bkiroyaer:
9JIEMEHTH! Buia RR (B KOTOPBHIX 002 COMHOXMTEIS — KBaJApaTHYHbIC BBIUETHI, aHIJL.
Residue), ux konudecTBo 0003HauuM (RR); snemeHTHI Buga NN (B KOTOpPHIX 00a co-
MHOJKHUTEIIS — KBaJpaTUYHbIC HEBBIUETHI, aHrII. Non-residue), nX KojauuecTBo 0003Ha-
yuM (NN); cMmelanHble npousBeaeHus Buga RN u NR, KOJIMYECTBO KOTOPBIX 110 aHa-
Jioruu 0003HaYMM cooTBeTcTBeHHO (RN) u (NR). 'aycc nmokazani, 4ro MMEET MECTO
ClleAylolas CUCTeMa YpaBHEHHM:

(RR)+(NN)=(p-2-¢)/2, e=(-1)P~V2 (10)
(NR)+(NN) =(p—2+¢)/2, (11)
(RR)+(NR)=(p-3)/2, (12)
(RN)+(NN)=(p-1)/2, (13)
(RR)+(NN)—(RN)—(NR)=—1. (14)

3nech HepBble YEThIpe YpPaBHEHHs HE SIBIAIOTCS JIMHEHHO HE3aBUCUMBIMH (CYMMBI
MepBOi ¥ BTOPOH TMap ypaBHEHHU COBIAJAIOT), IOATOMY JI0OABIICHO IATOE ypaBHe-
Hue. M3 3Tol cUCTEeMBl JIETKO HaWTH Jr00yI0 M3 4eThlpeX Heu3BecTHbIX. KoMOuHu-
pys (10)—(14), momyuaem

(RR)=(p—4-¢)/4, (RN)=(p—¢)/4, (15)

(NR)+(NN)=(p-2+¢)/4, e=(-1)P7D2, (16)

OueBugHo, uro cymma (RR)+(NN)+(RN)+(NR) npu n=1,2,..., p—2 paBHa
p—2. 3ametum, uro npu 3toM n(n+1)mod p #0.

s oTBeTa Ha MOCTAaBICHHBIA BOMPOC MOTPEOYIOTCS J1Ba pe3yibTaTa, KOTOpbIE
JIOK&)KEM B JIBYX IMPHUBEICHHBIX HHXKE JIEMMaX.

Hmns mpomsBosbHOTO C € F ; o6o3HauuM F (X)) = (X 2_¢c? )mod p.

3
Jlemma 1. st Bcex X € F,, 9HCIIO pa3HBIX 3HAYCHUI bysxm F- (X)), npunaz-

JIeKAIIMX MHOKECTBY KBAJPaTHYHBIX BbIYCTOB (),, paBHO (RR), T.c.
[{Fe (X):X €F, 1 N0, = (RR).

Hoka3zaTenbcTBo. Bocmonbzyemcst cxemoit [aycca misi mpowusBeneHus
n(n—=1)mod p. ®dyukuuto Fo(X) npu C=#0 npeacraBum kak Fo(X)=
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=C? ((XC_I)2 —1). BugHo, uto ecnmm X mpoberaer Bce HEHYJEBbIE 3HAYCHUS
* _
L2,...,p—1eF,, 1o (XC 1)2 npoOeraeT Bce 3HAYCHUSI KBAAPATOB M3 0,. B 1o xe

*
BpeMst 3Ha4CHUE QYHKUUK Fo (X)) SIBISCTCS KBaAPaTUYHBIM BBIYCTOM B [, TOria u

TOJIBKO TOT'/1a, KOT/a (()(C_1 )2 —l)mod p €Q,,. Orctona crenyer (pu z = (XC_1 )2)

pPaBEHCTBO
[1Fe (X):Fe (X) €0 =1 {z € Fy iz €0, Az-1€0, }|= (RR).

Jlemma 1 nmoxasana.
Ha ocHoBe 3T0ii ieMMbl 1 (hopMyJibl (15) MOXKHO yTBEpXk/1aTh, YTO YUCIO 3HAYE-
HUH GyHKINH F- (X') , SBISIOIUXCS KBaAPATHUHBIMU BBIUCTAMH, TIPH TI000M (DUKCH-

*
poBaHHOM HeHysneBom C € F), paBHO

p-1

p—4-(-1)
4

Hanee, mist npoussousHoro C € F, \Q,, 06o3Ha4uM
Ge(X)=(X?+C)mod p.

%
Jlemma 2. Jlnst Bcex X € F,, 9MCIO pasHBIX 3HAYCHHIT ¢ynxmmu G (X ), npuHan-

JIeKAIIMX MHOKECTBY KBAJPaTHYHBIX BhI4eTOB (), paBHO (NR), T..
3
{Ge (X):X €F) 100, |= (NR),

Joxka3zarenncTBo. Bocrnonb3oBaBmuchk Tem, uto X #0, U pazaenuB QyHKIUIO
Ge(X) Ha X 2 , TIOlyYUM PaBEHCTBO

CX 2 +1=Gp (X)X 2.
IIpu nepeOope Bcex HEHyNEBBbIX 3HaYeHUH X € F ; snement CX 2 npoOeraet

BC€ 3HAYCHUA KBaJAPATUIHBIX HCBBIUCTOB M3 QP' HpI/I OTOM M3 YpaBHCHHUA CICAYCT,

yro eciu G (X)er, To u CX 2 +1eQp. IlosTomMy mpu z=CX 2 umeem

G (X):Ge (X) €0, M=z €F, :z€Q, nz+1€0,}|=(NR) = (NN)

cornacao (16).
Jlemma 2 nokasana.

Ha ocnoBe ¢opmynbl (16) U JeMMBI 2 MOKHO YTBEpP)KIaTh, YTO YHCIIO 3HAYCHUH
bynkunn G (X)), ABIAOIMXCS KBaJAPaTUYHBIMKM BBIYETAMH, NPU JIFOOOM (ukcHpo-

*
BAaHHOM HCHYJICBOM KBaJIPpaTUYHOM HEBBIYCTC C EFp paBHO

(p=2+(-1)PD2y 4

[Iepeiinem Tenepp K BBIYMCICHHUIO YHCIa KPUBBIX C HEHYJIEBBIMU MapaMETPaMu a
u b, n3oMop(hHBIX KpUBBIM DzBapjca. Vckirodaem KpuBbie ¢ mapamerpamu ¢ =0 uin
b=0, Tak KaKk 3TH 3HAUYEHMs [APAMETPOB MOPOKAAIOT KPUNTOrpaduuecKu ciadble

KpHBBIE C j-WHBapUaHTOM, paBHbIM 0 min 123 coorBercTBEHHO [7]. Ciyuait a =b=0

JIae€T CUHTYJSIPHYIO KPUBYIO H, pa3syMeeTrcsi, HEIpHUEMIIEM.
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Teopema 2. Uncno kpuBsix (1) B kaHOHHYECKO# popme ¢ mapamerpamu a #0 u
b#0nag noneM F, ¢ AByMsl TOYKaMU YETBEPTOrO MOPSIIKA ONPEACISCTCS CICAYIOLIU-
MU (hopMyraMu:

1) mpu p=3(mod 4)

b =D, 2

B
~—
Il

YT T [ 3
4

S
~—
Il
|
Ny

2) mpu p=1(mod 4)
12
a, -2~
4
Hoxa3zareasctBo. 1. [Iycte p =3(mod 4), Torna snemenT —1 sBisieTcs KBaIpa-

-1
TUYHBIM HEBBIYETOM 110 Moayio p [7], T.e. [j =—1, ¥ yTBepXK/IeHHUE II. a) B yCJIO-

BUU (4) DKBUBAJICHTHO YTBEPKICHHIO
3¢ +4a

p

=1.

Takum o0pa3zom, 0ba 3IeMeHTa, 3¢? +4a u 3c? +a, nong F » — KBaJ[paTHYHbIC

BBIYCTHI, CJICAOBATCIIBHO, IO OIMNPCACIICHUIO KBAaAPATUYHOI'O BBIYCTA YCJIOBUEC (4)
OKBUBAJICHTHO YCJIOBHUIO

3¢ +da =42,

%
3A4,BeF,:
P 3¢2 +a=B2

Pemvs nonmy4eHHyo HEBBIPOXKICHHYIO CUCTEMY ypaBHCHHH Haj moseM £, (-

HEHHBIX OTHOCHUTENBHO IEPEMEHHBIX a U cz), IIOIy4YUM
a=3"14%-B?), ? =9"14B? - 4°). (17)

Js kpuBbix ¢ mapamerpamu a #0 m b #0 KBagpaTHUHBIC BBIYETHI A 2-p?
1, KpoMme Toro, 48 2-4? (T.e. HyJIEeBBIC 3HAUCHUS ¢ U c2) OTOPACHIBAIOTCS, TAK KaK
n3 paBeHCTB ¢=0 u b=—c> —ac BbITekaer pasenctBo b=0. U3 (4) cnenyer, 4To
A% #0u B? #0. Kax BuaHO 13 (17), pemenne auist ¢ CymecTByeT TOT/Ia U TOJIBKO TOT-
na, xornga 4B 24 KBaJAPAaTUYHBIA BBIUET MO MOIYIIO p.

[TocTtpouM KBaapaTHy0 TaONMIly W3 YIOPSIOYCHHBIX pT 3HaucHMi Boex B2

(o cronbuam) u 4 2 (o cTpokam). B kierku TabuuIbl 3anuiieM 3HadyeHus 48 2_42
n3 (17), Tak 4TO HA INIABHOW JMAroHalld OKa3bIBAIOTCS AJIEMEHTHI 3A2, KOTOpbIE OT-
OpacbIBalOTCs BCIEICTBUE YCIOBHS A? = B2 Kpome Toro, B Kaxm0il cTpoke uMeem
POBHO OJIMH HYJICBOM 3JIEMEHT, KOTOPBIH Takke oTOpackiBaetcs. Coriacuo (17) Tpe-
OyeTcsi HalTH YUCIIO ¥V HEHYJIEBbIX HEJHarOHaJIbHBIX KBAaJPAaTHYHBIX BHIYETOB B CTPO-
Ke, TIPH KOTOPBIX CylIecTBYeT 3HaueHue ¢. OOIee YUCIo TaKUX HJIEMEHTOB IO BCEM
v(p-1)

CTpPOKaM paBHO WU = 5
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W3 nokazaHHOU JeMMbI | ciiefyeT, 9TO YMCIO0 HEHYJICBBIX KBaIPATUYHBIX BbIUC-
o -3
TOB B KO0 cTpoke Tadmuusl npu p =3(mod 4) paBHO P T B tabn. 1 Takux BbIUe-

TOB IO JIBa B KaXXJOoW cTpoke. Ha rmaBHON nuaroHanau co 3HAYCHUSMU 3A2 UMeeM
KBaJIPATUYHBIC BBIYETHI, €CIIM AJIEMEHT 3 — KBaJIPaTUYHBII BHIUET B I0JI€, M HEBbIYE-
Tl B TPOTHBHOM ciy4ae. [10CKOIBKY JMaroHalbHBIE AJIEMEHTHI OTOPACBHIBAIOTCS,

B KaXJI0i CTpOKe ocTaercs vV =pT_3_1 =2 =7 3JIEMEHTOB TIpU 3 =lnv =pT_3
p
npu 3= —1. OOee uucno nap (A, B) 1o BceM cTpokaM TaOJMLbl, [IPU KOTOPBIX
p
cymecTByeT 3HaueHue ¢ B (17), Takum oOpa3oMm, paBHO
u, = (p-D(p-T7) npu 3. up = (p-D(p-3) npu _ 1
8 p 8 p

Yucno snmunTYecKkux KpuBbix M, M p C 33IaHHBIMH cBoOlicTBaMU BIBOE 00JIb-

111e KOJIMYECTBA 3TUX Hap, TaK KaK Kak/IOMy 3HAUEHHUIO JJIsl ¢? orBeuaror 1Ba KOpHSA ¢
U COOTBETCTBEHHO 1Ba Kod(dduuuenta kKpuBod =H. JlokazaHO ABa TEPBBIX
YTBEPKICHUS TEOPEMBbI 2.

3ameTnM, 4TO YCJIOBHE 3 =1 Bcerma BwImonHAETCS mpu p = x1(mod 12) [6].
p

B wacTtHOCTH, 31eMeHT 3 — KBaapaTtuuHblil Bbruer npu p=1113,23,47 u 1.1
2. IMycte p =1(mod 4), Toraa snemeHT —1 SBIsIETCS KBAAPATHUHBIM BBIYETOM T10

MOJIYIIIO p, T.€. -1 =1[7]. CnenoBaTensHO, yTBEpKIIEHHUE T1. ) B ycIoBHHU (4) SKBH-
P

BAJICHTHO YTBEPKICHUIO
yrBep 302 +4a

p

:—L

a ycioBue (4) SKBHBAJEHTHO CIEAYIOIIEMY YCJIOBHIO:

3¢? +4a =4,

D *
d4eQ,, IBeF,: TS

EnuHcTBEHHOE peleHne JTaHHOW HEBBIPOXKICHHONH CHCTEMbI (OTHOCHTENFHO IIe-

peMeHme a n C2) UMEECT BU
a=3""U-B?), ? =97'4B? - 1), (18)

a pelICHHe OTHOCUTEIHHO IMEPEMEHHBIX @ M ¢ CYLIECTBYET TOTJa M TOJBKO TOIJIA,
Korga 4B2 — A — KBaJApaTUYHBIA BBIYUET.

O‘{CBI/IIIHO, 9TO TEPEMECHHBIC a U 02 HE MOT'YT IIPpUHUMAaTh HYJICBBIX 3HAYCHUH.
Ocraercst HAUTH YUCIIO KBaJIpaTUYHBIX BBIYETOB B Ta6nnue HEHYJICBBIX 3HAUYCHUHN BbI-

paxeHus (4B2 — A) pu pazauuHBIX A # B?. Ecim MPUHSATH B? =0, To B dpopmyIe

s ¢ cHosa MOJTyYUM KBaJPATHYHBIA HEBBIYET B MPABOIl YacTH, MMOITOMY H B JaH-
HOM CJIy4ae YYHUTHIBAEM TOJIKO HCHYJICBBIC JJIEMEHTB A U B2

[omo6uo 1. 1 mocTpouM KBagpaTHYO Tabmuiy u3 (p—1)/2 3HayeHuit Bcex KBa-
PaTHYHBIX BBIYETOB B? (o crosibiam) 1 HeBbIueTOB A (10 cTpokam). B kieTku tad-

JIUIBI 3aIUIIeM 3HAYCHHS (4B2 — A) w3 (18), He paBHbIe Hym0. HeoOxoauMo HaiTh
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YHCJIO ¥ KBAIPATUYHBIX BHIYETOB B CTPOKE, MPH KOTOPBIX CYNIECTBYET 3HAUCHHUE C, CO-
riacHo (18), U yMHOXUTHh 3TO 3HAUEHHE HA YHUCIO CTPOK.

W3 nemmebl 2 criemyeT, 4TO BBIpayKeHUE (4B2 — A) ¢ HeHyJEBbIMU KBaJIpAaTUUHBIMU
BbrdeTaMi B 1 (prKCHPOBAHHBIM HEBBIYCTOM A MPUHUMAET v, = (p—2+ (—1)(p -2 )/ 4
3HAYCHUH Ha MHOKECTBE KBa/IPAaTHYHBIX BBHIYETOB. DTO 3HAUYCHHE PABHO YMCITYy KBaj-
paToB B KaXI0W cTpoke Tabmumbl. Torma ¢ yuetom (—1)(p D2 npu p =1(mod 4)

HonyqaeM 0611166 YqUucCJIo KBa)lpaTI/I‘{HI)IX BBIYCTOB B T36J'II/IHC
2
w, =v, (p=1)/2=(p-1*/8.

Kak ormewanoce BeIIe, 9HCIO KPUBBIX M, C 3aJaHHBIMH CBOMCTBAMH BIBOC
IPCBOCXOMUT [, .

Teopema 2 mnoka3zaHa.

Ipumep 1. [IpuBenem npuMepsl MOCTPOCHHS TAOIHII, UCIIOIB3YEMBIX B JJOKa-

3aTENBCTBE TEOPEMBI 2, /ISl 3HAYCHHWH BBIPAKEHUI 4B% - 4% u 4B* - 4.
[Toctpoum Tabmuily 3HAYEHWH BBIPAKEHUS 4B% -4 nm p=11 (tabn. 1).
IToctpouM Tabauily 3HaUY€HUH BBIPAKEHHS 4B% - 4 s p =13 (tabn. 2).

B Ta611. 3 mpuBeaeHO KOJIMIECTBO KPHUBEIX, H30MOP(HBIX KPHUBBIM JABapica, pac-
CUUTaHHOE 10 (hOpPMyJIaM, NOKA3aHHBIM B TeOpeMe 2, MPU Pa3IHUHbIX XapaKTEPHCTH-
Kax p MPOCTOr0 IOJ.

Ipumep 2. Tpebyercst HaliTH KPUBYIO ¢ ABYMs TOUKAMU YETBEPTOIrO MOPsKa Hal

nosneM F;. Ilpumem, ¢ yderoM JaHHbIX Tabi. 1, 4 2= LB 2 =4 Torma cormacuo (17)
?=9— KBaJpaTHUYHbIIA BBIYET B 3aJJaHHOM 1oJ1e, a =10 u b = ¢ (c2 +a)==2. [lony-
YWIN NIapy KPHUBBIX KPYUYEHUS y2 =x> +10x£2 ¢ nopaakamMu Np =8 u N g = 16. Vx
TOUYKHM BTOporo nopsaka D = (—3,0) u D' =(3,0),a KOOpAMHATHI JIByX TOUYEK YETBEPTO-

ro nopsjaka nepBoil KpuBoil B coorBercTBUM ¢ (6), (7) paBHBL x| =6, ¥ = 5.

Taoanuma 1

2 3HayeHUs1 BBIPAKEHUS 4B - 4*
3Hauenne A
Br=1 B =4 B*=9 Br=5 BX=3
1 3 4 8 0
4 0 1 10 5 8
9 6 7 5 0 3
5 10 0 9 4 7
3 1 2 0 6 9

Tadoauma 2

3HayeHUs BBIPAKeHHs 4B’ - 4
3navenue A 5 5 5 5 5 5
B =1 B =4 B =9 B =3 B =12 B~ =10
2 2 1 8 10 7 12
5 12 11 5 7 4 9
6 11 10 4 6 3 8
7 10 9 3 5 2 7
8 9 8 2 4 1 6
11 6 5 12 1 11 3
Taoaunma 3
P 7 11 13 17 19 23 29 31 37 41 43 47
M 6 10 36 64 72 88 196 210 324 400 420 529
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BooOme, Hax monem £y cyliecTByeT, Kak clegyeT U3 Taln. 3, AecsiTh KPUBBIX
C HCHYJEBBEIMHU IMapaMeTpaMH ¢ W b W IBYMS TOYKAMU YETBEPTOTO IOPSIKA.
[TockonbKy 001I[ee YMCI0 BCEX KPUBBIX C HEHYJEBBIMU @ U b, UCKITIOYAsT KPUBBIC

C HYJIEBBIM JUCKPUMHHAHTOM, OIU3KO K ( p—1)2, KOJIMYECTBO KPUBBIX, H30MOP(HHBIX

KPHBBIM DiBapca, IJisi OONBIINX TOJICH MPAKTUYECKH PABHO YETBEPTH BCEX JUTHIITH-
YECKAX KPUBBIX, T.C. JIOJS KPUBBIX DJBapJca CPeId BCEX JJUIMITUYCCKUX KPUBBIX
MPUMEPHO OJIHA YCTBEPTb.

@opmyist (17), (18) KOHCTPYKTHBHBI, TaK Kak IMO3BOJISIOT PAacCYUTHIBATH Mapa-
METPHI @ U ¢ KpUBOW (COOTBETCTBEHHO 1) MPH 3aAaHHBIX 3HAYCHUSIX Map KBapaTHY-

HBIX BBIYETOB (A4 2, B? ).

Ha ocuoBanum ycnoeuit (9) u dopmyn (17), (18) npemsioxkeH CIeayrOIUi anro-
PUTM IOCTPOEHUS KAHOHMYECKUX KPUBBIX C IByMsl TOUKAMH YETBEPTOrO HOPSIIKA.

AJITOPUTM CJIYYANHOM I'EHEPALIMM KAHOHUYECKOM KPHUBOI,
HW30MOP®HOI KPHBOI 3IBAPACA

1. B mone F p 3a/laeM MpPOM3BOJIBHOC 3HAYCHHE Iapbl KBAJPaTHYHBIX BHIYCTOB
(4 2, Bz) WM TIapbl (A,Bz) n cormacao (17) wm (18) paccunTsiBacM mapameTpsl a, .

2 o 2
Ecnu BbIUMCIIEHHOE 3HAueHHWE ¢” — KBaJApATUYHBIA HEBBIUET, MEHSEM mNapamerp B
U TIOBTOPSIEM PACUETHI.

2. Be ¢? — KBaJIpaTHYHBIA BBIYET, HAXOIUM JBE KPUBBIC C TapameTpamu
(a,£c) u (a,£b). 3nauenne mapamerpa b paccUMThIBaeM B COOTBETCTBHH C (3).

3. Haxonum KOOpIMHATBI TOYKH YETBEPTOrO MOPSAKa (I MOCTPOCHUS H30-
Mop¢HOH KpHBOH DBapica).

4. BeraucisieM MopsioK OJTHON M3 KPHUBBIX U, B CIy4ae HEIPHEMIIEMOI0 MOPSIIIKA,
paccuuThIBacM IMOPSIOK KpHBOW KpydueHus. Eciu pemieHue He HalICHO, MEPEXOIUM
K Apyroi mape 3HaueHW# (A 2, BZ) WIn (A,BZ) (Bo3Bpamraemcst B 1.1).

B mpemiokeHHOM BHIE alrOPUTM AOCTATOYHO OBICTPO MPUBOIUT K KPHUBOH C JBY-
M$ TOYKaMH YETBEPTOTO MOpsiyika. [leCTBUTEILHO, BCe OTepalliy allTOPHTMA BBITIOJHS-
I0TCS 32 TIOJTMHOMHAIIBHOE BpeMsi. UTO KacaeTcst ero «BEpOsITHOCTHOW COCTaBIIOIICH,
TO, TMIOCKOJIbKY KOJIMYECTBO KBAJPATHYHBIX BBIYETOB B MPOCTOM KOHEYHOM II0JI€ PaBHO
TIOJIOBHHE KOJIMYECTBA HEHYJIEBBIX 3JIEMEHTOB, CPEIHES KOJIMYECTBO INAroB JIO ycIexa

(KOJIMYECTBO CITydaiHBIX BBIOOPOB map (A 2, B 2) wm (A, B 2) B 1. 1) paBHO nByM™. [la-
nee, KaKk omnucaHo B [3], crpoutcs m3oMopdHas Kpusas B (opme DaBapica.
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