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Àííîòàöèÿ. Ïîëó÷åíà îöåíêà ñ âåñîì òî÷íîñòè ðàçíîñòíîé ñõåìû ïîâû-
øåííîãî ïîðÿäêà àïïðîêñèìàöèè íà äåâÿòèòî÷å÷íîì øàáëîíå äëÿ ïåðâîé
êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Ïóàññîíà â ïðÿìîóãîëüíèêå íà îáîáùåííûõ
ðåøåíèÿõ. Â îöåíêå ó÷òåíî âëèÿíèå êðàåâîãî óñëîâèÿ Äèðèõëå è ïîêàçàíî,
÷òî òî÷íîñòü ñõåìû, ïîðÿäîê êîòîðîé ïî øàãó ðàâåí ÷åòûðåì âî âíóòðåí-
íèõ óçëàõ ñåòî÷íîãî ìíîæåñòâà, ïîâûøàåòñÿ ñîîòâåòñòâåííî íà ïîëïîðÿäêà
è íà ïîðÿäîê âáëèçè ñòîðîí è óãëîâ ïðÿìîóãîëüíèêà.

Êëþ÷åâûå ñëîâà: óðàâíåíèå Ïóàññîíà, êðàåâàÿ çàäà÷à, óñëîâèå Äèðèõëå,
ðàçíîñòíàÿ ñõåìà, îöåíêà òî÷íîñòè ñ âåñîì, ó÷åò âëèÿíèÿ êðàåâîãî óñëîâèÿ.

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×È È ÅÅ ÊÎÍÅ×ÍÎ-ÐÀÇÍÎÑÒÍÀß ÀÏÏÐÎÊÑÈÌÀÖÈß

Îöåíêè òî÷íîñòè ðàçíîñòíûõ ñõåì ñ ó÷åòîì âëèÿíèÿ êðàåâûõ è íà÷àëüíûõ
óñëîâèé ïîëó÷åíû â ðÿäå ïóáëèêàöèé (íàïðèìåð, [1–7]). Â ðàáîòàõ [1–4] ðàñ-
ñìîòðåíû òðàäèöèîííûå êîíå÷íî-ðàçíîñòíûå àïïðîêñèìàöèè êðàåâûõ çàäà÷ äëÿ
óðàâíåíèÿ Ïóàññîíà â ïðÿìîóãîëüíèêå è ïàðàëëåëåïèïåäå è äîêàçàíî ïîâûøå-
íèå òî÷íîñòè ïðèáëèæåííûõ ðåøåíèé âáëèçè òîé ÷àñòè ãðàíèöû îáëàñòè, ãäå
çàäàíî êðàåâîå óñëîâèå Äèðèõëå. Âëèÿíèå íà÷àëüíûõ è êðàåâûõ óñëîâèé äëÿ
îäíî- è äâóìåðíîãî óðàâíåíèé òåïëîïðîâîäíîñòè èçó÷åíû â ðàáîòàõ [5–7].

Â íàñòîÿùåé ñòàòüå èññëåäîâàíà ðàçíîñòíàÿ ñõåìà ïîâûøåííîãî ïîðÿäêà àï-
ïðîêñèìàöèè íà äåâÿòèòî÷å÷íîì øàáëîíå äëÿ óðàâíåíèÿ Ïóàññîíà â ïðÿìî-
óãîëüíèêå ñ êðàåâûì óñëîâèåì Äèðèõëå. Öåëü ðàáîòû — èçó÷èòü âëèÿíèå êðàå-
âîãî óñëîâèÿ íà ïîâûøåíèå òî÷íîñòè ñåòî÷íîãî ðåøåíèÿ â ïðèãðàíè÷íûõ óçëàõ
è ïîëó÷èòü îöåíêó ïîãðåøíîñòè â íîðìå ñ âåñîì. Â ïðèìåíÿåìîé äëÿ ýòîãî ìåòî-
äèêå (ñì. òàêæå [4]) èñïîëüçóåòñÿ ïðåäñòàâëåíèå ïðèáëèæåííîãî ðåøåíèÿ ñ ïî-
ìîùüþ ðàçíîñòíîé ôóíêöèè Ãðèíà, äëÿ êîòîðîé äîêàçûâàåòñÿ îöåíêà â ñåòî÷íîé
íîðìå. Äëÿ îöåíèâàíèÿ ïîãðåøíîñòè àïïðîêñèìàöèè íà îáîáùåííûõ ðåøåíèÿõ
èñõîäíîé çàäà÷è îáû÷íûì îáðàçîì ïðèìåíÿåòñÿ ëåììà Áðýìáëà–Ãèëüáåðòà.

Ðàññìîòðèì çàäà÷ó
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Ñ ïîìîùüþ îïåðàòîðîâ [9]
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Ëåììà 1. Îïåðàòîð A� ñàìîñîïðÿæåí è ïîëîæèòåëüíî îïðåäåëåí â H h
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Äîêàçàòåëüñòâî. Îïåðàòîðû A1 è A2 ñàìîñîïðÿæåíû: A A� �
* � , ïîñêîëüêó
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óäîâëåòâîðÿþò íåðàâåíñòâàì [8]

( , ) cos || || || ||A y y
h

h

l
y

h
y y H h�

�

�

� �

	
� � � �

4

2

4

2

2 2

2

2
0

,

( , ) sin || || || ||A y y
h

h

l
y

l
y y H h�

�

�

� �

	

 
 � �

4

2

8

2

2 2

2

2
0

,

ò.å.
8 4

2 2l
I A

h
I

�

�

�

� � (� �1 2, ), I — òîæäåñòâåííûé îïåðàòîð, îòêóäà, â ÷àñò-

íîñòè, ñëåäóåò ïîëîæèòåëüíàÿ îïðåäåëåííîñòü îïåðàòîðîâ A1 è A2 .

Òîãäà îïåðàòîð A A1 2 ñàìîñîïðÿæåí: ( )*A A A A1 2 1 2� , òàê êàê

( )* * *
A A A A A A A A1 2 2 1 2 1 1 2� � � ;

ïîëîæèòåëüíî îïðåäåëåí: A A
l l

E1 2

1
2

2
2

64

 , òàê êàê

( , ) ( , ) ( , ) (/ / / /A A y y A A A y y A A A y y A A1 2 1 2
1 2

2
1 2

2
1 2

1 2
1 2

1� � �
2
1 2

2
1 2/ /, )y A y 



 � 
 � �
8 8 8 8

1
2 2

1 2
2
1 2

1
2 2

1
2

2
2

2

l
A y A y

l
A y y

l l
y y( , ) ( , ) || ||/ / �H h

0

.

Îòñþäà ñëåäóåò ñàìîñîïðÿæåííîñòü è ïîëîæèòåëüíàÿ îïðåäåëåííîñòü îïåðàòîðîâ
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Èç îöåíîê (5) ñëåäóþò íåðàâåíñòâà (6). Äåéñòâèòåëüíî, èìååì
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øèìîñòü çàäà÷è (4).
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Ïîëó÷èì òåïåðü âàæíûå äëÿ äàëüíåéøåãî èçëîæåíèÿ îöåíêè. Èìååì
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Äàëåå íàì ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå [9, ñ. 54].
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ãäå 
( , )m n — ñèìâîë Êðîíåêåðà. Òîãäà ðåøåíèå çàäà÷è (3) ìîæíî ïðåäñòà-
âèòü â âèäå
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2
2

1 2 1 1 2 2
12

� � � �
1 2

, ,�

G x( , ) ,� � �� �0 ,

èëè â îïåðàòîðíîì âèäå:

� � � � �A G x B H x H x� �� � �( , ) ( ( ) ( ))1 1 1 2 2 .

Îòñþäà ñ ó÷åòîì íåðàâåíñòâà (7) èìååì

|| ( , ) || || ( ( ) ( )) || || (G x A B H x H x H x� � � � � � � � ��
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Çàäà÷ó (8) ìîæíî òàêæå çàïèñàòü â âèäå

� � �� � �� � � �G x
h h

G x H x H x( , ) ( , ) ( ( ) ( ))�
�

� � � �1
2

2
2

1 2 1 1 2 2
12

� � � �
1 2

, � ,

G x( , ) ,� � �� �0 ,

ò.å.

� � � � �A G x B H x H x� �� � �( , ) ( ( ) ( ))2 1 1 2 2 .

Ïðèìåíÿÿ îöåíêó (7), ïîëó÷àåì

|| ( , ) || || ( ( ) ( )) || || (G x A B H x H x H� � � � �� �� � � ��
� �

1
2 1 2

3

2 2
x H x1 2) ( ) ||*� � �
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Çàïèøåì çàäà÷ó (8) èíà÷å:

� � �� � � �� � � �G x
h h

G x H x H x( , ) ( , ) ( ( ) ( ))�
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� � �1
2

2
2

1 2 1 1 2 2
12 1 2� � �, � ,

G x( , ) ,� � �� �0 ,

èëè â îïåðàòîðíîì âèäå:

� � � �A G x B H x H x� �� � �( , ) ( ( ) ( ))3 1 1 2 2 .

Îòñþäà ñ ó÷åòîì íåðàâåíñòâà (7) èìååì
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Çàäà÷ó (8) ìîæíî çàïèñàòü è òàêèì îáðàçîì:

� � �� � � �� � � �G x
h h

G x H x H x( , ) ( , ) ( ( ) ( ))�
�

� � �1
2

2
2

1 2 1 1 2 2
12 1 2
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Èç îöåíîê (10)–(13) ñëåäóåò óòâåðæäåíèå ëåììû. �

ÀÏÐÈÎÐÍÀß ÎÖÅÍÊÀ ÒÎ×ÍÎÑÒÈ ÐÀÇÍÎÑÒÍÎÉ ÑÕÅÌÛ

Ïðèìåíèì ïîëó÷åííóþ â ëåììå 3 îöåíêó ôóíêöèè Ãðèíà äëÿ äîêàçàòåëüñòâà
îñíîâíîãî óòâåðæäåíèÿ.

Òåîðåìà 1. Ïóñòü ðåøåíèå u x x( , )1 2 çàäà÷è (1) óäîâëåòâîðÿåò óñëîâèþ

u W D�
2
6 ( ) . Òîãäà äëÿ òî÷íîñòè ðàçíîñòíîé ñõåìû (2) ïðè 0 1 1 2 2	 � �C h h C/

èìååò ìåñòî àïðèîðíàÿ îöåíêà ñ âåñîì

|| || | | | |
( )

�� �1 4

2
6z M h u

W D
,

ãäå �( ) min , ( ), ( ) , ( )( )x x x x l x l x x l x l x� � � � �{ }1 2 1 2 2 1 1 2 1 1 2 2 , M — íå çà-

âèñÿùàÿ îò h1 è h2 êîíñòàíòà, | |h h h� �
1
2

2
2 .

Äîêàçàòåëüñòâî. Èç ïðåäñòàâëåíèÿ (9) èìååì

| ( ) | | ( ( , ), ( )) | || ( , )|| || || ( ) ||z x G x G x x� � � � � � �� � � �
3

2 2
|| , x ��. (14)

Ðàññìîòðèì ìíîæèòåëü || ||� , ãäå � � �( ) ( ) ( )x x xx x x x� � �1 21 1 2 2
,

� � �
�

� �
( ) ( ) ( ) ( )x T u x u x

h
u xx x� � ��

�
� �3

3
2

12 3 3
, x �� ( , )� �1 2 ,

îöåíèâàÿ ñëàãàåìûå �1 1 1x x x( ) è � 2 2 2x x x( ) .

Ðàññìîòðèì ôóíêöèîíàë �1 1 1x x x( ) . Ñ ïîìîùüþ ëèíåéíîé çàìåíû

( ) / ,�� � � �� �x h s � �1 2, , îòîáðàçèì ÿ÷åéêó

e x x h( ) { ( , ): | | , , }� � � 	 �� � � � �� � �1 2 1 2

íà êâàäðàò E s s s s� � 	 �{ ( , ): | | , , }1 2 1 1 2� � è ïîëîæèì

u u x h s x h s U s s( , ) ( , ) ( , )� �1 2 1 1 1 2 2 2 1 2� � � � .

Ôóíêöèîíàë �1 1 1x x x( ) ïðåîáðàçóåòñÿ ê âèäó

�1

1
2 2 2 2 21 1

1
1 1 2 0 1x x x

h
s U s U s U s d( ) ( | | ) ( ( , ) ( , ) ( , ))� � � � � s2

1

1

�
 �

�

�

�
�

� � � � �( ( , ) ( , ) ( , ))U U U1 0 2 0 0 1 0

� � � � � � �
1

12
1 1 2 1 0 1 1

1

6
0 1 2 0 0 0( ( , ) ( , ) ( , )) ( ( , ) ( , ) (U U U U U U , ))� �1
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!

1

12
1 1 2 1 0 1 1( ( , ) ( , ) ( , ))U U U .
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Ýòîò ôóíêöèîíàë îãðàíè÷åí â ïðîñòðàíñòâå W E
2
6 ( ) âñëåäñòâèå âëîæåíèÿ

W E C E
2
6 ( ) ( )" è îáðàùàåòñÿ â íóëü íà ïîëèíîìàõ ïÿòîé ñòåïåíè. Íàïðèìåð,

äëÿ ïîëèíîìà x
2
2 èìååì
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2
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Òîãäà ñîãëàñíî ëåììå Áðýìáëà–Ãèëüáåðòà [9, ñ. 29] ïîëó÷èì îöåíêó
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îòêóäà ïðè óñëîâèè 0 1 1 2 2	 � �C h h C/ ñëåäóåò íåðàâåíñòâî
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| | ,
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� �1 1
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1 2
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6x x W e x
x M

h

h h
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Àíàëîãè÷íî îöåíèâàåòñÿ è ôóíêöèîíàë � 2 2 2x x x( ) :
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� �2 2
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6x x W e x
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h
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Â îöåíêàõ (15) è (16) êîíñòàíòû M1 è M 2 íå çàâèñÿò îò h h1 2, è u ;

| |
( ( ))

u
W e x2

6 — ïîëóíîðìà â W e x
2
6 ( ( )).

Èç íåðàâåíñòâ (15) è (16) ñëåäóåò îöåíêà
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�
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êîòîðàÿ ñ (14) äàåò íåðàâåíñòâî

| ( ) | ( ) | | | | ,
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z x M x h u x
W D

� �4
4

2
6� �. (17)

Îòñþäà îêîí÷àòåëüíî ïîëó÷àåì îöåíêó ñ âåñîì || || | | | |
( )

�� �1 4

2
6z M h u

W D
;

çäåñü êîíñòàíòû M M M3 4, , íå çàâèñÿò îò h h1 2, è u, à | |
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u
W D2
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â W D
2
6 ( ) . �
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Îöåíêà (17) ïîêàçûâàåò, ÷òî ðàçíîñòíàÿ ñõåìà (2) èìååò ÷åòâåðòûé ïîðÿäîê
òî÷íîñòè, ïðè÷åì òî÷íîñòü âûøå âáëèçè ñòîðîí ïðÿìîóãîëüíèêà D , ÷òî îòðàæà-
åò âëèÿíèå êðàåâîãî óñëîâèÿ Äèðèõëå.
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âà ñõåìà, îö³íêà òî÷íîñò³ ç âàãîþ, âðàõóâàííÿ âïëèâó êðàéîâî¿ óìîâè.

N.V. Mayko
THE WEIGHTED ERROR ESTIMATE OF THE FINITE-DIFFERENCE SCHEME
OF THE INCREASED APPROXIMATION ORDER FOR THE TWO-DIMENSIONAL POISSON
EQUATION WITH ALLOWANCE FOR THE DIRICHLET BOUNDARY CONDITION

Abstract. We obtain the weighted error estimate of the finite-difference scheme
of the increased approximation order on a nine-point template for the first
boundary-value problem for Poisson’s equation in a rectangle on generalized
solutions. The estimate takes into account the influence of the Dirichlet
boundary condition and shows that the accuracy order is higher near the sides of
the rectangle than at the inner points of the mesh set.

Keywords: Poisson’s equation, boundary value problem, Dirichlet’s boundary
condition, finite-difference scheme, weighted error estimate, boundary effect.
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