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Ç ÄÐÎÁÎÂÎÞ ÏÎÕ²ÄÍÎÞ

Àíîòàö³ÿ. Ïîáóäîâàíî ³ äîñë³äæåíî ñ³òêîâ³ ìåòîäè ðîçâ’ÿçàííÿ ïåðøî¿ êðà-
éîâî¿ çàäà÷³ äëÿ äèôåðåíö³àëüíîãî ð³âíÿííÿ ç ïîõ³äíîþ Ð³ìàíà–Ë³óâ³ëëÿ
äðîáîâîãî ïîðÿäêó. Çà äîïîìîãîþ ôóíêö³¿ Ãð³íà êðàéîâó çàäà÷ó çâåäåíî äî
³íòåãðàëüíîãî ð³âíÿííÿ Ôðåäãîëüìà, äëÿ äèñêðåòèçàö³¿ ÿêîãî çàñòîñîâàíî
³íòåðïîëÿö³éí³ ïîë³íîìè Ëàãðàíæà. Äîâåäåíî âàãîâ³ îö³íêè òî÷íîñò³ ñ³òêî-
âèõ çàäà÷, ÿê³ âðàõîâóþòü âïëèâ êðàéîâî¿ óìîâè Ä³ð³õëå. Îòðèìàí³ ðåçóëü-
òàòè ñâ³ä÷àòü ïðî òå, ùî òî÷í³ñòü íàáëèæåíîãî ðîçâ’ÿçêó ó ïðèìåæîâèõ
âóçëàõ ñ³òêè âèùà, í³æ â ¿¿ âíóòð³øí³õ âóçëàõ. Òåîðåòè÷í³ ðåçóëüòàòè
ïðî³ëþñòðîâàíî ÷èñåëüíèì ïðèêëàäîì.

Êëþ÷îâ³ ñëîâà: äèôåðåíö³àëüíå ð³âíÿííÿ, êðàéîâà óìîâà Ä³ð³õëå, ïîõ³äíà
äðîáîâîãî ïîðÿäêó, ñ³òêîâèé ðîçâ’ÿçîê, îö³íêà ïîõèáêè, êðàéîâèé åôåêò.

ÂÑÒÓÏ

Ó òåîð³¿ ³ çàñòîñóâàííÿõ ìåòîäó ñ³òîê äëÿ ðîçâ’ÿçóâàííÿ ñòàö³îíàðíèõ ³ íå-
ñòàö³îíàðíèõ çàäà÷ ó êàíîí³÷íèõ îáëàñòÿõ [1] çíà÷íèé ³íòåðåñ ñòàíîâèòü ïè-
òàííÿ ïðî òî÷í³ñòü íàáëèæåíîãî ðîçâ’ÿçêó ïîáëèçó ò³º¿ ÷àñòèíè ìåæ³ îáëàñò³,
äå çàäàíî êðàéîâó óìîâó Ä³ð³õëå. Îñê³ëüêè ñ³òêîâèé ðîçâ’ÿçîê çàäîâîëüíÿº
òàêó óìîâó òî÷íî, òî ïðèðîäíî î÷³êóâàòè, ùî â ïðèìåæîâèõ âóçëàõ ñ³òêè éîãî
òî÷í³ñòü áóäå âèùîþ, í³æ ó âíóòð³øí³õ âóçëàõ [2].

Ê³ëüê³ñíó õàðàêòåðèñòèêó öüîãî ÿâèùà ó âèãëÿä³ âàãîâèõ îö³íîê, ÿê³ âðàõî-
âóþòü âïëèâ êðàéîâî¿ óìîâè Ä³ð³õëå, âïåðøå çàïðîïîíîâàíî â [3]. Ö³ ³äå¿ çíàé-
øëè ñâîº ïðîäîâæåííÿ â ïóáë³êàö³ÿõ [4, 5]. Òàê, ó [4] âèâ÷àºòüñÿ ñê³í÷åí-
íî-ð³çíèöåâà àïðîêñèìàö³ÿ ïåðøî¿ êðàéîâî¿ çàäà÷³ äëÿ êâàç³ë³í³éíîãî åë³ïòè÷íî-
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Ó [5] ³ç çàñòîñóâàííÿì ³íøî¿ òåõí³êè äîâåäåíî âàãîâ³ àïð³îðí³ îö³íêè òî÷-
íîñò³ ð³çíèöåâèõ ñõåì äëÿ äâî- ³ òðèâèì³ðíîãî ð³âíÿííÿ Ïóàññîíà ç êðàéîâèìè
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Àïð³îðí³ âàãîâ³ îö³íêè ïîõèáêè òðàäèö³éíèõ ð³çíèöåâèõ ñõåì äëÿ îäíî-
³ äâîâèì³ðíîãî ïàðàáîë³÷íîãî ð³âíÿííÿ ç êðàéîâîþ óìîâîþ Ä³ð³õëå îòðèìàíî
â [6–8]. Ç äîâåäåíèõ îö³íîê âèïëèâàº, ùî òî÷í³ñòü ñõåìè âèùà ïîáëèçó á³÷íèõ
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ñòîð³í ³ äíà ïðîñòîðîâî-÷àñîâîãî ïðÿìîêóòíèêà â îäíîâèì³ðíîìó âèïàäêó òà ïî-
áëèçó á³÷íèõ ãðàíåé ³ äíà ïðîñòîðîâî-÷àñîâîãî ïàðàëåëåï³ïåäà — ó äâîâèì³ðíîìó.

Äîñë³äæåííÿ êðàéîâîãî ³ ïî÷àòêîâîãî åôåêò³â òàêîæ ñòàíîâèòü çíà÷íèé
³íòåðåñ äëÿ íîâèõ êëàñ³â çàäà÷, ïîÿâà ÿêèõ çóìîâëåíà áóðõëèâèì ðîçâèòêîì äðî-
áîâîãî àíàë³çó. Öåé ðîçä³ë êëàñè÷íîãî àíàë³çó ìàéæå òðèñòà ðîê³â (ç 1695 ð. ³ äî-
íåäàâíà) áóâ íå á³ëüøå í³æ âèøóêàíîþ ìàòåìàòè÷íîþ àáñòðàêö³ºþ [9]. Îäíàê
ïðîòÿãîì îñòàíí³õ ï’ÿòè äåñÿòèë³òü äðîáîâèé àíàë³ç øèðîêî çàñòîñîâóºòüñÿ â ìî-
äåëþâàíí³ áàãàòüîõ ïðèðîäíèõ ÿâèù. Ç’ÿñóâàëîñÿ [10, 11], ùî àïàðàò äèôå-
ðåíö³àëüíîãî òà ³íòåãðàëüíîãî ÷èñëåííÿ íåö³ëîãî ä³éñíîãî (³ êîìïëåêñíîãî) ïî-
ðÿäêó äàº çìîãó ÿêíàéêðàùå áóäóâàòè àäåêâàòí³ ìàòåìàòè÷í³ ìîäåë³, íàïðèêëàä,
äëÿ îïèñó â’ÿçêî-ïðóæíèõ ò³ë, ñóö³ëüíèõ ñåðåäîâèù ç ïàì’ÿòòþ, òðàíñôîðìàö³¿
òåìïåðàòóðè é âîëîãîñò³ â àòìîñôåðíèõ øàðàõ, íåð³âíîâàæíî¿ äèíàì³êè
ô³ëüòðàö³éíèõ ïðîöåñ³â ó òð³ùèíóâàòî-ïîðóâàòèõ ñåðåäîâèùàõ, ìîäåë³, çàñòî-
ñîâí³ äëÿ îáðîáëåííÿ áàãàòîâèì³ðíèõ ñèãíàë³â ó ðàä³îô³çèö³ òà ðàä³îëîêàö³¿,
ó íåë³í³éí³é ã³äðîàêóñòèö³, â åëåêòðîäèíàì³ö³ ìàòåð³àëüíèõ ñåðåäîâèù òîùî.

Ó ñòàí³ àêòèâíîãî ðîçâèòêó ïåðåáóâàþòü ³ íàáëèæåí³ ìåòîäè ðîçâ’ÿçóâàííÿ
äðîáîâî-äèôåðåíö³àëüíèõ ³ äðîáîâî-³íòåãðàëüíèõ ð³âíÿíü, ïðî ùî ñâ³ä÷èòü çíà÷-
íà ê³ëüê³ñòü ïóáë³êàö³é íà öþ òåìó [12–14].

Ó ö³é ñòàòò³ ðîçãëÿíóòî êðàéîâó çàäà÷ó
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Ðîçãëÿíåìî çàäà÷ó (1) ïðè � � 0 :
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� � � � �
��

�
 
 

!

"
#
#
� �

� � � �
sup sup

0 1

2 2

0 12 3

1

2

1

3

1

6
1

x x

x x x x( )
( 4 4

1

3

2x x� �) ,

sup
0 1 0

1
1

1

1

2� � �
�


x x x
G x d

( )
( , )� � ,

òî íåð³âí³ñòü (11) ìîæíà çàïèñàòè òàê:

|| || || || || ||� �� � �� �1

3

1

2
f .

(12)

Òàêèì ÷èíîì, äëÿ ðîçâ’ÿçêó u x( ) êðàéîâî¿ çàäà÷³ (8) ñïðàâäæóºòüñÿ âàãîâà
îö³íêà, ÿêà âðàõîâóº êðàéîâèé åôåêò:

u x

x x
f

( )

( )
|| ||

1

3

4�
�

�
� .

(13)

Ðîçãëÿíåìî çàäà÷ó (1) ïðè 0 1� �� [15]:

Lu u x
d

dx

u t dt

x t
f x x

x

� 		 �
� �

� � �
( )
( )

( )

( )
( ), ( , )

1

1
01

0
� � �

,

u u( ) , ( )0 0 1 0� � . (14)
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Ëåìà 1 (ïðèíöèï ìàêñèìóìó). ßêùî u x C C( )
( , ) [ , ]� �
0 1
2

0 1 — ðîçâ’ÿçîê îä-

íîð³äíîãî ð³âíÿííÿ Lu � 0 , â³äì³ííèé â³ä òîòîæíî¿ ñòàëî¿, òî ôóíêö³ÿ u x( ) ìîæå
äîñÿãàòè ñâîãî äîäàòíîãî ìàêñèìóìó (â³ä’ºìíîãî ì³í³ìóìó) ò³ëüêè íà ê³íöÿõ
â³äð³çêà [ , ]0 1 .

Äîâåäåííÿ. Ïðèïóñòèìî ñóïðîòèâíå. Íåõàé max ( ) ( )
0 1

0 0
� �

� �
x

u x u x , 0 10� �x .

Òîä³ u x	 �( )0 0 , 		 �u x( )0 0 . Îñê³ëüêè [15, ôîðìóëè (13.1), (13.2)]

( )( )
( )

( )
lim

( ) ( )

( )

(
D u x

u x

x

u t u x

x t

u

t x0

1

1� $
�

�
�

�

�
��

� ��
�

�
x u t

x t
dt

x
) ( )

( )

�

�

�

�

 
 

!

"

#
# �

�
 � 1
0

�
�

�
�

�

�

�

 
 

!

"

#
# �

�

1

1 1
0

�( )

( ) ( ) ( )

( )
, (

�
�

� �

u x

x

u x u t

x t
dt x

x

0 1, ),

òî ( )( )D u x
0 0 0� �� , ùî ðàçîì ³ç ð³âíÿííÿì (14) (ïðè f x( ) � 0)

		 � ��u x D u x x( ) ( )( ), ( , ) ,
0

0 1�

äàº íåð³âí³ñòü 		 �u x( )0 0 . Îòðèìàíà ñóïåðå÷í³ñòü äîâîäèòü, ùî ó âíóòð³øí³é
òî÷ö³ â³äð³çêà [ , ]01 ôóíêö³ÿ u x( ) íå ìîæå äîñÿãàòè ñâîãî äîäàòíîãî ìàêñèìóìó.
Àíàëîã³÷íî ìîæíà ïîêàçàòè, ùî ó âíóòð³øí³é òî÷ö³ â³äð³çêà [ , ]0 1 ôóíêö³ÿ u x( )
íå ìîæå äîñÿãàòè ñâîãî â³ä’ºìíîãî ì³í³ìóìó. Ëåìó äîâåäåíî.

Íàñë³äîê 1. Îäíîð³äíà êðàéîâà çàäà÷à (14) (ïðè f x( ) � 0) ó êëàñ³ ôóíêö³é

C C
( , ) [ , ]0 1
2

0 1� ìàº ò³ëüêè òðèâ³àëüíèé ðîçâ’ÿçîê u x( ) � 0 .

Òåîðåìà 1. ßêùî f x C( ) [ , ]� 0 1 , òî êðàéîâà çàäà÷à Ä³ð³õëå (14) ó êëàñ³

ôóíêö³é C C
( , ) [ , ]0 1
2

0 1� º îäíîçíà÷íî ðîçâ’ÿçíîþ.

Äîâåäåííÿ. Íåõàé u x( ) — ðîçâ’ÿçîê êðàéîâî¿ çàäà÷³ (14). Ç ïåðåòâîðåíü

		 � � 		 � � 		
 
u G x d x u d x u d

x

( ) ( , ) ( ) ( ) ( ) ( )� � � � � � � � �

0

1

0

1 1

x

u x

1


 � � ( ) ,

G x
d

d

u t dt

t
d x

d

d

u t dt

t
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( )
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( )
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�
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� �

� ��

�

�
� �
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1

1
�

�

�

�

� �
� �

�

00 0

1
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� �
�

�d x
d

d

u t dt

t
d

x

x
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( )

( )

� �
�

%

%
%% �

�

 


�

�

( )
( )

( )

( )

( )
1

0 0 0

x
u t dt

t
d

u t dt

t

x

�
�

�
��

�

�

�

�

�

0 0

1

1

x

x

x
u t dt

t
d

u

 


�

�

 
 
 

!

"

#
#
#
� �

�

%

%
%% �

�

�

( )
( )

( )

(
�

�
�

�

�

�

�

t dt

tx

)

( )� �

�

�

�

�

 
 
 

!

"

#
#
#
�



0

1

� �
�

�
�

�

�

 
 

!

"

#
 

( )
( )

( )
( )

( )
1

0 0

x x
u t dt

x t
u t dt

d

t

x

t

xx

� �

�

� #�

� � �
�

�
�

�
 

x x
u t dt

x t
u t dt

d

t
u t d

x

x

x

( )
( )

( )
( )

( )
( )1

0

1

0
� �

�

�
t

d

ttx

�

� �( )�

�

�

 
 

!

"

#
# �



11

� � �
�

� ��

1

1

1

0

x
u t x t dt

x

�

�( )( )
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�
�

� � � � �� � �

x

u t t x t dt u t t dt

x

x
1

1 11 1

0

1
1

�

� � �( )(( ) ( ) ) ( )( )

�

�

 
 

!

"

#
#

âèïëèâàº, ùî u x( ) çàäîâîëüíÿº ³íòåãðàëüíå ð³âíÿííÿ Ôðåäãîëüìà 2-ãî ðîäó

u x x x t u t dt

x

( )
( )

( ) ( ) ( )�
�

� � � �
�

�

 
 

�

1

2
1 1

0
� �

�

� � � � � �
!

� � �
 
x t x t u t dt x t u t dt

x

x

(( ) ( ) ) ( ) ( ) ( )1 11 1

0

1
1

� � �

"

#
# �

� �
G x f d x( , ) ( ) , [ , ]� � �

0

1

0 1 . (15)

Ìîæíà ïîêàçàòè, ùî ³ íàâïàêè, ðîçâ’ÿçîê ³íòåãðàëüíîãî ð³âíÿííÿ (15) º ðîç-

â’ÿçêîì êðàéîâî¿ çàäà÷³ (14). Òàêèì ÷èíîì, êðàéîâà çàäà÷à Ä³ð³õëå (14) åêâ³âà-

ëåíòíà ³íòåãðàëüíîìó ð³âíÿííþ (15).

Îñê³ëüêè îäíîð³äíà êðàéîâà çàäà÷à (14) ìàº ò³ëüêè òðèâ³àëüíèé ðîçâ’ÿçîê

u x( ) ,� 0 òî é îäíîð³äíå ð³âíÿííÿ Ôðåäãîëüìà (15) (ïðè f x( ) � 0) ìàº ò³ëüêè

òðèâ³àëüíèé ðîçâ’ÿçîê. Âíàñë³äîê àëüòåðíàòèâè Ôðåäãîëüìà çâ³äñè âèïëèâàº, ùî

íåîäíîð³äíå ð³âíÿííÿ Ôðåäãîëüìà (15) îäíîçíà÷íî ðîçâ’ÿçíå, à òîìó çàäà÷à

Ä³ð³õëå (14) òàêîæ º îäíîçíà÷íî ðîçâ’ÿçíîþ. Òåîðåìó äîâåäåíî.

Çàóâàæåííÿ 1. Ìåòîä ôóíêö³¿ Ãð³íà (4) òàêîæ âèêîðèñòîâóþòü [15] äëÿ

äîñë³äæåííÿ êðàéîâî¿ çàäà÷³

		 � � � ��u x a x D u x f x x( ) ( )( )( ) ( ), ( , )
0

0 1� , u u( ) , ( )0 0 1 0� � ,

ç³ çì³ííèì êîåô³ö³ºíòîì a x C( ) [ , ]� 0 1 , a x( ) & 0 .

Òåïåð îòðèìàºìî âàãîâó îö³íêó òèïó (7) ³ (13) ó êëàñ³ ôóíêö³é ìåíøî¿ ãëàäêîñò³.

Íåõàé f x x( ) ( )� 			 , äå 	 �C
[ , ]0 1

. Çíàéäåìî

G x f d G x d x d

x

( , ) ( ) ( , ) ( ) ( ) ( )� � � � 	 � � �	 � �

0

1

0

1

0

1
 
� 		 � � 		
 
� � 		 �x d

x

( ) ( )1

1

� 	 � �

� � 	 � 	
�

�

 
 

!

"

#
#� � 	 �
( ) ( )| ( ) ( ) ( )|1 1

0
0

1x d xx
x

x�	 � 	 � � � 	 � 	 � �	
�

�

 
 

!

"

#
# �
 ( )d

x

1

� � 	 � � � � � 	 � � �( )( ( ) ( ) ( )) ( ( ) ( ) ( ) ( ))1 0 1 1x x x x x x x x	 	 	 	 	 	

� � � � � �( )( ( ) ( )) ( ( ) ( )).1 0 1x x x x	 	 	 	

Îçíà÷åííÿ 1. Ñëàáêèì ðîçâ’ÿçêîì êðàéîâî¿ çàäà÷³ Ä³ð³õëå (14) íàçèâàòèìå-

ìî ðîçâ’ÿçîê u x C( ) [ , ]� 0 1 ³íòåãðàëüíîãî ð³âíÿííÿ Ôðåäãîëüìà 2-ãî ðîäó

u x x x t u t dt

x

( )
( )

( ) ( ) ( )�
�

� � � �
�

�

 
 

�

1

2
1 1

0
� �

�

� � � � � �
!

� � �
 
x t x t u t dt x t u t dt

x

x

(( ) ( ) ) ( ) ( ) ( )1 11 1

0

1
1

� � �

"

#
# �

� � � � � � �( )( ( ) ( )) ( ( ) ( )), [ , ]1 0 1 0 1x x x x x	 	 	 	 . (16)

Ç òåîðåì Ôðåäãîëüìà âèïëèâàº, ùî äëÿ áóäü-ÿêî¿ ôóíêö³¿ 	( )
[ , ]

x C�
0 1

ð³âíÿííÿ (16) ìàº ºäèíèé ðîçâ’ÿçîê u x C( ) [ , ]� 0 1 . Ç (16) âèâîäèìî íåð³âí³ñòü
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| ( )|
( )

( ) ( )u x x x t dt
x

x

�
�

� � �
�

�

 
 � �

�

1

2
1

0 1

1

0
� �

�sup

� � � � � �
!

"

#
#

� � �
 
x t x t dt x t dt u

x

x

(( ) ( ) ) ( ) || ||1 11 1

0

1
1

� � �
C

[ , ]0 1

�

' '� � � � � � �
� �
sup

0 1

1 0 1 0 1
x

x x x x x( )( ( ) ( )) ( ( ) ( )) , [ , ]	 	 	 	 ,

³ îñê³ëüêè

sup
0 1

1

0

1 1

0

1 1
� �

� � �� � � � � �

x

x

x x t dt x t x t dt( ) ( ) (( ) ( ) )� � �
x

x

x t dt
 
� �
�
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!

"

#
# ��( )1 1

1
�

�
� � � � � � �

�� �

� � � �
sup

0 1

2 2 2 21 1 1 1

2x

x x x x x x x( ) ( ( ) ) ( )

(

� � � �

�)
�

� � �
�

�
�� �

� �
sup

0 1

2 32

2

1

2 2x

x x x� �

� �( ) ( )
,

òî äëÿ u x( ) îäåðæóºìî îö³íêó

|| ||
( )

|| ||
[ , ] [ , ]

u
C C

0 1 0 1

1
1

2 3
4

1

� �
�

�

�
  

!

"
##

�

� �
	 .

Òåîðåìà 2. Íåõàé 	 

( )

[ , ]
,

x C�
0 1
0

³ äëÿ 
 âèêîíóºòüñÿ óìîâà

1

4

3

3
1 0 1

ln
ln

( )
( ) �

�
� � � ��

�

 �

�
. (17)

Òîä³ ñëàáêèé ðîçâ’ÿçîê u x( ) êðàéîâî¿ çàäà÷³ (14) çàäîâîëüíÿº óìîâó

u x C( )
[ , ]

,�
0 1
0 


³ äëÿ íüîãî ñïðàâäæóºòüñÿ âàãîâà îö³íêà, ÿêà âðàõîâóº êðàéîâèé

åôåêò: u x

x x
C

( )

[ ( )] ( )
| |
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1

3

4 3
2
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0 1
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�
� � �
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, 
 (18)

Äîâåäåííÿ. Âèêîíóþ÷è â (16) çàì³íó �
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x
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�
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�
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� � � � � � �� � �
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x
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0

1� � 
 �� t t t dt
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"
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# �
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�
�
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1 0 1
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0 1
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.

(19)

Çâ³äñè âèïëèâàº íåð³âí³ñòü

|| ||
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1 1
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0 1

1 0 1
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x x x x
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. (20)
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(çàñòîñîâàíî ïðàâèëî Ëîï³òàëÿ);
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Âèêîðèñòîâóþ÷è îö³íêè (21) ³ (22), ç íåð³âíîñò³ (20) âèâîäèìî
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� �� �
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4
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0 1
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ßêùî 
 çàäîâîëüíÿº óìîâó (17), òî
3

3

1

4
1

�
�

��

� 
�( )
. Òîä³ ç íåð³âíîñò³ (23)

âèïëèâàº, ùî ñïðàâäæóºòüñÿ îö³íêà (18).

Ïîêàæåìî, ùî u x C( )
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. Çàïèøåìî ³íòåãðàëüíå ð³âíÿííÿ (16) ó âèãëÿä³
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Çâ³äñè âèïëèâàº íåð³âí³ñòü
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Ðîçãëÿíåìî äðóãèé äîäàíîê ó ïðàâ³é ÷àñòèí³ ö³º¿ íåð³âíîñò³. Äëÿ ôóíêö³¿
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Çâ³äñè îòðèìàºìî ñ³òêîâó ñõåìó
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Çíàéäåìî îö³íêó äëÿ
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Çâ³äñè âèïëèâàþòü òàê³ òâåðäæåííÿ.

Òåîðåìà 3. Íåõàé âèêîíàíî óìîâè òåîðåìè 2. Òîä³ äëÿ ïîõèáêè (26) ñ³òêîâî¿
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Äëÿ ïîõèáêè
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äå M 0 ³ M1 — ñòàë³, ÿê³ º íåçàëåæíèìè â³ä h òà u x( ) ,

M 0

1

1
3

4 3

3

3
� � �

�

�

�
 
 

!

"
#
#

�
�

�
�

�

�

�
 � �( ) ( )
, M1

1

1
3

4 3

3

4 3
� � �

�

�

�
 
 

!

"
#
#

�
�

�
�

�

�

�
 � �( ) ( )
.

Çàóâàæåííÿ 4. ßêùî u C�
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äå M1 ³ M 2 — ñòàë³, ÿê³ º íåçàëåæíèìè â³ä h òà u x( ) ,
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×ÈÑÅËÜÍÈÉ ÏÐÈÊËÀÄ

Ðîçãëÿíåìî çàäà÷ó (14) ïðè � �1 2/ :
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Ðåçóëüòàòè îá÷èñëåíü íàâåäåíî â òàáë. 1.

Äëÿ ÷èñëîâèõ ðîçðàõóíê³â âèêîðèñòàíî ïàêåò Maple 18.
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Â.Ë. Ìàêàðîâ, Í.Â. Ìàéêî
ÊÐÀÅÂÎÉ ÝÔÔÅÊÒ Â ÎÖÅÍÊÅ ÒÎ×ÍÎÑÒÈ ÑÅÒÎ×ÍÎÃÎ ÌÅÒÎÄÀ
ÄËß ÐÅØÅÍÈß ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß Ñ ÄÐÎÁÍÎÉ ÏÐÎÈÇÂÎÄÍÎÉ

Àííîòàöèÿ. Ïîñòðîåíû è èññëåäîâàíû ñåòî÷íûå ìåòîäû ðåøåíèÿ ïåðâîé
êðàåâîé çàäà÷è äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïðîèçâîäíîé Ðèìà-
íà–Ëèóâèëëÿ äðîáíîãî ïîðÿäêà. Ïðè ïîìîùè ôóíêöèè Ãðèíà êðàåâàÿ çàäà-
÷à ñâîäèòñÿ ê èíòåãðàëüíîìó óðàâíåíèþ Ôðåäãîëüìà, äëÿ äèñêðåòèçàöèè
êîòîðîãî ïðèìåíÿþòñÿ èíòåðïîëÿöèîííûå ïîëèíîìû Ëàãðàíæà. Äîêàçàíû
âåñîâûå îöåíêè òî÷íîñòè ñåòî÷íûõ çàäà÷, ó÷èòûâàþùèå âëèÿíèå êðàåâîãî
óñëîâèÿ Äèðèõëå. Ïîëó÷åííûå ðåçóëüòàòû ñâèäåòåëüñòâóþò î òîì, ÷òî
â ïðèãðàíè÷íûõ óçëàõ ñåòêè òî÷íîñòü ïðèáëèæåííîãî ðåøåíèÿ âûøå, ÷åì
â åå âíóòðåííèõ óçëàõ. Òåîðåòè÷åñêèå ðåçóëüòàòû ïðîèëëþñòðèðîâàíû ÷èñ-
ëåííûì ïðèìåðîì.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå, êðàåâîå óñëîâèå Äèðèõëå,
ïðîèçâîäíàÿ äðîáíîãî ïîðÿäêà, ñåòî÷íîå ðåøåíèå, îöåíêà ïîãðåøíîñòè,
êðàåâîé ýôôåêò.

V.L. Makarov, N.V. Mayko
BOUNDARY EFFECT IN ERROR ESTIMATE OF THE GRID METHOD
FOR SOLVING A FRACTIONAL DIFFERENTIAL EQUATION

Abstract. We construct and analyze grid methods for solving the first
boundary-value problem for an ordinary differential equation with the
Riemann–Liouville fractional derivative. Using Green’s function, we replace the
boundaryvalue problem by the Fredholm integral equation, which is then
discretized by means of the Lagrange interpolation polynomials. We prove the
weight error estimates, which take into account the impact of the Dirichlet
boundary condition. All the results give us clear evidence that the accuracy
order of the grid scheme is higher near the endpointd of the line segment than
in the inner points of the mesh set. We provide a numerical example to support
the theory.

Keywords: fractional differential equation, Dirichlet boundary condition, grid
solution, error estimate, boundary effect.
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