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CYNEPCUHI'YJISIPHBIE CKPYYEHHBIE KPUBBIE J/IBAPJICA
HAJ ITPOCTHIM MOJIEM'.

II. CYIIEPCUHI'YJISAIPHBIE CKPYUEHHBIE KPUBBIE 3/IBAPJICA
C j-UHBAPUAHTOM, PABHBIM 66°

Annoranusi. CopMyJIUPOBaHbI U JI0Ka3aHbl TEOPEMbI 00 yCIOBHSAX CYIIECT-
BOBAHMS CYNEPCHHIYJISIPHBIX KPUBBIX DJBapjca HaJ HPOCTHIM IOJEM C j-HH-

BApUAHTOM, PAaBHBIM 66°, W C JIPYrMMH 3HAYEHUAMHU j-MHBapHaHTOB. llpm-

BEJICHO 0000IIeHHE IOIYyYCHHBIX paHee Pe3yJbTaToB, HCIOJIb3YyOliee H30MOp-
¢usm xpuBbiX B (popmax Jlexanmpa u DaBapica.

KnoueBble c10Ba: CynepCUHIYIsIpHAas KpHBas, IOJIHAs KpuBas DaBapica, CKpydeH-
Hasi KpuBas DjBapica, KBaJpaTH4Has KpuBas OfBapjca, Iapa KBaJpaTUYHOIO Kpy-
YeHHs, TOPSIIOK TOUKM, cuMBON JlexaHnmpa, KBaJpaTHYHBINA BBIUET, KBAIPaTHIHBINA
HEBBIYET.

BBEJEHUE

DnmnTudeckue Kpueble B (opme DjBapica Haja MPOCTBHIM TOJEM Hauboliee Tep-
CIIEKTUBHBI JIJISI COBpPEMEHHBIX KpunrocucteM [1]. TIpon3BoauTensHOCTh Omepariu
9KCIIOHEHIIMPOBAHU TOUKH Takoi KpHBOIl B cpenHeMm Oosiee ueM B 1,5 pasa Bblie,
yem s kpuBod B ¢opme Beiiepmtpacca [2]. [lporpammupoBanue apupmMeTuku
9THX KPHBBIX CYIIECTBEHHO YIIPOINAETCS B CBSI3M C HAJHMYHUEM HEHTPAIBHOTO die-
MeHTa rpynnbl Kak adduaHOW Toukn KpuBoi O = (1,0). YHHBEpCAIbHOCTh 3aKOHA
CIIOKCHHSI TOYEK JeJlaeT MX Oosee Oe30macHBIMH K arakaMm OOKoBoro kaHama [3].

CymnepcuHrysipHble DIUTMNTHYSCKHE KPHUBbIe, HHTEPEC K KOTOPBIM ociad B 90-¢
TOJIBI B CBSI3M C ys3BUMOCThI0 K MOV-artake nzomopdusma [4], B Hayasie HBIHEITHETO
CTOJIETHSI CTaJIM OCHOBOM KpunTorpaduu Ha CIApUBAHUM TOYEK LIMITHYECKOH KpH-
Boii [5]. KpoMe Toro, M30reHrH TaKKX KPUBBIX MOTYT OBITh MEPCIIEKTUBHBI JIJIS 3314
MOCTKBAHTOBOM Kpunrtorpaduu [6—8]. TexHomOruueckue NperMyIIecTBa KPUBBIX
B (opme DiBapjica JeNar0T aKTyallbHON 3a/lady HMCCIIEIOBAHUS CBOMCTB CYIIEPCHUHTY-
JSIPHBIX KPHUBBIX 3TOTO THIIA.

B Hacrosimieii craThe JaH aHAJIH3 CBOWCTB JIBYX KJIACCOB CYNEPCHHTYJISIPHBIX KPHU-
BBIX B 0000IIeHHON (Gopme DaBapiaca [2] Haa MPOCTHIM TOJIEM — KBaJIPATHYHBIX H
CKpPYUYECHHBIX KPHUBBIX JJBapjca. B pasn. | BBOAATCS OCHOBHBIC TIOHSTHS U OTpeee-
HUSl B COOTBETCTBHH C HOBOW Kiaccuukanued kpuBbix JaBapica [2]. B pa3a. 2 nan
aHaJM3 YCIOBUH CYIECTBOBAHUS CYNEPCHHTYISPHBIX KPUBBIX DIBapjca ¢ j-HHBAPH-

AQHTOM, paBHBIM 66>. B pa3n. 3 maHo o0oOIIeHHEe HEKOTOPBIX Pe3yJbTaToB IS CY-
MEPCUHTYJISIPHBIX KPHBBIX DIBapica ¢ IPYyrHMMHU j-HHBApUAHTAMHU HA OCHOBE HMX H30-
Mopdu3ma ¢ KpuBbiMH B Qopme Jlexanapa [5].

1. KPUBBIE 3JIBAPACA B OBOBIIEHHOW ®OPME. OB30P M3BECTHBIX PE3VJIBTATOB

HcnonezyeM OCHOBHBIE 00O3HAYCHHsI M CBOMCTBAa KpPHUBBIX, NMpHBEICHHBIC B [1].
B pabore [9] ckpyuennsie kpuBbie JaBapaca (twisted Edwards curves) onpenene-
HBI KaKk 0000IIeHne KPUBBIX DJBapjica X2+ y2 =1+dx? y2 [3] myrem BBOma HOBOTO

rnapamMeTpa @ B ypaBHEHHE KPHUBOM:

E,q: axz+y2 =1+dx2y2, a,deF;, d#1, a#d, p#2.
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B pab6ore [10] npeanoxeHo MOMEHATh MECTaMH KOOPJIUHATHI X U Y B JOPME KPH-
BOH DjiBapica B LENSIX COXPAaHEHHsI TOPU3OHTAIBHON CUMMETPUU OOPATHBIX TOYEK W
ONpeNeNuTh KPUBYIO B 0000IIEHHOH (opMe DiBapica, HUCIONIB3Ys ypaBHEHHE

3
E,a: x2 +ay2 :1+dx2y2, a,deF,, d=1, dd-a)#0, p#2. (1)
Torma MoauQUIMPOBAHHBIH YHUBEPCAIBHBIN 3aKOH CIOXKEHUS TOYEK MUMEET BHJI

X1 Xp =@y, X1)o +Xo ) ) 2)
l=dxixy 1y 1+dxixp y1 32

(x5 »1)+(x2, J/z)Z[

Ilpy coBNaeHUM ABYX TOYEK MOIyuMM M3 (2) 3aKOH YABOEGHMS TOYEK
)
Xy Ay 210

2 .27 2.2
l—a’x1 y l+dx1 »

Omnpenernsist TOUky —P = (x,—y), o0paTHyto K Touke P = (X, y), OJIy4aeM COrJac-
HO 3aKOHy (2) KOOpAMHATBI HEUTPANBHOTO BJEMEeHTa Tpymmsl (X, )+ (x,— )=
=0=(1,0).

CornacHo Knaccudukamy KpuBbIx B opme (1), o00ocHOBaHHOH B padoTax [2, 10-12],
CKpYYEHHasI KpUBasi MMEET MapaMeTpsl a U d , KOTOPBIC SIBISIFOTCS KBAAPATUIHBIMU HEBBI-

a d
yeramu: | — |=| — |=—1, Torma Kak npu a =1 onpeseneHsl MOJHbBIE KPUBBIE DIBapica

p p

2(xy, 1) = 3)

d
C mapamerpoMm d , SBIIIIOIIUMCS KBaJpaTHYHbIM HEBBIUETOM: ( =—1, u KBajpaTHU4HbIE
p

KpuBblE DnBapjca, s KOTopblx | — [=1.

p
Hns xpuBoii E, 3aaHHON ypaBHEHUEM
Y2=x3+4x+B )
B KaHOHMYecKoil ¢opme Beliepmrpacca ¢ j-unBapuantoMm [5, 13]
: 12443
JE)=—
44° +27B

XapaKTepHbIMU SBIsItOTCS 3HaYeHus j(E)=0 npu 4=0 u j(£ ):123 mpu B =0.
OTH 3HA4YCHHUS j-MHBAapHUAHTA 4acTO (IPU BBIIOJHEHUHM M3BECTHBIX YCIOBHUH UL MO-
JyJsl p) TOPOXKIAIOT CYNEPCUHTYISIPHYIO0 KpUBYI0. B [1] ObulM M3y4eHBI CylepCUH-
TYJISIPDHBIC KPUBBIC C TaKUMH K€ 3HAYCHUSMH j-WHBapHaHTA.

N3omopdusm kpuBbix B Gpopmax (1) u (4) mocturaercst JUIb TPUOIMKEHHO IS
YEeTBEPTH BCeX KpHBBIX B Gopme Beliepiirpacca. [Topsaok Takux KPUBBIX COCTaBIISIET
N =0(mod4). Hambomnee ymoOHOH (opMOil X MPEACTABICHUS SIBISCTCS KPUBAs
Ec p B popme Monrromepu [9]:
a+d 4 _C+2

D= a Ca=C2

, , ,Cr24. (5)
a—d a—d D D

Dv? =u’ +Cu? +u, C=2

Tax kax kpussie (1) u (5) nsomopdusl (£, 4 ~ Ec p) [2, 9], yenosus cyuectso-
BaHUSI TaKUX CYNEPCHHTYJSAPHBIX KPUBBIX KBHBaJICHTHBI.
Jus xpuBo#t (1) j-unBapmanT mmeer Buj [14]

16(a? +d? +14ad)

ad(a—d)*
Tak Kak j-WHBapHAHT COXPAHSAET CBOE 3HAUCHUE IS BCEX M30MOPQHBIX KPUBBIX U
nap KBaJpaTUIHOTO KPY4YEeHUs [5], OH ABISIETCS MOJE3HBIM MHCTPYMEHTOM TP TTOUCKE
CyNepcuHTryIsIpHBIX KpuBbIX. Kak ormedanocs B [1], amst aTux neneit nmapamerp a B (6)

, ad(a—d)=#0. (6)

Ja,d)=
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SIBJIACTCA I/I36I>ITO‘-IHLIM, T.C. MOXHO IIPUHATH d =lmnu paccMaTpuBaThb CBOMCTBA JIUIIb
TOJIHBIX W KBaAPATUYHBIX KPHUBBLIX 3;[Bapz[ca. B nanpneimem 6y,£[eM HCIIOJIB30BaTh

Jj-unaBapuadT j(l, d) . OnanM u3 cBolicTB j-nnBapuanta sisiercs j(1, d) = j(l, d -l ).
CkpyueHHasi KpuBasi DjBapjca onpejeicHa B padote [2] kak 4acTHBIN ciydait
kpuBoit (1)
Eqq: x*+ay® =ldx®y?, deF,, d(d—-a)=0, (“]:(djz—l.
p

p
I[J'Iﬂ aHaJiu3a yCJ'IOBI/Iﬁ CyHI€CTBOBAaHUs CYNCPCUHTYIAPHBIX KPUBBIX 3TOrO

KJIacca JIOCTATOYHO MPOBECTH TAaKOH aHAIU3 B KJIAacce KBAJPATHYHBIX KPHBBIX
Onsapaca Ey 4:

x?+y? =l+dx’y?, deF,, dd-1)#0, (dJﬂ. %
p

2. CYINEPCUHTYJISIPHBIE CKPYYEHHBIE KPUBBIE DJIBAPJACA
C ;UHBAPUAHTOM j(1,d) = 66°

[Ipoananm3upyem CBOWCTBa KBaapaTWIHON KpuBoil DnBapnca (7). Kak ormedarnocs,
HOCJ'IeI[y}OH_II/Iﬁ nepexona K Cpr‘IeHHOﬁ KpHBOﬁ CBOAUTCA K YMHOXCHHIO €€ IIapa-

MmeTpoB (1, d) Ha kBagparuusblii HeBbruetT: (1, d) — (¢ cd), fo

Ipu x, y#0,£1, J_r\/L pas3fenuM JIEBYIO W TPaByIO YacTH ypaBHeHUs (7) KpUBOH
d

Ey 4 Ha xz,y2

L +L = 1 + d,
y x2 x2 y2
OTKyJa I0Jy4aeM 1— 1
2 1= , X, y#0,xL+—. ®)
I-x Jd
Ecmu (8) mepenucars B BUzE y_2 o d—x2
1—x—2 ’ 1
TO TOJNy4uM OCOOble TOUKM KpHUBOH £y 5 : Dj, :(i\/»;ooj — o0co0ble TOYKH
' | d

BTOPOTo Hopsanka; Fj :[00; J_rI] — 0coOble TOYKM YETBEPTOro MOpsaKa, MpH-
’ Jd

yeM F]=-F, . OTMeTHM TaiKe, YTO KpHUBas COIEPXKUT M Jpyrue (HeocoOble)

TOUKH MAaJIbIX MOPSIKOB: HEHTpaNbHBI 31eMeHT rpymnmbl O, TOUKY BTOPOro mopsiaka D

U JBE TOYKH YETBEPTOTO TMOpsaKa *F.

BynmeM oThICKMBATH Takwe 3HAYCHUS MapameTpa d, Ipu KOTOPBIX ypaBHeHHE (7)
3aJ]aeT CYNEepPCHHTYISPHYIO KpuBYyr0. J[s 3TOro B ypaBHeHHH (8) clenaem 3aMeHy
[IePEMEHHBIX

u= x_l, V= y_1

U OepenumeM 3TO YPaBHCHUE KakK

SN el )

1-u?

Heobxommo HaiiTi Takue 3HaYeHUs d , TIPH KOTOPBIX KOJIUYECTBO map (X, ), sBIs-
oIuXcst penreHnsiMe (8), ObU10 ObI paBHO p+1. Eciti MCKITFOYNTB M3 9TOrO MHOXKECTBA
PCLICHUI TOYKH MaJbIX MOPSIKOB (0COObIE M HEOCOOBIE), T.€. TOUKH, Y KOTOPBIX OJIHA W3
KOOpJIMHAT PaBHA HYJIO WIH o0, TO OCTaHercst p+1—8 = p—7 Toyek. MHBIMU ciioBamuy,
KpuBast Ey ; Oy/ieT CynepeHHIyJISPHOH TOrzia M TONBKO TOIJA, €CIM KOJMYECTBO Tap
(u,v) , sBIsOIIUXCSE perteHusIMHA (9), U1t KOTopbIX u, v # 0, £1, + \/g ,00, paBHO p— 7.
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[ GopMyTUpPOBKH U TOKa3aTeIbCTBA OCHOBHOTO pe3yibTaTa HEOOX0JUMO BBEC-
TH psil 0003HAYCHUH W JI0Ka3aTh HECKOJIBKO BCIIOMOTATENIbHBIX YTBEP)KICHUH.
[ mpou3BOIBHOTO MPOCTOr0 4Yucia p OyleM HCIONb30BaTh CIEAYIONINE

* *
0003HaYeHUs, KOTOPbIE MOKHO Ha3BaTh CTaHAAPTHBIMU: 0, = {x €Z, |3y €Zy,:
X= y2 (mod p)} — MHOXKECTBO MPUBEICHHBIX KBAJPATHYHBIX BEIUCTOB MO MOJYJIIO P}

- *
-0, ={=x[x€0,}; 0, =2,\0, — MHOXKCCTBO IPUBC/ICHHBIX KBAAPATHIHBIX HE-

BBIYETOB IO MOJIYJIIO p.
Jns nanbHeWmIero W3JI0XEHHs HEeoOXOJAUMO OMNpEASIUTh CIeaAyoline

MHOKECTBA: 1
U= x2—1|xe{l3y“,pz}; (10)
S=UnQ, (11)

— MHOXECTBO DJDJICMCHTOB H3 U, SIBJIAOIINUXCS KBa}lpaTI/ILIHI)IMI/I BBIUCTAMU,
§=Un0, (12)

— MHOECTBO 3JIEMEHTOB M3 U, SBIAIOIINXCSA KBaJIpaTHYHBIMH HEBbIUCTAMHU;
-S={x|xeS}. (13)
3aMeTHM, 4TO NpHU yclIoBUU p =3(mod4) BBIIOIHEHO PAaBEHCTBO QTU =-0,, mo-
CKOJIbKY B 3TOM ciydae —I eQTD . IloaroMy A Takux 3HAUYEHUH p BBINOJIHIETCS

yenoBue —S NS =0 .
Jlerko yBuuetrb, uto B oOo3HaueHUsXx (10)—(12) BBINOJIHEHO pPaBEHCTBO

U={x2 —l\er;\{il}}, T.€. |U\=|Qp|—1=p7_3, U MpH 3TOM

2
o U=SuS u SNS =0, (14)
nockoIsky 0, NQ, =&.

s nokazaTenbCTBa OCHOBHOM TEOpEMbl HEOOXOJMMBI CIIEAYIOIINE JIEMMBI.
5 -3
Jlemma 1. Ilyctes p=3(mod4). Torma \S|:|S|:pT.

Joxka3ateabcTBo. CormacHo (10) u (11) KoauMdecTBO 3JIEMEHTOB MHOXKECTBA S

PaBHO KOJIMYECTBY KBaJ[PaTHUYHBIX BEIYCTOB CPEIIU SJIEMEHTOB BHJIA x2 —1. 3anaua Ha-
XOKJIEHHS KOJIMYECTBAa TAKMX KBAJAPAaTUYHBIX BBIYETOB pellajack B jemMMme 2 pado-
Thl [15] u 3aTem obOobmieHa u pemieHa B pabote [16], B koTopotit | S|=rr — Komaude-
ctBo map Buzna (a,a —1) €0, x0,. Torxaa cornacHo cneactsuio 2 u3 [16] u ¢ yyerom
Toro, 4yro 1€Q,, -1¢0,, nonydaem

p=3-| -
p p) p-4+1_ p-3

rn = .
4 4 4

OTKYJIa |S\=pT_3.

B cuny pasencrtBa |U|= p=3 n ¢ yderom (14) momyuaem
S -3
|SI=UHs|=£=.
4
Jlemma 1 nmokasana.
Jlemma 2. Ilycts p — mpocrtoe. Torna:

* —
1) nns mro6oro ueZp umeeM ueS < u ! esS;

* —
2) mns moboro ueZ, umeeM ue—S < u leos.
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Joxa3zaTenbcTBo. 1. BHavgae qokakeM MMIUTAKAIWIO u €S = ules JUTSL JIIO-
£
boro ue”z b

IIycte ue€S. Cormacao (10) m (11) »To O3HaYaeT, YTO CYMIECTBYET TaKoe
X € 2,3,...,p—_1 , 4TO
2

u=x>-1. (15)
Crnenyer aokas3aTh, 4YTO

e {z, 3,._.’;72—1}: ul =% 1.

B ypaBuenun (15) pazmenum neByr W NpaBylO 4acTd Ha u?

1 X 1 X2 —1+u? 2

L S J g I
1/!2 uz u2 uz
2 2
=u(u+1)_1=ux 12Xy (16)
2 2 u
u u

[Mockonbky ueS, to cormacuo (10) mmeem ueQ,; CleN0BaTEIbHO,
£
dzeZ, u= z2. Torma (16) MoXXHO mepenucaTh Kak

2 2
u_lzx—lz(x) -1.
22 z

X - X

IIpu sTom — #1, Tak Kak u ''£0. Honaras y==, nony4aem (15), uro u TpedoBa-
z z

JIOCh JTOKa3aTh.

OOparHast IMIUTAKAIHST TOKA3bIBACTCS C UCIIOIb30BAHUEM YIKE JIOKA3aHHON MMILIU-
* —
kauuu. Ilycts 1yg HekoToporo u € Z p BBITIOJIHCHO YCJIOBHE U ! € S. Torma Ha ocHOBa-

HUM JOKa3aHHOTO MMEeM (Lf] )71 €S ,t.e.ueS .lleproe yTBepKIEHHE JTOKA3AHO.
2. ITyere u €—S. Torma cornacuo (13) —u €S. 13 nepBoro yTBep>KICHHS JEM-
MBI 2 CIEeIyeT, 9TO (—u)_1 es, T.e. —u! €S, oTKkyma u~' e-S. Jlemma 2 JI0Ka3aHa.
CaeacrBue 1. Ilycte p=7(mod8). Torga:

1) MHOXKeECTBO S cocTOUT U3 3IeMeHTa | U map 37J1eMeHTOB BHa (d, a_l) TUTST He-

KOTOpIX a €0, \{l}, npudemM 4HCIO TAKHX Tap PaBHO p ;7;

2) MHOECTBO —S' COCTOHUT W3 3JIeMeHTa —| U map 3JeMeHToB BHaaA (a, a_l) JUIs

— p—7
HEKOTOPBIX a €0, \{~1}, mpuyeM 4YHCIO TakuX Map paBHO 2
JoxazareascTBo. 1. 3amerum, uTto mpu ycnoBuHM p = 7(mod8) BblmomHseTCS
-1
ycnosue 2 €Q,, . Ilostomy Korzma x npoOeraeT Bce 3HaueHHs Buaa 2,3,..., pT, TO

BBIpAaXKECHNE x2 npoberaet Bee 3HaueHus us O, \ {I} ; B yacrHocTH, Ix: x? =2. Torna
I x?-1= 1, mpuyem 1€0Q,,, cnenosarensro 1€S.

Hanee, u3 koHrpysHuuu p = 7(mod 8) cnexyer KoHrpysHIus p =3 (mod4); cie-
JoBaTeabHo, —1 éQp, a 3Hauut —1¢S8S.

Takum 00pa3om, i BCeX Takux a € S, 9TO a # 1, BHIIIOJHEHO YCIOBHE al#a ,

a 3Ha4YMT, apsl Buaa (a, a”! ) mpu a # 1 cOCTOAT U3 pa3HbIX 3neMeHToB. CormnacHo 1. 1
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JeMMBI 2 MHOKECTBO S TOMHMO 3JeMeHTa | comepKuT mapsl Buza (a, a_l). Torna
p -3 -1
[S]-1_ 4 p-7
KOJINYECTBO TaKUX Map paBHO 5 = 5 = g ; 1. 1 cnencrBus 1 nokasas.

2. IMockonbky cormacHo . 1 1 €S, To —1 € —S. Jlarmee moka3aTemsCTBO BBITIONHS-
€TCsI aHAIOTUYHO JI0KA3aTeNbCTBY I1. 1 ciieZIcTBHS | ¢ UCTIONB30BAHUEM 1. 2 JIEMMEI 2.
CnenctBue 1 IONMHOCTBIO JOKa3aHO.

Jlemma 3. Ilyctp p =3 (mod4) . Torna asns moboro a € Z p* CIPaBe/UINBO YCIIOBHUE
aeS<ales.
Hokasareabcrso. [Ipeanonoxum oOpatHoe: MyCTb CYLIECTBYET Takoe u €Z,,

JUIST KOTOPOTO ueS u u'eS. Torna cornacho (12)
Co 2 . R
EIerp.u—x I,ElzeZp.u =z" 1.

Orcrona xz=u+1:u(l+u_1):z2 u u:x2'(z_1)2:(x~z_1)2. Opmnako TOTHA

u€Q,, 4TO MPOTUBOPEUHT ONPEACIICHHIO (12) mHOXecTBa S, Kak COCTOSIIETO M3

KBaJpaTUYHBIX HeBBIYETOB. Jlemma 3 nmokazaHa.

Jlemma 4. [Tyctp p=3(mod4). Toraa cnpaBeavBO ClenyOIIee YTBEPKACHUE:
u3 r000# napsl Buaa (u, u_l), rae ueQ \{—1}, B TOYHOCTH OJUH FyeMeHT (JIn0Oo u,
oo u_l) MIPUHAJUICKUT MHOXKECTBY S'.

Joxka3zarenncTBo. 13 nemmbl 3 ciemyer, 4To U3 000 mapbl Buaa (u, u_l) , TIe
ueQ \ {—1}, He Ooylee OAHOTO dIEMEHTA MPUHAUICKUT MHOKECTBY S . OcTasioch mo-
Ka3aTh, YTO W3 KAXKIOW TAKOW IMapkl 110 KpalHEW Mepe OJUH DJIEMEHT IPHHAIJICKHUT
MHOECTBY S.

[o onpenenenuio (12) MHOXKECTBO S COAEPIKUT TOIBKO KBaJIPATUUHBIC HEBBIYETHI

S -3
U He coaepxuT anementa —1. lanee, cornacuo nemme 1 umeem | S| = pT , B TO Bpems

— -1
KakK BCE€ MHOKECTBO KBaJApPaTUYHBIX HEBBIYETOB Qp COCTOUT H3 pT 3JIEMEHTOB. JTO

MHOJKECTBO COJEPXKHUT AeMeHT —1 (rmockoibKy p =3(mod4)) u HenepeceKarouecs

1

mapbl 3JIEMEHTOB BUA (a,a_l), e a#a W a,a_l €0, \{-1}. Ouesnauo, uro

p-l
2 _p-3
YUCJIO TaKuX map CoCTraBJIACT ——— = ——
B 2 4
nmapbl B MHOXKECTBEC S Moxer HAaXOOAUTHCA HE 60.]'[66 OAHOI'0 JJIEMCHTA.
ITycTh ¢ — KOMMYECTBO Map, SIEMEHTHI KOTOPBIX (TI0 OJHOMY M3 Hapbl) MPUHAINIC-

JKaT MHOXXECTBY S. HOCKOHBKy ApYTrue 3JIEMEHTBI B 3TOM MHOYKECTBE OTCYTCTBYIOT, TO

. CornacHo nemMMe 3 U3 KaKIOM Takoi

t=|S|=pT, T.€. 9TO KOJIMYECTBO PABHO KOJMYECTBY BCEX BO3MOXKHBIX TAKUX IIap.

CrnenoBaTenbHO, W3 KKIOW Mapbl BUAA (a,a_l), e a#a ' u a,a_l er\{—l},

B MHOXKECTBO §' IONAaZaeT B TOYHOCTH OJMH IEMEHT, YTO U TPeOOBaJIOCh JOKA3aTh.
Jlemma 4 nokasana.
CaeacrBue 2. [lycts p=3(mod4). Torma mna moboro u €S\ {l} B TouHoCcTH

OIWH DJIEMEHT U3 Mapbl (—u,—u_l) OyzeT mpuHAIUIeKATH MHOXKECTBY S.

Hoxka3zateabcTBo. CormacHo (13) MHOXKECTBO S COCTOUT W3 KBAIPATHUHBIX BBIYC-
toB. Jlanee, mockonsky p=3(mod4) u -1¢0Q, , 10 U3 u €S cuenyer —u ,—u_ler.

Kpome Ttoro, mpu u€S\{l} BbimomHeHsl ycnoBus —u#-—1, —u"'%-1. Torma
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—u#-u"" u cormacuo JeMMe 4 B TOYHOCTH OZIMH JJIEMEHT U3 Mapbl —u —u ! Oyner
MpUHAANIeKATh MHOXKECTBY S. CneactBue 2 10Ka3aHO.
S -7
CaencrBue 3. Ilycte p=7(mod8). Torma |-SNS|= pT .
Joka3zatenbcTBo. CoryiacHO CJIECTBHIO | MpeacTaBUM MHOXKECTBO —S B BUJIE

=S ={-lufapa;yuLlaga;

IUIsl HEKOTOPBIX d; e@, i=11, re ]:pT_T

o -1
CorylacHO CIEACTBHIO 2 M3 KaXIOH Mapsl a;,a; B TOYHOCTU OJUH IJIEMEHT
p—7

MpUHAIEKUT MHOKeCTBY S . Kpome toro, —1¢ S , tak kak —1 ¢U, T.e. TOUHO

3JIEMEHTOB MHOXECTBa —S NMpHUHaJJIeKaT MHOXKecTBY S. Cienctsue 3 MOIHOCTBIO
JI0Ka3aHo.
Teopema 1. [Ipu p =7 (mod 8) kBampaTHuHbIe KpUBbIC DaBapaca Hal F p C mapa-

MeTpamu a =1 u d =2%1 a Taxxke CKpy4Y€HHbIe KpUBBIE DjBapica ¢ NapaMeTpaMu
a=-1ud=-2%" spusmores CYNEepCUHTYIAPHBIMU. 115 9TUX 3HaYeHUH @ U d BBINOJI-
HeHO ycinoBue j(a,d) =667,

Hoka3zatenscTBo. 13 cpaBaeHust p = 7 (mod 8) HEmocpenCTBEHHO CIIEAYET CpaB-
HeHue p =3(mod4), Tak Kak peayKuus BelpakeHus 8k + 7, k € Z, no moxymio 4 naer
BeIpaxkeHue 4k +3, k € Z. CnenoBatensHo, p+1 nenutcs Ha 4 u ycnosue p = 7 (mod 8)
HE [IPOTHBOPEYHUT CYLICCTBOBAHHIO CYIICPCHHIYISPHON KpUBOH DnBapaca Haj F,.

PaccmoTpuM KBaJpaTH4YHYHO KPHUBYIO DnBapica ¢ OJHMM IapaMmerpoM d =2,

npudeM rnpu  p = 7 (mod 8) cnpaBeninBo 2 =1[13]. Ecnu xpuBast CynepcuHryssip-
p

Hasi, TO CyNepCUHTYJIAPHbIMU OynyT u3oMopdHas eil kpuBas ¢ nmapamerpom d = 27
ee rmapa KBaIpaTUYHOTO KPYUYEHHsI — CKpy4YeHHasl KprBas DJBapjica C rnapaMerpaMu
a=-lnd=-2%" ITosToMy U1 1OKa3aTeNbCTBAa TEOPEMBI JOCTATOYHO AO0KA3aTh, YTO
npu d =2 nopsanok kpusoil (8) umeer Bug N p = p+1u, caeqoBatenbHo, KpUBast sBIs-
€TCsl CYNEPCUHTYIISIPHON, UJTH, YTO TO K€ CaMoe€, JJ0Ka3aTh, YTO KOJUYECTBO PELICHUN
(9), y KOTOpBIX KOOpJMHATHI HE PABHBI HYJIIO WJIM 00, paBHO p—7.

IIpu d =2 ypasuenue (9) mpumer BHI

ST PR S (17)

—w? -1

rge € YUYCeTOM MCKIHOYCHUA OCO6BIX nu HCOCO6LIX TOYCK MAaJIbIX IOPSAKOB
uv 0, +1, £4/2, .

JleBast wactp ypaBHeHus (17) mpuHHMaeT 3Ha4YeHUs U3 MHOXecTBa U, I KOTO-
poro coriacHo (14) BeimosiHens! ycnosus U =S U SuSnS =@. lanee paccMOTpUM
JIBa CiIydas: Korja 3HadeHue JIeBoi JacTH (17) mpuHaIJIC)KUT MHOXKECTBY S M KOTAa
OHO HPHMHAICKHUT MHOXKECTBY S.

Hus Hekoropoil mapel (u,v), saBigwoomeics pemenuem (17), o6o3HayuM
a :v2 —1eU. Torma u2 —l:—a_l, HO IIPU 3TOM u2 —1eU. lloatoMy nmnst mowucka
KonuyecTBa pemenuid (17) mocTaToyHO HAWTH KOJIMYECTBO TAaKWUX AJIEMEHTOB a €U,

YTOOBI MPH 3TOM BBITIOJIHSIIOCH YCJIOBHE —a'eu.
PaccmorpumM n1Ba cirydas.

Cayuaii 1. Ilycts a €S. Torna crpaBeyiMBbI CIEIyIOIINE SKBUBAJICHTHOCTH:

)

leU &

acUn—a'eU s aeSA—a"
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o
<-—a

(2) —
ceSrh-a'elUe=-a'le-SnUs=s-a'e-5 NS,
M
I7le¢ PABHOCHJIBHOCTh <> BBIMOJHEHA BBUAY M. 2 CIEACTBHsS 1, a PaBHOCHJIBHOCTb

(2)
< BBIIOJNIHEHA BCJEACTBHE TOro, 4ro —S NS =, mockonbky mnpu p =3(mod4)

BBIIIOJIHCHO ycioBue —1¢0,. — p=7
Hanee, coriacHo cnenctBuro 3 umeeM | S NS |=T, T.€. CYIIECTBYET TOYHO
p=7

1

TaKUX 3HAYCHWH a €S, 4TO BBINOJHIETCS YCIOBUE —d Teu.
Cayuaii 2. [Tycts a € S. Torna BciencTBie BEINOIHEHUS yeaoBusi —1 ¢ O p TaKKe
BBINOJIHCHO YCIOBUE —a €()),,  3HAYHT, U —a! €0,,. Eciu nipu 5TOM TakoKke BBIIIOI-

-1 -1
HeHo ycnoBue —a €U, To TakXke BBINOJIHEHO U ycinoBue —a € S. Toraa, 0003Ha-
-1 -1
YUB —a  =b W COOTBETCTBEHHO ¢ =—b , MOJly4nM YCIIOBHS U3 ciydas 1, T.e. mpu

S -7 . -
a €S TaKkxe CYIECTBYET TOYHO p TaKuX 3HA4YCHUU ad , 4YTO —a ! eU.

p=7 p-T7 p-7
=+ =
8
-1
JUISl KOTOPBIX BBINOJHEHO ycnoBue —a €U . [lnist kaxaoro Takoro 3HaueHust a €U cy-

CrnenoBaTenbHO, BCETO CYIIECTBYET Takux 3HaueHudt a €U,

LIECTBYET TOJBKO JBA 3HAUCHUS: U =TVa+lnv =tV —a Ty, HPH KOTOPBIX BBIIOJIHS-

-7
ercst ycrnoue (9). CrenoBaTebHO, BCETO CYIIIECTBYET 4~pT = p—7 takux map (u,v), AB-

JsroImXcst perteHusiMu (9), pu otom u, v =0, £1, £ 2 ,00. Torjaa coOTBeTCTBYIOIINE UM

mapsl (x, y) OyayT pemenwsmu (8) rpu d =2 . Jlo6aBisisi K MHOXKECTBY pEIICHHIT BOCEMb
TOYEK MAaJIbIX MOPSIKOB, MoiydaeM p—7+8 = p+1 map, SBIAIOMNXCS PEIICHUIMU
ypaBHeHus (8) mpu d =2, MO3TOMY KBajpaTu4Has Kpusas E| 5 ABISETCA CYNEPCUHTY-
nspHO#. Kak ObII0 3aMeueHO paHee, IPU 3TOM TAKKe CYNEPCHHTYIAPHBIMU OYAyT KBA-
paruyHas KpuBas E1 ,-1 M CKDYYCHHBIE KDPUBBIC E_j o, m Efl
Teopema 1 mokaszama.
Ipumep 1. [IpoBeputh, 4TO KpuUBas

o1
Eip: x2 +y2 :1-1-2362)/2

HaJ moseM [ SABNAETCA CynepcHHryispHoW. Haitm ee Toukm.
IMockomnbky 23 =2-8+ 7, TO corynacHo Teopeme | KpuBast JOJKHA OBITH CyIEPCHH-
TYJSIpHOM. 3anuiineM ypaBHeHUE KpuBoil B Qopme (9):

L
x 21
U BBIIETUM BOCEMb TOUYEK MAJbIX MOPSIKOB:
0=(1,0), Dy =(=10), £Fy =(0, £1), Dy, = (14, ), Fj, = (0, £14). (18)
[TocTponm MHOXKECTBO 3HaYEHHIA, KOTOPBIE IPUHUMAET JIEBasi YacTh ypaBHEHH (8):
) *
U={y~-llyeFp\{tl}},
U MHOXECTBO 3HAYCHHU, KOTOpbIC NMPUHHMAET IpaBasi 4acTh ypaBHeHus (8):
_ 1
x -
s ynoOcTBa anemenTsl MHOXecTB U 1 —U ~! BHecem B a6 1. 3aMeTHM, 9TO

TPEThS M YETBEPTask CTPOKU TaONIHUIBI cojepkaT MHOecTBa U 1 —U ~! coorBercrBeH-
Ho. [lepecedyeHne HTHMX MHOMKECTB COCTOMT M3 YETBIPEX JJIEMEHTOB:

Un((-U"Y=0, 3,11, 15},

23-7

U 3TO OTPaXEHO B JI0KA3aTENbCTBE TEOPEMBI 1: 4,
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Taoauma 1

3navenus x ' u p ! £2 | £3 | 4 | £5 | +6 | £7 | £8 | £9 | £10 | 11

3uavenus y > 4 9 16 2 13 3 18 12 8 6

3navenns y 2 —1 3 8 15 1 12 2 17 | 11 7 5

Suavenust —— | 15 20 3 22 21 11 19 2 13 9

2
Taoauma 2

3HavyeHust KOOPAUHAT TOYEeK KPHUBOH El,2’ o= 2 a= 3 a= 11 a=15

COOTBETCTBYIOIIIME NAapaMeTpy a

3Haqemm X, l'lpl/[ KOTOple BBINOJIHAIOTCS

yciaoust — 2 =a £5 4 i7 2
x ‘-1

3Haqemm i),z l'lpl/l KOTOple BBINNOJIHAKOTCHA + 10 + 12 + 5 4 6

yeaoBuss y “ —1l=a

Hns kaxnoro a eU N (U _1) 10JTy4aeM I10 JiBa 3HA4YeHHUs X € F 2*3 \ {1} Takux,
4TO —x_211 =a , W IO /1Ba 3HaYeHus y € F 2*3 \ {£1} Takux, 4yTO y_2 —1=a . IloaTomy
Kaxxaomy 3HaueHuto a €U N(=U _1) COOTBETCTBYET HYETHIPE TOYKH KPHBOH E| ;.
B Tabn. 2 mpuBeAcHBI 3TH 3HAYCHUS.

B pesynbrare momyuaem 16 Touek KpUBOIL:

(£5, £10); (£4, £12); (£7, £5); (£2, 16). (19)

MmuoxectBa (18) u (19) conepxat Bce 24 TOUKH KPHUBOM, KOTOpas SBISETCS Cy-
MIEPCUHTYIISIPHOW € TopsiakoM p+1.

Ipu d =2* Jj-MHBapHaHT (6) KBaJApaTHYHOW CYNEPCUHTYIISIPHONH KPUBOH DnBap-
nca paset j(1,2) =23.33.11° =66°. Taxoe e 3nauenne nmeer J-MHBapHaHT CKpPY-
YEeHHOH CyNepCHHTYJSIpHOW KpuBoW OxaBapaca j(—1,—2)= 66°.

IIpu x, y#0,1 ypaBHenus kpuBoit (8) npu d = 2% s napsl U30MOP(GHBIX KBaJI-
PATUYHBIX KPHBBIX HMEIOT BUJL

R IR T S : _
El,d y _I—T, El’dfl. y T, x—2,3,...,7. (20)
x -1 x -1
Tak kak »iaemenT —1 — KBaHpaTH‘IHLHZ HCBBIYCT, a 2 — BBIUCT, TO B COOTBET-
CTBUU C JeMMOH 1 cpeau 3HaquI/II‘/JI, KOTOpbIC NIPUHUMAIOT IPABBIC YaCTU ypaBHC-

Huit (20), nmeeTcst TOYHO P KBaJPaTUYHBIX BBIYETOB U CTOJBKO K€ KBAJPATUYHBIX

HEBBIYETOB. Takoe ke COOTHOIIEHHE COXpaHAETCS U Ul JIEBBIX 4YacTed ypaBHEHHM
(20). U3 nmokazanHo#M Teopembl 1 crnemyer, uto mpu p = 7(mod8) pOBHO MOJIOBUHA
BCEX KBa/IPaTMYHBIX BBIYETOB, NMEIOLINXCSI CPEAN 3HAUCHUH JIEBOM M MPAaBOM YacTeH
9THX YypaBHEHWH, COBMAmalT. Takoe XKe YTBEPXKACHHE CHPaBEIINBO A
KBaJIPATUYHBIX HEBBIYECTOB.

Crnenyer OTMETUTH, YTO JUIS TOJIHOM CYNEPCHUHTYJIIPHON KPUBOW € MapaMeTpom
d =—1u j-uaBapuanrom j(1,—1) = 12° JIBa YpPaBHEHHUs JUIsl MTapbl KBaIPaTUYHOIO KPy-
YeHHS BBIPOXKAAIOTCS B OJIHO:

E 2 p—1

-2
yi-l=—, x=23,...,~—,
¥

coBmagaromiee ¢ (8) mocie 3amMeHBI 25271

Ld'"
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3. CYHHEPCUHI'YJISIPHBIE CKPYYEHHBIE KPUBBIE 31BAPJICA
C APYI'UMHU 3HAYEHUSAMU FfUHBAPUAHTA

B pabote [5] ompeneneHsl Bce CYNEPCHHIYISAPHbIE KpPHUBbIE B KJacce KPHUBBIX B
¢dopme JlexaHapa ¢ OJHHM MapameTpoM A :

E;: y? =x(x=1)(x-24), A1 #0,1 21)
U j-WHBAPHAHTOM 2812 Z 1 41)3
jiy =2 A D (22)
A7 (A-1)
a TakKe JoKazaHa cieayromas teopema (cMm. [5, Teopema 4.34]).
IIycts p — HedeTHOE mpocToe Ymcio. OnpenenuM IOIHHOM
YL ()Y
H(z)= /2 |z (23)
i=0 !

Torna smmnrudeckas kpusast (21) ¢ A €F), ABIAETCS CYNEPCHHTYIPHOH TOrAa n
TOJIbKO TOTHa, Korma H(A)=0.
Ecmu A €Q p ¥ CYILIECTBYET TaKoe e € F'),, 410 A= ez, TO KpuBas (21) mocie 3ame-
3

HEL & u, y—3 —> Dv? cBommTes ¢dopme Montromepu (5):
e e 2
1+
Dv?=ud - % . (24)
e
2

IIpupaBHuBast K03(pPULUECHTHI ! =2—Z IpH u’ B ypaBHeHuu (24) u ypas-
e

HeHuu (5), monydaem 2
d=[1+ej2 {Hﬁ}

(25)

I-e 1-v2

Otcioma crexyer, uTo n3oMopdusM Mexny KpuBsIMH B ¢opme Jlexannpa (21) u
Oneapaca (1) gocturaercst NWIIb IS KBaJIpaTHYHBIX KpWBBIX OnBapxaca (7) mpu

A =e®. Cormacuo npumepy 4.14 u3 [S] npu p =23 dakropuzanus nonuHOMa (23)

l-e

11-i1 crenmeHn MMeeT BHUL

H(z)=(z-3)(z-8)(z-21)(z—-11)(z-13)(z—-16) %

x(z=2)(z=12)(z+1)(z% =z +1). (26)
3/eCh TIEPBBIC IECTh COMHOQKHTENEH COIEPKAT Mapbl B3aUMHO-OOPATHBIX KOPHEH
+1
A
/ﬁ], (l—/ll)ﬂ,(l i J , A1 =3, MOPOXKIAIOMINX H3OMOP(HBIC CYNEPCUHTY-
-

JSpHBIE KpUBBIE C OJMHAKOBBIM 3HAYCHHWEM j-MHBapuaHTa (22), paBHBIM
j3) = 66> mod 23 =19. OHu 3anuCaHbI B niepBoii cTpoke Tabi. 3. Bo BTOpoitl cTpoke
TaOMMLBl MPEACTaBICHbl 3HAYCHUS MapaMeTpa d HM30MOP(HBIX CyNEPCHUHTYISPHBIX
KBaJIDATUYHBIX KPUBBIX OJIBapjica, BBIYMCICHHBIX coracHo (opmyne (25), rae
3 =47, V13 = 6. Kopuu nonunoma H(z), sBASIOIIMECS KBaJPATUYHBIMU HEBBIYE-
TaMH, UCKJIIOYAIOTCS IPU MOCTPOCHUM KBaJpaTHUUHBIX KPUBBIX DaBapiaca. B pesyiib-
Tate B Taba. 3 ocTaiuch JiBE Mapbl mapameTpoB d e{Zil, 13i1}.
Crenyromme Tpyu KOpHS MOJMHOMA (26) MOPOKAAIOT CYNIEPCUHTYIISPHBIE KPUBbIC
B (popme Jlexxannpa ¢ j-uHBapuaHToMm (22), paBHbIM j(2) = 123 mod23 =3. Ksanparnu-
uev BeraetaM A =2 cormacuo (25) cooTBeTCTBYIOT Mapamerpbl d =3* HU30MOp-
(HBIX CYNEPCUHTYISIPHBIX KBaJIpaTHYHBIX KPUBBIX JJBapjca. TOT ke pe3ysbTar Io-
nydaeMm ¢ nomoruibio popmynbl (12) u3 padotsr [1] mns kpusbix ¢ (], d)2123.
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Taoauma 3

1 1 A a)!
Kopuu nosunoma /11 /1} 1- /11 1- /II 1— /11 [1 1/1 j
- M
3navyenne KopHsi 1 3 8 21 11 13 16
CooTBeTCTBYIOIIEE 12 5 B _ 13 16
3HaueHue mapamarpa d

Urak, mpu p =23 mMmMeeM HIECTh CYNEPCHHTYJSIPHBIX KBAJPATHUYHBIX KPUBBIX
Oneapaca ¢ mapamerpamu d € {2, 12,13, 16, 3, 8} co 3HAYEHUSIMU j-MHBapUAHTOB

j,d)= {663 , 123 }. Ux xBajpatmyHOE KpydeHHE 00pa3yeT MIeCTh CYNEepCHHTYIIIP-

HBIX CKPYYCHHBIX KPHUBBIX JJBapjica ¢ mapaMeTpamu a = —1u —d . JIpyrux cymnepcus-
TYJIAPHBIX KPUBBIX DJBapjca B 3TUX KJaccax HaJ MPOCTHIM HOJEeM MpH p =23 He cy-
mecTByeT. B pasnoxxenun (26) monmuHoma H (z) MOCIETHUNA COMHOXKHUTEIIh UMEET JIBa
KOpHS B pacliupeHun F 2> B KOTOPOM COTIIACHO (22) BO3HHKAIOT CyNEPCHHTYJISIPHBIC
CKpyYeHHBIE KpHBBIE DIBapjca ¢ HYJEBBIM j-MHBapuaHTOM. Ham mpocTeiM monem
B COOTBETCTBHU ¢ yTBepxkaeHHeM | u3 [1] u pakropuzanueii H (z) (26) B JaHHOM TIpH-
Mepe HX HE CYILECTBYeT.

Kak cremyer w3 teopemsr 4.34 u3 [5], 4MCIO CYNEPCHHTYISIPHBIX KPHUBBIX PACTET
MPOTIOPIMOHATIEHO Moy to p. Hampumep, npu p = 47 umeercst 10 cynepcHHTYISIPHBIX
KBaJIpaTHYHBIX KPUBBIX (9) ¢ mapamerpamu d € {2i1, 7i1, 4i1, 9i1, 17! }, 13 KOTOPBIX
TOJIBKO TIEPBbIC TPH Mapbl 3HAYCHHUH OMpeIeNieHbl Teopemoit 2 u3 [1] u Teopemoii 1 HacTo-
sIIeil craTbd. OTH TEOpEeMBbl MO3BOJIAIOT JIETKO HAWTH CYNEpPCUHTYIISIPHBIE CKPYYEHHBIE
KpHBbIe DiBapica MpHu JIIOObIX 3HAYCHHSX p, TOTAA KaK B 00JIACTH KPHUITOTrPpahUuecKux
MIPWIOKEHUH TMOUCK JPYTMX CYNEPCHHTYJSIPHBIX KPUBBIX C IOMOIIBI0 TeopeMbl 4.34
u3 [5] u hopMmysl (26) HACTOSIIEH CTaTHU CTAHOBUTCS MPAKTHUYESCKH HEpeaIn3yeMbIM.

3AK/IIOYEHHUE

B Hacrosmieil cratbe OmnpenesieHbl YCJIOBHS CYIIECTBOBAHHS CYNEPCHHTYIISIPHBIX CKpPY-
YEHHBIX KPHMBBIX DJBap/ca Haj MPOCTHIM IOJIEM C j-MHBAPUAHTOM, PaBHBIM 66° . Tatoke

MOCTPOCHBI CYNEPCUHTYJIIPHBIE CKPYUYCHHBIC KPUBBIC C IPYTHMU 3HAUCHUSMHU j-WHBAPH-
aHTa 1 00OOIICHBI HEKOTOPBIC MOMYUYCHHBIC paHee Pe3yJbTAThl, UCIONB3YIOIIHE H30MOp-
¢usm kpuBbIX B opmax Jlexxanapa m Dnpapnca. [IpuBeneHbl mpuMephl MOCTPOCHHS CY-
TIEPCHHTYISIPHBIX KPUBBIX DJIBaplica C HCIONB30BAaHUEM TIOTYyYCHHBIX PE3YJIbTATOB.
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A.B. Beccanos, JI.B. KoBanbuyk
CYHNEPCIHI'VJISIPHI CKPYYEHI KPUBI EJBAPJCA HAJ IIPOCTUM IOJIEM.
II. CYHNEPCIHT'YJISIPHI CKPYYEHI KPUBI EJIBAPJCA 3 FIHBAPIAHTOM, SIKHi1

JIOPIBHIOC 663

Anotanisi. ChopMysIboBaHO 1 JOBEICHO TEOPEMH HPO YMOBH ICHYBaHHS Cy-
MEpCIHTyIApHUX KpuBUX EjBapica Haj mpocTuM moneM 3 j-iHBapiaHTOM, SIKHid
JOpiBHIOE 667, 1 3 IHIIMMH 3Ha4YCHHSMH j-iHBapiaHTiB. HaBeneHo y3arajabHEHHs
OTPUMAaHMX paHillle pe3yNbTATiB, L0 BHKOPUCTOBYE i30MOp(di3M KpUBHX y (op-
Mmax Jlexxangpa i Exsapnaca.

KurouoBi ciioBa: cymepcinryisipHa KpuBa, IMoBHa KpuBa ExBaprca, ckpydeHa Kpu-
Ba EnBapica, xBagpatnuHa kpusa EnBapzca, mapa KBaApaTHUHOIO KPY4YEHHs, IO-
PSIIOK TOYKHM, cUMBOI Jlexkanapa, KBaJpaTHUHUN JUIIOK, KBAJPATHYHUN HETUIIOK.

A.V. Bessalov, L.V. Kovalchuk
SUPERSINGULAR TWISTED EDWARDS CURVES OVER A SIMPLE FIELD.
II. SUPERSINGULAR TWISTED EDWARDS CURVES WITH AN jINVARIANT EQUAL TO 66°

Abstract. Theorems on the existence conditions for Edwards super singular
curves over a simple field with an j-invariant equal to 66" and with other values
of the j-invariants were formulated and proved. A generalization of the
previously obtained results using the isomorphism of curves in the Legendre and
Edwards forms is given.

Keywords: supersingular curve, complete Edwards curve, twisted Edwards
curve, quadratic Edwards curve, torsion pair, point order, Legendre symbol,
quadratic residue, quadratic non-deduction.
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