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Àííîòàöèÿ. Ðàññìîòðåíà çàäà÷à ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ, â êîòîðîé
ýìïèðè÷åñêàÿ ôóíêöèÿ ñòðîèòñÿ ïî íåñòàöèîíàðíûì íàáëþäåíèÿì ñ íåïðå-
ðûâíûì âðåìåíåì. Èññëåäîâàí ñòàöèîíàðíûé â óçêîì ñìûñëå ñëó÷àéíûé
ïðîöåññ, óäîâëåòâîðÿþùèé óñëîâèþ ñèëüíîãî ïåðåìåøèâàíèÿ. Ïðèâåäåíû
óñëîâèÿ, ïðè êîòîðûõ ýìïèðè÷åñêàÿ îöåíêà ÿâëÿåòñÿ ñîñòîÿòåëüíîé, è îöå-
íåíû åå áîëüøèå óêëîíåíèÿ.

Êëþ÷åâûå ñëîâà: çàäà÷à ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ, ñòàöèîíàðíûé
ýðãîäè÷åñêèé ñëó÷àéíûé ïðîöåññ, óñëîâèå ñèëüíîãî ïåðåìåøèâàíèÿ, áîëü-
øèå óêëîíåíèÿ.

ÂÂÅÄÅÍÈÅ

Çàäà÷à ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ âîçíèêàåò ïðè íåîáõîäèìîñòè ïðèíÿòèÿ ðå-
øåíèÿ â óñëîâèÿõ ñòîõàñòè÷åñêîé íåîïðåäåëåííîñòè è ðèñêà. Îïòèìèçèðóåòñÿ ñðåäíåå
çíà÷åíèå ïîêàçàòåëÿ êà÷åñòâà óïðàâëåíèÿ, çàâèñÿùåãî îò ñëó÷àéíîãî ïàðàìåòðà.

Íåïðÿìûå ìåòîäû ðåøåíèÿ çàäà÷ ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ ñîñòî-
ÿò â àïïðîêñèìàöèè ñòîõàñòè÷åñêîé çàäà÷è ïðèáëèæåííîé äåòåðìèíèðîâàííîé
çàäà÷åé. Îäíèì èç èçâåñòíûõ íåïðÿìûõ ìåòîäîâ ñòîõàñòè÷åñêîãî ïðîãðàììèðî-
âàíèÿ ÿâëÿåòñÿ òàê íàçûâàåìûé ìåòîä ýìïèðè÷åñêèõ ñðåäíèõ, â êîòîðîì ïîêàçà-
òåëè êà÷åñòâà óïðàâëåíèÿ àïïðîêñèìèðóþòñÿ èõ ýìïèðè÷åñêèìè îöåíêàìè. Ïîý-
òîìó îäíà èç îñíîâíûõ ïðîáëåì — îöåíêà òî÷íîñòè è îáîñíîâàíèå ñõîäèìîñòè
òàêîé àïïðîêñèìàöèè ïðè óâåëè÷åíèè ÷èñëà íàáëþäåíèé.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ çàâèñèìûå íåñòàöèîíàðíûå íàáëþäå-
íèÿ äëÿ ïðîöåññà ñ íåïðåðûâíûì âðåìåíåì. Èñïîëüçóþòñÿ ýðãîäè÷åñêèå òåîðå-
ìû äëÿ ñëó÷àéíûõ ïðîöåññîâ, à òàêæå òåîðåìû î áîëüøèõ óêëîíåíèÿõ äëÿ
çàâèñèìûõ íàáëþäåíèé.

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×È

Ïðåäïîëîæèì, ÷òî { }�( ),t t �� — ñòàöèîíàðíûé â óçêîì ñìûñëå ýðãîäè÷åñêèé
ñëó÷àéíûé ïðîöåññ ñ íåïðåðûâíûìè òðàåêòîðèÿìè, çàäàííûé íà ïîëíîì âåðî-
ÿòíîñòíîì ïðîñòðàíñòâå ( , , )� G P è ïðèíèìàþùèé çíà÷åíèÿ â íåêîòîðîì ìåò-
ðè÷åñêîì ïðîñòðàíñòâå ( , )Y � ; X a b� �[ ; ] �; h X Y:� �� � � — íåïðåðûâíàÿ
ôóíêöèÿ, âûïóêëàÿ ïî âòîðîìó àðãóìåíòó.

Èññëåäóåì çàäà÷ó

F x
T

h t x t dtT

T

( ) ( , , ( )) min� ��
1

0

� , x X� . (1)

Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

à) sup{ }E h t x t x X t[max| ( , , ( ))| , ] ,� � 	 
 �0 ;

á) ïðè ëþáîì x X� ñóùåñòâóåò F x EF x TT( ) lim ( ),� � � ;

â) ñóùåñòâóþò òàêèå x X c0 0� �, , ÷òî

F x F x c x x x X( ) ( ) | | , .	  � �0 0 (2)

Èç óñëîâèÿ â) âûòåêàåò, ÷òî x0 ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è

F x x X( ) min, .� � (3)
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Èç âûïóêëîñòè ïî âòîðîìó àðãóìåíòó ôóíêöèè h ñëåäóåò âûïóêëîñòü
ôóíêöèè F xT ( ) ïðè ëþáûõ T , �, à òàêæå âûïóêëîñòü EF xT ( ) ïðè âñåõ T è âûïóê-
ëîñòü F x( ).

Äëÿ ïðîèçâîëüíîé ôóíêöèè g : � �� îáîçíà÷èì

� �
 �

� g x
g x g x

( ) lim
( ) ( )

,
�
�

� 0, (4)

g x
g x g x

� �
� �

� � ( ) lim
( ) ( )

,
�
�

� 0, (5)

åñëè ýòè ïðåäåëû ñóùåñòâóþò.

Îáîçíà÷èì g x EF x x XT T( ) ( ),� � . Òàê êàê èç âûïóêëîñòè ôóíêöèè ñëåäóåò

ñóùåñòâîâàíèå äëÿ íåå ïðåäåëîâ (4), (5), ïîëó÷àåì, ÷òî òàêèå ïðåäåëû ñóùåñòâóþò:

— ïðè âñåõ t y, äëÿ ôóíêöèè h t y( , , )� ;

— äëÿ ëþáîãî t ôóíêöèè Eh t t( , , ( ))� � ;

— äëÿ âñåõ T , � ôóíêöèè FT ( )� ;

— ïðè âñåõ T äëÿ gT ( )� ;

— äëÿ F ( )� .

Ëåììà 1 [1]. Ïóñòü èìååòñÿ ôóíêöèÿ u X: � �� � , âûïóêëàÿ ïî ïåðâîìó

àðãóìåíòó è èçìåðèìàÿ ïî âòîðîìó, ïðè÷åì E u x x X| ( , )| ,� 
 � � . Îáîçíà÷èì
v x Eu x( ) ( , )� � . Òîãäà

� � � � � �  � �v x Eu x v x Eu x( ) ( , ), ( ) ( , )� � .

Â ñèëó ëåììû 1 äëÿ âñåõ t T x X� � ��, ,0 èìååì

( ) ( , , ( )) ( , , ( ))Eh t x t E h t x t� � � � �{ },

( ) ( , , ( )) ( , , ( ))Eh t x t E h t x t� � �� �� �{ },

( ) ( ) ( ) ( ) , ( ) ( ) ( ) ( )g x E F x g x E F xT T T T� � � � � �  � �{ } { }.

Ëåììà 2. Ïóñòü, êðîìå ñäåëàííûõ ïðåäïîëîæåíèé, ñïðàâåäëèâû òàêæå ñëå-
äóþùèå:

1) ïðîöåññ �( )t óäîâëåòâîðÿåò óñëîâèþ ñèëüíîãî ïåðåìåøèâàíèÿ ñ êîýôôè-
öèåíòîì

� �
�

�
�

( ) ,�


�


c0

11
0 ;

2) ñóùåñòâóåò òàêîå �
�

�
2

, ÷òî äëÿ ëþáîãî t �� èìååì

E h t x t E h t x t| ( , , ( ))| , | ( , , ( ))|� 
 � � 
 �


�


0
2

0
2� �� � ;

3) íàéäåòñÿ òàêîå � �c 0, ÷òî äëÿ âñåõ t �� èìååì

E h t x t c E h t x t c[ ( , , ( ))] , [ ( , , ( ))] ;� � � � � � �0
2

0
2� �

4) ( ) ( ) ( ), ( ) ( ) ( ),g x F x g x F x TT T� � � � � � ��  � �0 0 0 0 .

Òîãäà ñ âåðîÿòíîñòüþ 1 ïîëó÷àåì

( ) ( ) ( ),F x F x TT � � � � � 0 0 ;

( ) ( ) ( ),F x F x TT � � � � �� �0 0 .

Äîêàçàòåëüñòâî. Îáîçíà÷èì

	T T TF x E F x� � � � ( ) ( ) ( ) ( )0 0{ }.
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Èìååì

E E
T

h t x t dt E
T

h t x t dt
T

T T

	 � �2
0

0

0

0

1 1
� � � � � �( , , ( )) ( , , ( ))

�

�
�
�

�

�
�
�

�

2

� � � �
�

�
�
�

 � �E
T

h t x t dt
T

Eh t x t dt

T T
1 1

0

0

0

0

( , , ( )) ( , , ( ))� �
�

�
�
�

�

2

� � � �
�

�
�
�

�

�
�
�

 �E
T

h t x t Eh t x t dt

T
1

0 0

0

2

[ ( , , ( )) ( , , ( ))]� � �

� � � � �
�
�
�

��
 ��E

T
h t x t Eh t x t

TT
1

2 0 0

00

[ ( , , ( )) ( , , ( ))]� �

� � � �
�
�
�

 �
� [ ( , , ( )) ( , , ( ))]h s x s Eh s x s dsdt E

T
t0 0 2

1
� � 
 
 s

TT

dsdt

00

�� ,

ãäå 
 � �t h t x t Eh t x t� � � � ( , , ( )) ( , , ( ))0 0 .

Äàëåå, | | / ( | | )E c t st s
 
 ��  �  �
1

11 , �� � �.

Cëåäîâàòåëüíî,

E
T

c

t s
dsdt

c

TT

TT

	
�

2

2

1

1

2

00

1

1
�

 �
�

 ���
| |

.

Îáîçíà÷èì T n n( ) .� 2 Òîãäà P nT n{ }	 ( ) ,� �� �0 1.

Ââåäåì

 	 	n T T n T n T T n� � � � sup| | , ( ) ( )( ) 1 .

Ïîëó÷àåì | | | |( )	 	 T T n n�  .
Èìååì

	 	 
 
T T n t

T

t

n

T
dt

n
dt� � � �� �( )

1 1

0
2

0

2

� �  � �� � � �
1 1 1 1 1

0 0 0
2

0

2 2 2

T
dt

T
dt

T
dt

n
dt

T
dt

T

t

n

t

n

t

n

t
 
 
 
 
 t
n

T
n

T

n
2

2

2

1�  �
!

"
#
#

$

%
&
&	

.

Îáîçíà÷èì

� 
n t

n

T

T
dt�

'

'
''

'

'
''�sup

1

2

, T n T T n( ) ( )� � 1 .

Òîãäà
 � 	n n T n

n

T
T n T T n�  �

!

"
#
#

$

%
&
& � � sup

2

1 1( ) , ( ) ( ) . (6)

Äàëåå,

E E
T

dsdt T n T T nn t s

n

T

n

T

� 
 
2

2

1
1

22

� � �  ���sup , ( ) ( )

� �  �


��E
n

dsdt
c

n
n nt s

n

n

n

n
1

1
4

11
3

4

2 2 2

2

2

2

2

| | [( ) ]

( )( )


 
 �
c

n

4

2
.

Ñëåäîâàòåëüíî, P nn{ }� � � � �0 1, .
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Òàê êàê ïðè n T n2 21� � ( ) èìååì

n

T

n

n n

n

2 2

2 2
1

1
1

1

1

1�
'

'
'

'

'
' �


�

'

'
'

'

'
'�

!

"
#

$

%
&

�

'

'

'
'
''

'

( )

'

'
'
''

� 1,

èç (6) ñëåäóåò P nn{ } � � � �0 1, . Òîãäà P TT{ }	 � � � �0 1, .

Àíàëîãè÷íî îöåíèâàåòñÿ ëåâàÿ ïðîèçâîäíàÿ. Òåïåðü èç óñëîâèÿ 4 ñëåäóåò
óòâåðæäåíèå ëåììû 2.

Òåîðåìà 1. Ñ âåðîÿòíîñòüþ 1 ñóùåñòâóåò T T0 0� ( )� òàêîå, ÷òî ïðè âñåõ

T T� 0 çàäà÷à (1) èìååò åäèíñòâåííîå ðåøåíèå x xT � 0 .

Äîêàçàòåëüñòâî. Â ñèëó (2) � 	 � 	 �F x c F x c( ) , ( )0 0 .

Ïî ëåììå 2 ñ âåðîÿòíîñòüþ 1, íà÷èíàÿ ñ íåêîòîðîãî T0 ,

( ) ( ) , ( ) ( )F x F xT T� � � � �0 00 0. (7)

Èç (7) è âûïóêëîñòè FT âûòåêàåò óòâåðæäåíèå òåîðåìû.

ÂÑÏÎÌÎÃÀÒÅËÜÍÛÅ ÓÒÂÅÐÆÄÅÍÈß ÈÇ ÒÅÎÐÈÈ ÁÎËÜØÈÕ ÓÊËÎÍÅÍÈÉ

Èñïîëüçóåì íåêîòîðûå ïîíÿòèÿ òåîðèè áîëüøèõ óêëîíåíèé.

Îïðåäåëåíèå 1 [2]. Ïóñòü S — ñåïàðàáåëüíîå áàíàõîâî ïðîñòðàíñòâî,
{ }�( ),t t �� — ñòàöèîíàðíûé â óçêîì ñìûñëå ñëó÷àéíûé ïðîöåññ, çàäàííûé íà
âåðîÿòíîñòíîì ïðîñòðàíñòâå ( , , )� G P , ïðèíèìàþùèé çíà÷åíèÿ â S . Îáîçíà÷èì

B t t t t t t( , ) ( ),1 2 1 2� � �� �{ }.

Ïðè � � 0 ñëó÷àéíûå âåëè÷èíû  1 2( ( 	� p p, , íàçûâàþòñÿ �-èçìåðèìî

îòäåëåííûìè, åñëè

�� � � 
 � 
 
 � � � � 	�t s t s t s t sp p j j1 1 2 2 1� ; �,

ïðè÷åì  j ÿâëÿåòñÿ B t sj j( , )-èçìåðèìîé.

Îïðåäåëåíèå 2 [2]. Áóäåì ãîâîðèòü, ÷òî ñëó÷àéíûé ïðîöåññ èç îïðåäåëåíèÿ
1 óäîâëåòâîðÿåò ïåðâîé ãèïîòåçå ãèïåðïåðåìåøèâàíèÿ, åñëè ñóùåñòâóþò
�0 0�� �{ } è íåâîçðàñòàþùàÿ ôóíêöèÿ � � �: [ ; ){ }� � �0 1 òàêèå, ÷òî
� � �( ) ,� � �1 ,

| | | | | | | |( ) [ ( )]   � �1 1

1

� � �
�
)� p L j L

j

p

ïðè âñåõ p p	 � ( (2 0 1, ,� �  � , �-èçìåðèìî îòäåëåííûõ,

| | | | ( | | )( )
/ L r

r rE� 1 .

Îáîçíà÷èì C X( ) ìíîæåñòâî âñåõ íåïðåðûâíûõ äåéñòâèòåëüíûõ ôóíêöèé,

îïðåäåëåííûõ íà X . Êàê èçâåñòíî [3], C X M X( ) ( )* � — ñîâîêóïíîñòü îãðàíè-

÷åííûõ çíàêîâûõ ìåð íà X .

Òåîðåìà 2 [4]. Ïóñòü { }�( ),t t �� — ñòàöèîíàðíûé â óçêîì ñìûñëå ýðãîäè-

÷åñêèé ñëó÷àéíûé ïðîöåññ ñ íåïðåðûâíûìè òðàåêòîðèÿìè, óäîâëåòâîðÿþùèé

ïåðâîé ãèïîòåçå ãèïåðïåðåìåøèâàíèÿ íà ( , , )� G P , ïðèíèìàþùèé çíà÷åíèÿ

â êîìïàêòíîì âûïóêëîì ìíîæåñòâå K C X� ( ).

Òîãäà äëÿ êàæäîé ìåðû Q M X� ( ) ñóùåñòâóåò

*( ) lim ln exp ( )( ) ( )Q
T

E t x dtQ dx
T

T

X

�
�
�
�

��

�
�
�

 ��� ��
1

0

�
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è äëÿ ëþáîãî çàìêíóòîãî A K�

lim ln ( ) ( ),*sup inf {
T

T

T
P

T
t dt A g

��
� �

�
�
�

��

�
�
�

 �
� �

1 1

0

� * g A� },

ïðè÷åì
* ** ( ) ( ) ( ) ( ), ( )g g x Q dx Q Q M X

X

� � �
�
�
�

��

�
�
�

 �
�sup

ÿâëÿåòñÿ íåîòðèöàòåëüíîé âûïóêëîé ïîëóíåïðåðûâíîé ñíèçó ôóíêöèåé.

ÎÑÍÎÂÍÛÅ ÐÅÇÓËÜÒÀÒÛ

Âåðíåìñÿ ê çàäà÷å (1).

Òåîðåìà 3. Ïóñòü ïðîöåññ { }�( ),t t �� óäîâëåòâîðÿåò ïåðâîé ãèïîòåçå ãèïåð-

ïåðåìåøèâàíèÿ. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò òàêîå L � 0, ÷òî äëÿ âñåõ t, � âû-
ïîëíÿåòñÿ íåðàâåíñòâî

| ( , , ( ))| , | ( , , ( ))|� � � � �h t x t L h t x t L0 0� � .

Òîãäà

lim ln ( ) ( ), [ ; ]*sup inf { }
T

T
c

T
P A V z z L

��
� � � �

1
0 , (8)

ãäå V z zQ X V Q Q M X* ( ) ( ) ( ), ( )� � �sup{ },

V Q
T

E Q X( ) lim ln exp ( )� �
1

{

� � � �� min[ ( , , ( )), ( , , ( ))]h t x t h t x t dt
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Äîêàçàòåëüñòâî. Èìååì

P A P F x F x L
T
c

T T( ) min[( ) ( ), ( ) ( )] [ ; ]� � � � � � �{ }0 0 0

� � � � � ��P
T

h t x t h t x t dt L

T
1

00 0

0

min[ ( , , ( )), ( , , ( ))] [ ; ]� �
�
�
�

��

�
�
�

 �
. (9)

Îáîçíà÷èì K x x X L L� � � � �{ }� � �( ) , ; [ ; ] . Î÷åâèäíî, ÷òî K — êîìïàêòíîå
âûïóêëîå ïîäìíîæåñòâî C X( ).

Èññëåäóåì ôóíêöèþ

a a x h t x t h t x tt t� � � � �( ) min [ ( , , ( )), ( , , ( ))]0 0� � , x X� .

Ïðè âñåõ t, � èìååì a Kt ( ) .� � Ïîëîæèì K x x X L1 0� � � � �{ }� � �( ) , ; [ ; ] . Ïî-
ëó÷àåì, ÷òî K1 — çàìêíóòîå ïîäìíîæåñòâî K. Äàëåå,
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Ïðèìåíèì òåîðåìó 2. Èìååì
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Èç (9)–(11) âûòåêàåò (8). Òåîðåìà äîêàçàíà.
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ðåøåíèè ðàçëè÷íûõ çàäà÷ ñòîõàñòè÷åñêîé îïòèìèçàöèè, êîòîðûå âîçíèêàþò
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Ï.Ñ. Êíîïîâ, ª.É. Êàñ³öüêà
ÏÐÎ ÂÅËÈÊ² Â²ÄÕÈËÅÍÍß ÅÌÏ²ÐÈ×ÍÈÕ ÎÖ²ÍÎÊ Â ÇÀÄÀ×² ÑÒÎÕÀÑÒÈ×ÍÎÃÎ
ÏÐÎÃÐÀÌÓÂÀÍÍß ÇÀ ÍÅÑÒÀÖ²ÎÍÀÐÍÈÕ ÑÏÎÑÒÅÐÅÆÅÍÜ Ç ÍÅÏÅÐÅÐÂÍÈÌ ×ÀÑÎÌ

Àíîòàö³ÿ. Ðîçãëÿíóòî çàäà÷ó ñòîõàñòè÷íîãî ïðîãðàìóâàííÿ, â ÿê³é åìï³ðè÷-
íà ôóíêö³ÿ áóäóºòüñÿ çà íåñòàö³îíàðíèìè ñïîñòåðåæåííÿìè ç íåïåðåðâíèì
÷àñîì. Äîñë³äæåíî ñòàö³îíàðíèé ó âóçüêîìó ðîçóì³íí³ âèïàäêîâèé ïðîöåñ,
ùî çàäîâîëüíÿº óìîâ³ ñèëüíîãî ïåðåì³øóâàííÿ. Íàâåäåíî óìîâè, çà ÿêèõ
åìï³ðè÷íà îö³íêà º êîíñèñòåíòíîþ, òà îö³íåíî ¿¿ âåëèê³ â³äõèëåííÿ.

Êëþ÷îâ³ ñëîâà: çàäà÷à ñòîõàñòè÷íîãî ïðîãðàìóâàííÿ, ñòàö³îíàðíèé åðãîäè÷-
íèé âèïàäêîâèé ïðîöåñ, óìîâà ñèëüíîãî ïåðåì³øóâàííÿ, âåëèê³ â³äõèëåííÿ.

P.S. Knopov, E.J. Kasitskaya
ON LARGE DEVIATIONS OF EMPIRICAL ESTIMATES IN A STOCHASTIC PROGRAMMING
PROBLEM WITH NONSTATIONARY OBSERVATIONS AND CONTINUOUS TIME

Abstract. The paper considers a stochastic programming problem with the
empirical function constructed on nonstationary observations and continuous
time. A stationary in a strict sense random process satisfying the strong mixing
condition is investigated in the problem. The conditions under which the
empirical estimate is consistent are given and large deviations of the estimate
are considered.

Keywords: stochastic programming problem, stationary ergodic random process,
strong mixing condition, large deviations.
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