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Àííîòàöèÿ. Ðåøåíû çàäà÷è ïñåâäîîáðàùåíèÿ íåëèíåéíûõ äèôôåðåíöèàëü-
íûõ ìîäåëåé ïðîñòðàíñòâåííî ðàñïðåäåëåííûõ äèíàìè÷åñêèõ ñèñòåì. Ðàñ-
ñìîòðåíû ñèñòåìû, íåëèíåéíîñòü êîòîðûõ îáðàçîâàíà ïðîèçâåäåíèåì ëèíåé-
íûõ äèôôåðåíöèàëüíûõ ïðåîáðàçîâàíèé ôóíêöèè ñîñòîÿíèÿ ñèñòåìû èëè
çàìåíîé èìè êîýôôèöèåíòîâ ëèíåéíîãî ïðèáëèæåíèÿ ìîäåëè. Ïîñòðîåíû
àíàëèòè÷åñêèå çàâèñèìîñòè ôóíêöèè ñîñòîÿíèÿ ñèñòåìû îò íåïðåðûâíî
îïðåäåëåííûõ çíà÷åíèé âíåøíåäèíàìè÷åñêèõ âîçìóùàþùèõ ôàêòîðîâ.

Êëþ÷åâûå ñëîâà: ïñåâäîîáðàùåíèå, íåëèíåéíûå äèíàìè÷åñêèå ñèñòåìû,
ñèñòåìû ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè, ðàñïðåäåëåííûå ïðîñòðàíñòâåí-
íî-âðåìåííûå ñèñòåìû.

ÂÂÅÄÅÍÈÅ

Íàñòîÿùàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì [1], ãäå èäåè ñðåäíåêâàäðàòè÷åñêîãî

ïñåâäîîáðàùåíèÿ ëèíåéíûõ àëãåáðàè÷åñêèõ, èíòåãðàëüíûõ è ôóíêöèîíàëüíûõ

óðàâíåíèé [2], à òàêæå íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé [3, 4] â ïðîäîë-

æåíèå ìàòåìàòè÷åñêèõ ðåçóëüòàòîâ [5] ïî ïîñòðîåíèþ èíòåãðàëüíûõ ýêâèâà-

ëåíòîâ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ðàñïðîñòðàíÿëèñü íà íåëèíåé-

íûå ïðîñòðàíñòâåííî ðàñïðåäåëåííûå ñèñòåìû, äèíàìèêà êîòîðûõ îïèñûâà-

ëàñü íåëèíåéíûìè äèôôåðåíöèàëüíûìè ìîäåëÿìè. Áûëè ïîñòðîåíû

ïñåâäîîáðàùåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, íåëèíåéíîñòü â êîòîðûõ

îïðåäåëÿåòñÿ ïðîèçâåäåíèåì ëèíåéíûõ äèôôåðåíöèàëüíûõ ïðåîáðàçîâàíèé

ôóíêöèè ñîñòîÿíèÿ ñèñòåìû èëè ïîëó÷àåòñÿ ïîñëå çàìåíû òàêèìè ïðåîáðàçî-

âàíèÿìè ëèíåéíûõ ïðèáëèæåíèé ìàòåìàòè÷åñêîé ìîäåëè ñèñòåìû. Îäíàêî

â [1] ïîñòðîåííûå ÿäðà èíòåãðàëüíûõ ìàòåìàòè÷åñêèõ ìîäåëåé îòíîñèëèñü

ê ðàñïðåäåëåííûì äèíàìè÷åñêèì ïðîöåññàì, ôóíêöèÿ ðàñïðåäåëåííûõ âíåø-

íåäèíàìè÷åñêèõ âîçìóùåíèé êîòîðûõ çàäàíà äèñêðåòíî. Òàì æå èññëåäîâà-

ëèñü âîïðîñû òî÷íîñòè è îäíîçíà÷íîñòè ïîëó÷åííûõ ïñåâäîðåøåíèé.

Äàëåå èíòåãðàëüíûå ìàòåìàòè÷åñêèå ìîäåëè äèíàìèêè ðàññìîòðåííûõ â [1]

êëàññîâ íåëèíåéíûõ ïðîñòðàíñòâåííî ðàñïðåäåëåííûõ ñèñòåì ðàçðàáàòûâàþòñÿ

äëÿ áîëåå îáùåãî ñëó÷àÿ, êîãäà ðàñïðåäåëåííûå âíåøíåäèíàìè÷åñêèå âîçäåéñòâèÿ

îïðåäåëåíû ôóíêöèîíàëüíî. Êàê è â [1], ñòðîÿòñÿ àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ

ôóíêöèè ñîñòîÿíèÿ ñèñòåìû, êîòîðûå ïî ñðåäíåêâàäðàòè÷åñêîìó êðèòåðèþ (íå-

ïðåðûâíî èëè â òî÷êàõ) ñîãëàñóþòñÿ ñ äèôôåðåíöèàëüíîé ìàòåìàòè÷åñêîé ìî-

äåëüþ ñèñòåìû (ïðîöåññà), ãäå âíåøíåäèíàìè÷åñêèå âîçäåéñòâèÿ îïðåäåëåíû íå-

ïðåðûâíî. Ýòî ñëîæíûå ìàòåìàòè÷åñêèå çàäà÷è, êîòîðûå ìîãóò íå èìåòü òî÷íîãî

ðåøåíèÿ, à ìîãóò èìåòü ìíîæåñòâî ðåøåíèé èëè íàèëó÷øèõ ñðåäíåêâàäðàòè÷åñ-

êèõ ïðèáëèæåíèé ê íèì. Ïîýòîìó â íàñòîÿùåé ðàáîòå, êàê è â [1], ïîñòðîåíû è

èññëåäîâàíû íà òî÷íîñòü è îäíîçíà÷íîñòü äîïóñòèìûå ìíîæåñòâà ðåøåíèé. Ïî-

ëó÷åííûå ìàòåìàòè÷åñêèå ðåøåíèÿ îêàçàëèñü íåñëîæíûìè è äîïóñòèìûìè äëÿ
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ïðàêòè÷åñêîé ðåàëèçàöèè, â ÷àñòíîñòè è äëÿ àíàëèòè÷åñêîãî ðåøåíèÿ çàäà÷ ìàòå-

ìàòè÷åñêîãî ìîäåëèðîâàíèÿ äèíàìèêè ðàññìàòðèâàåìûõ ïðîöåññîâ (ñèñòåì)

â îãðàíè÷åííûõ ïðîñòðàíñòâåííî-âðåìåííûõ îáëàñòÿõ ïðè íåïîëíîòå èíôîðìà-

öèè îá èõ íà÷àëüíî-êðàåâîì ñîñòîÿíèè, êàê ýòî áûëî ñäåëàíî äëÿ ëèíåéíûõ äè-

íàìè÷åñêè ðàñïðåäåëåííûõ ñèñòåì â ðàáîòàõ [6, 7].

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×È

Ïðîäîëæèì íà÷àòîå â [1] ðàññìîòðåíèå âîïðîñà ïåðåõîäà îò äèôôåðåíöèàëü-

íûõ ìàòåìàòè÷åñêèõ ìîäåëåé ïðîñòðàíñòâåííî ðàñïðåäåëåííûõ äèíàìè÷åñêèõ

ñèñòåì âèäà
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Ñ èñïîëüçîâàíèåì ïîëó÷åííûõ â [2] íàó÷íûõ ðåçóëüòàòîâ ïî ïñåâäîîáðàùå-

íèþ ëèíåéíûõ àëãåáðàè÷åñêèõ, èíòåãðàëüíûõ è ôóíêöèîíàëüíûõ ïðåîáðàçîâà-
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Ïîñòðîèì àíàëèòè÷åñêèå âûðàæåíèÿ ôóíêöèè y s( ) ñîñòîÿíèÿ ñèñòåìû ïðè

çàäàííîì âíåøíåäèíàìè÷åñêîì âîçìóùåíèè u s( ).
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M

1 1 2 2 1 2 2 1 1 1

1

� �� �
� �

�

[ ] [ ] [ ]( )
T T	

�

�

�
�

�

�

�
�
�

�
�

�


�

�
 ��

�

�

� �	 ([ ] ) [ ]( )A P A vim

m

M

i M j2 2 1
2

1

1

1 1
T , (17)

u u A P A u A P A vi j ij i ip i M p

p

M

2 2 1 1 2 1 1 2 2 1

1

� �� �
� �

�

[ ] [ ] [ ]( )
T T	

�

�

�
�

�

�

�
�
�

�
�

�


�

�
 ��

�

�

� �	 ([ ] ) [ ]( )A P A vim

m

M

i M j1 1 2
2

1

1

2 1
T , (18)

ãäå

min | | | |
a

k k k k k
k k

A a u u u u A A u
�

�� � � �
�

� � � � �2 2T T � , (19)

à v Rk
M�

2

îïðåäåëÿåòñÿ èç óñëîâèÿ

[ ] [ ] [ ]
( ) ( ) ( )� � �k i M j k i M i k j M j� � � � � ��

1
2

1 1

èëè åñòü ðåøåíèåì ñèñòåìû

([ ] ( ) [ ] [ ]( ) ( ) ( )A A A a v A
k i M j k k k i M j k i M j
T T T

� �
�

� � � �� �1 1 1 ( ) )A A A vk k k k
T � �2

� � �� �
�

� � � �([ ] ( ) [ ] [ ]( ) ( ) ( )A A A a v A
k i M i k k k i M i k i M
T T T

1 1 1 i k k k kA A A v( ) )T � � (20)

� � �� �
�

� � � �([ ] ( ) [ ] [ ]( ) ( ) ( )A A A a v A
k j M j k k k j M j k j M
T T T

1 1 1 j k k k kA A A v( ) )T � .

Çäåñü è äàëüøå [ ] , [ ]! !ij i — ( , )i j -é ýëåìåíò ìàòðèöû è i-ÿ êîìïîíåíòà âåêòîðà

ñîîòâåòñòâåííî.

Åñëè ó÷åñòü, ÷òî [ ] [ ]( ) ( )� �k i M j k j M i� � � ��1 1 , òî ðàçìåðíîñòü ñèñòåìû (20)

ìîæíî óìåíüøèòü äî ( ) /M M2 2� . Ñ ó÷åòîì (20) èç ñîîòíîøåíèé (17), (18) íà-

õîäèì êîìïîíåíòû uki ( , )i M�1 èñêîìûõ ñîãëàñíî (14), (15) âåêòîðîâ uk ( , )k �1 2 .

Çàêàí÷èâàÿ ðàññìîòðåíèå äèñêðåòíîãî ñëó÷àÿ çàäà÷è, îòìå÷àåì, ÷òî ôóíê-

öèÿ y s( ) è âåêòîð
�

y çíà÷åíèé y sl( ) ( , )l L�1 ýòîé ôóíêöèè, ÿâëÿÿñü ðåøåíèåì çà-

äà÷è (9), ñ òî÷íîñòüþ �
1
2 è �

2
2 óäîâëåòâîðÿåò óðàâíåíèÿì (12), (13). Ïðè óñëîâèè,

÷òî det TA A
k k � 0 ïðè k � 2 è k �1 ñîîòâåòñòâåííî, ýòà ôóíêöèÿ ñ àíàëîãè÷íîé

òî÷íîñòüþ áóäåò óäîâëåòâîðÿòü è äèñêðåòèçèðîâàííîìó òî÷êàìè sl ( , )l L�1 ñîîò-

íîøåíèþ (5).

Àíàëîãè÷íî (7) ôóíêöèÿ y s( ) ïðè ýòîì çàïèøåòñÿ â âèäå

y s G s s u sk m km m

m

Ì

( ) ( )� � � �
�
	 �

1

,
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ãäå

k �1 ïðè � � � �
1
2

1
2

2
2

2
2� " � (21)

èëè

k � 2 ïðè � � � �
2
2

2
2

1
2

1
2� " � . (22)

Äëÿ ïîñòðîåíèÿ ôóíêöèè y s( ), êîòîðàÿ ñîãëàñíî (5) óäîâëåòâîðÿåò (1) è ñîîò-

íîøåíèåì (7) îïðåäåëÿåòñÿ ÷åðåç ôóíêöèîíàëüíî çàäàííîå âíåøíåäèíàìè÷åñêîå

âîçìóùåíèå u s( ), áóäåì èñõîäèòü èç ðåçóëüòàòîâ ðåøåíèÿ ðàññìàòðèâàåìîé çàäà-

÷è, ïîëó÷åííîé â [1] äëÿ ñëó÷àÿ, êîãäà u s( ) îïðåäåëåíî â òî÷êàõ �sm ( , )m M�1 .

Àíàëèòè÷åñêèé âèä ôóíêöèé u sk ( ) ( , )k �1 2 , ÷åðåç îäíó èç êîòîðûõ ñîîò-

íîøåíèåì (7) îïðåäåëÿåòñÿ èñêîìàÿ ôóíêöèÿ y s( ), ïîëó÷èì èç (17), (18) ñ ó÷åòîì

òîãî, ÷òî

lim | lim ( ) ( )
M

ki kj

m
i j m

M
k m k

u u

s
u s u s


#
� �


#�
� � � �

�
,

lim lim ( ( ), , )
M

k

m
M

k l m
A

s
G s s l L


# 
#�
� � � � �

�
col 1

� � � � �col( ( ), , ) ( )G s s l L G sk l m k1 ,

lim ( ) ( )
M

k k k k k

S

A A G s G s ds P

#

� ��
T T .

Ïðè ýòîì

u s G s P G s Q s u s
1
2

2 2 1 1
1( ) ( ) ( ) ( ) ( )� � �T , (23)

u s G s P G s Q s u s
2
2

1 1 2 2
1( ) ( ) ( ) ( ) ( )� � �T , (24)

ãäå

Q s G s P G s ds

S

1 2 2 1
2( ) ( ( ) ( ))� � ��

�
T , Q s G s P G s ds

S

2 1 1 2
2( ) ( ( ) ( ))� � ��

�
T .

Ïðè M 
 # èç ñîîòíîøåíèé (19) ïîëó÷èì âåëè÷èíû �
k
2 — òî÷íîñòè, ñ êîòî-

ðûìè íàéäåííûå ñîãëàñíî (23), (24) ôóíêöèè u sk ( ) ( , )k �1 2 óäîâëåòâîðÿþò óðàâ-

íåíèþ (8):
�

k k k k

S

u s ds a P a2 2� � �
� ( ) T , (25)

ãäå

P A s A s dsk k k

S

� �
T ( ) ( ) , a A s u s dsk k

S

� �
T ( ) ( ) .

Äëÿ âûáîðà çíà÷åíèÿ k â ñîîòíîøåíèè (7), êðîìå îïðåäåëåííûõ ðàíåå �
k
2

( , )k �1 2 , ó÷òåì òàêæå òî÷íîñòè

�
k u s

l k l k

Sl

L

k

y s G s s u s ds2 2

1

� � � � � � ��	
�

min ( ( ) ( ) ( ) )
( )

� � � � �

#

�lim min | | | | ( , )
M u

k k k k
k

A u y y y y P P y k
�

� � � � � �2 1 2T T , (26)

ñ êîòîðûìè èñïîëüçîâàííûå â (8) ôóíêöèè u sk ( ) â òî÷êàõ sl ( , )l L�1 áóäóò

óäîâëåòâîðÿòü óðàâíåíèþ (7).

Íàéäåííûå ñîãëàñíî (25), (26) âåëè÷èíû �
k
2 è �

k
2 ïî àíàëîãèè ñ (21), (22) áó-

äóò îïðåäåëÿòü èíäåêñ k ïðè âûáîðå (ñîîòíîøåíèÿ (23), (24)) ôóíêöèè u sk ( ) è
â êîíå÷íîì ïðåäñòàâëåíèè — ñîñòîÿíèÿ y s( ) ðàññìàòðèâàåìîé ñèñòåìû.
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ÎÁÙÈÉ ÑËÓ×ÀÉ ÎÁÐÀÙÅÍÈß ÍÅËÈÍÅÉÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÌÎÄÅËÅÉ,
ÏÎËÓ×ÅÍÍÛÕ ÏÐÎÈÇÂÅÄÅÍÈÅÌ ËÈÍÅÉÍÛÕ ÏÐÅÎÁÐÀÇÎÂÀÍÈÉ
ÔÓÍÊÖÈÈ ÑÎÑÒÎßÍÈß

Ðàññìîòðèì çàäà÷ó ïîñòðîåíèÿ îïðåäåëåííîãî ñîãëàñíî (3) âåêòîðà
�

y çíà÷åíèé

y y sl l� ( ) ( , )l L�1 ôóíêöèè y s( ).

Íåñëîæíî âèäåòü, ÷òî çàäà÷à (3) ýêâèâàëåíòíà çàäà÷å ñðåäíåêâàäðàòè÷åñêîãî

îáðàùåíèÿ óðàâíåíèÿ

u s u s u s u sN1 2( ) ( ) ( ) ( )� � , (27)

â êîòîðîì

u s L y sk k s( ) ( ) ( )� � ( , )k N�1

èëè (÷òî ýêâèâàëåíòíî)

y s G s s u s dsk

S

k( ) ( ) ( )� � � � �� ( , )k N�1 . (28)

Ñðåäíåêâàäðàòè÷åñêè îáðàùàÿ äèñêðåòèçèðîâàííîå ïî íåøòðèõîâàííûì êî-

îðäèíàòàì òî÷êàìè sl ( , )l L�1 óðàâíåíèå (28), ñ òî÷íîñòüþ

�
k u s

k l k l

Sk

G s s u s ds y y y2

2

� � � � � �
�

�

�
�

�

�

�
�

��min ( ) ( )
( )

� �T

l

L

k k
y P P y

�

�	 �
1

� �T

ïîëó÷àåì

u s G s P yk k k
( ) ( )� �T �

( , )k N�1 , (29)

ãäå G sk ( ) è Pk — âåêòîð-ôóíêöèÿ è ìàòðèöà, êîòîðûå ñîâïàäàþò ñ îïðåäåëåí-

íûìè âûøå.

Ñ ó÷åòîì (29) ïðè

U s G s P G s u s dsi i i k k

S

( ) ( ) ( ) ( )� � � �
�

�

�
�

�

�

�
�

�
�

T ( , , )i N i k� $1

óðàâíåíèå (27) çàïèøåì â âèäå

U s U s u s U s U s u sk k k N1 1 1( ) ( ) ( ) ( )... ( ) ( )� � � � . (30)

Èç ñîîòíîøåíèÿ (30) íàõîäèì çíà÷åíèÿ u sk m( )� ( , )m M�1 ôóíêöèè u sk ( )

( , )k M�1 , êîòîðûå, êàê è âûøå, óäîâëåòâîðÿþò óðàâíåíèþ (16) ïðè k N�1, è

A Ak

k M

j
k

M kMN N N

�

� �� �

col ( , , , , , , , ,

( )

( )0 0 0 0

1 1 1

�

���

�

���

j M�1, ),

A G P G G P Gj
k

k ji k k k
( ) ((... (((... ([ ] ... [� �

� �
�str T T

1 1 1 11
] [ ]ji k k k jik k

G P G
� �� �

�
1 11 1

T
�

� [ ] , , ), ... ), , ), , ), ..G P G i M i M i M
N N k ji n k kN

T �
� �� � �1 1 11 1 . ), , ),i M1 1�

G G s s m Mk k m m
NN� � � ��str ( ( ) ( ) , , )� 1 1 ,

� k ki ki Nu u i M i M
N

� � �col((( , , ), ), , )
1

1 11� � .
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Êàê è â [1], ýòè çíà÷åíèÿ îïðåäåëèì ñîîòíîøåíèåì

u s u s

G P G G P G

k i k i

j j k i i j j k i i

j

N

j j

( ) ( )

[ ] [ ]

� � �

� �

�
�

1

1 1 1

�

T T

k

N

j

k

j j k i p
p

M

j
j k

N

G P G
j

j

��

�

�

��
$

��

	�
�

11

1

2

11
1

[ ]T

� � � � �
�

u s v G P G v G P G vi i j j k i p p j j k i p p

p
j j j j

j

( ) [ ] [ ]
1 1 1 1 1

T T

�� ���

�

�
	�	� �

�

�

�
�

�

�

�
�
�

1111

1

1

M

j k

N

p

M

j

k

i

j

N

j

j
v .

Îòêóäà ïðè M 
 # íàõîäèì u s u s U s sk k N N( )... ( ) ( , , )1 1� � , ãäå

U s s

G s P G s G s P G s

N

j j j k j j j k

j k
( , , )

( ) ( ) ( ) ( )

1

1 1 1

1
� �

�
� �

� �

T T
N

j

k

j j k

Sj
j k

N

G P G d

��

��

�

�

�

�
$

�
1

1

2

1

( ( ) ( ))T � � �

� �
�

�
�

� �
�u s v s G s P G s P G v dj j j j j j k
S

( ) ( ) ( ) ( ) ( ) ( )1 1 1
T T T � � ��

�

�

�

�
�

�

�

�
�
�

�

�

�
�
�
�

�

� ��

�

�
�� �

N

j k

N

j

k

j

j

N

v s

1

11

1

1

( )

äëÿ k N�1, , s S s SN1 � �, ,� . Ïðè ýòîì v s j( ) ( , )j N�1 — ïðîèçâîëüíûå ôóíê-

öèè, âûáîð êîòîðûõ îãðàíè÷èâàåòñÿ óñëîâèÿìè

U s s U s sN
N j N

j

N

( , , ) ( , , )1

1

� ��
�
� ,

U s s U s sN N( , , ) ( , , )1 1� �� .

Ñ ó÷åòîì òîãî, ÷òî

lim min | | | |
M a

k k k
k k

A a u

# �

� � �
�

� 2 2 0� � �k N1, ,

ïðè k
i N

i�
�

arg min
,1

2� ñîîòíîøåíèåì (28) îïðåäåëèì èñêîìóþ ñîãëàñíî (3) ôóíê-

öèþ y s( ) ñîñòîÿíèÿ ðàññìàòðèâàåìîé ñèñòåìû.

ÏÑÅÂÄÎÎÁÐÀÙÅÍÈÅ ÊÂÀÄÐÀÒÈ×ÍÎ ÍÅËÈÍÅÉÍÛÕ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÌÎÄÅËÅÉ

Ðàññìîòðèì çàäà÷ó ïñåâäîîáðàùåíèÿ ñèñòåìû (2), êîòîðóþ äëÿ óäîáñòâà çàïè-

øåì â âèäå

a s y s u sk s
n k

k

n

( ) ( ) ( )� ��

�
	

0

, (31)

ïîëîæèâ

L y s a sk s k( ) ( ) ( )� � (32)

äëÿ k n� 0, .

Äëÿ ðåøåíèÿ çàäà÷è (4) äëÿ ñèñòåìû (31) áóäåì èñõîäèòü èç òîãî, ÷òî ñîîò-
íîøåíèå (32) ýêâèâàëåíòíî ñëåäóþùåìó:

y s G s s a s dsk k( ) ( ) ( )� � � � �

� #

� #

� . (33)

Çäåñü, êàê è ðàíåå, G s sk ( )� � — ôóíêöèÿ Ãðèíà óðàâíåíèÿ (32), ìåòîäû ïî-
ñòðîåíèÿ êîòîðîé äëÿ íåîãðàíè÷åííîé ïðîñòðàíñòâåííî-âðåìåííîé îáëàñòè äå-
òàëüíî ðàññìîòðåíû â [5].
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Ñ ó÷åòîì ïîñòàíîâêè çàäà÷è îãðàíè÷èìñÿ ðàññìîòðåíèåì âåêòîðà
�

y çíà÷å-

íèé y s l Ll( ) ( , )�1 ôóíêöèè ñîñòîÿíèÿ y s( ). Èç (33) íàõîäèì

a s sk
s

k
k k

( ) min | | ( ) | |
( )

�
��

�
�

2 (34)

ïðè

� k k k l k lG s s s ds y s
k

� � � � � �
�

�

�
�

�

�

�
�




� #

� #

�� �
�

: ( ) ( ) ( ) min

2

( )sl

L

�
	

%

&
'

(
'

)

*
'

+
'1

. (35)

Ñîãëàñíî èçëîæåííîìó â [2] íàõîäèì, ÷òî ñ òî÷íîñòüþ

�
k k k

y y y P P y2 � � �� � � �T T

îïðåäåëåííîå ñîîòíîøåííÿìè (34), (35)

a s G s P yk k k
( ) ( )� �T �

. (36)

Çäåñü

G s G s sk k l( ) ( ( )� � �col , l L�1, ),

P G s G s dsk k k
�

� #

� #

� ( ) ( )T .

Ïîñëå ïîäñòàíîâêè (36) â óðàâíåíèå (31) ïîñëåäíåå çàïèøåì â âèäå

G s P yy s u s
k k

n k

k

n
T ( ) ( ) ( )( )� �

�

�	
�

0

, (37)

ãäå y s y sn k
s
n k( ) ( )( ) ( )� �� � äëÿ k n� 0, .

Ó÷èòûâàÿ, ÷òî èñêîìàÿ ñîãëàñíî (4) ôóíêöèÿ y s( ) îïðåäåëåíà â äèñêðåòíûõ
òî÷êàõ s sL1, ,� , â ýòèõ æå òî÷êàõ äèñêðåòíî îïðåäåëÿåì è åå ïðîèçâîäíûå

y s k nn k( ) ( ) ( , )� � 0 , äëÿ ÷åãî ââîäèì â ðàññìîòðåíèå çíà÷åíèÿ y y si
n k n k

i
( ) ( ) ( )� ��

i L� ( , )1 ïîñëåäíèõ. Ýòî ïîçâîëÿåò óðàâíåíèå (37) ïðè èçâåñòíîé ôóíêöè u s( ) çà-

ïèñàòü â âèäå
G s P yy u i L

k i k i
n k

i

k

n
T ( ) ( , )( )� �

�

� �	
�

1

0

èëè, ÷òî ýêâèâàëåíòíî,

G s P y y u s i L
k i kl l i

n k
i

l

L

k

n
T ( ) ( ) ( , )( )� �

��

� �		 1

10

,
(38)

ãäå ( , , )P P P
k k kL1

� � ��� .

Îáîçíà÷èâ ÷åðåç

� � � � ��col((( , , ), , ), , )( )y y l L k n i Ll i
n k 1 0 1 , (39)

A G s P l L k n i L
k i kl

� � � ��diag str T( (( ( ) , , ), , ), , ),1 0 1

óðàâíåíèå (38) çàïèøåì â âèäå

A u� � , (40)

ãäå u u s l Ll� �col ( ( ), , )1 .

Îáîçíà÷èâ ÷åðåç

P AA G t P i L
k i kl
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À ýòî îçíà÷àåò, ÷òî ðåøåíèåì ðàññìàòðèâàåìîé çàäà÷è áóäåò âåêòîð
�

y

ñ êîìïîíåíòàìè
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2 2
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��
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n

	 .

Ðåøåíèå áóäåò òî÷íûì, åñëè ðàâíû íóëþ òî÷íîñòè �
k
2 ( , )k n� 0 ñðåäíå-

êâàäðàòè÷åñêîãî îáðàùåíèÿ äèêðåòèçèðîâàííîãî òî÷êàìè sl l L� ( , )1 óðàâíåíèÿ (33)

è ðàâíà íóëþ òî÷íîñòü �2 ðåøåíèÿ çàäà÷è (4). Îäíîçíà÷íîñòü ïîëó÷åííîãî

ðåøåíèÿ îïðåäåëÿåòñÿ îäíîçíà÷íîñòüþ ñðåäíåêâàäðàòè÷åñêîãî îáðàùåíèÿ

óðàâíåíèé (33) è (40). Óñëîâèÿìè ýòîãî ÿâëÿþòñÿ

lim [ ( ) ( )]
,
,

N k i k j i j
i j NG s G s


# �
� �det T

1
0

è det T( )A A � 0 ñîîòâåòñòâåííî.

Çàìåòèì, ÷òî âûáîð âåêòîðà v R L n� � �2 1( ) â ðåøåíèè (41) óðàâíåíèÿ (40)

îãðàíè÷åí ëîãè÷åñêîé ñòðóêòóðîé âåêòîðà �.

ÇÀÊËÞ×ÅÍÈÅ

Òàêèì îáðàçîì, ðåøåíà ñëîæíàÿ ìàòåìàòè÷åñêàÿ çàäà÷à ïñåâäîîáðàøåíèÿ íåëè-
íåéíûõ äèôôåðåíöèàëüíûõ ìàòåìàòè÷åñêèõ ìîäåëåé, íåëèíåéíîñòü êîòîðûõ,
êàê è â [1], îïðåäåëÿåòñÿ ïðîèçâåäåíèåì ëèíåéíûõ äèôôåðåíöèàëüíûõ ïðåîáðà-
çîâàíèé ôóíêöèè ñîñòîÿíèÿ ñèñòåìû (ïðîöåññà) èëè ïîëó÷àåòñÿ ïîñëå çàìåíû
ýòèìè ïðåîáðàçîâàíèÿìè êîýôôèöèåíòîâ ëèíåéíîãî ïðèáëèæåíèÿ ìîäåëè.

Â îòëè÷èå îò [1], ãäå òàêèå ìîäåëè ïñåâäîðåøåíû ïðè äèñêðåòíî îïðåäåëåí-
íûõ âíåøíåäèíàìè÷åñêèõ âîçìóùåíèÿõ ñèñòåìû, â äàííîé ïóáëèêàöèè ðåøåíû
çàäà÷è ïîñòðîåíèÿ èíòåãðàëüíûõ ìàòåìàòè÷åñêèõ ìîäåëåé ðàññìàòðèâàåìûõ ñèñ-
òåì ïðè íåïðåðûâíî çàäàííûõ âîçìóùåíèÿõ. Êðèòåðèåì ðåøåíèÿ èçó÷åííûõ çàäà÷
ÿâëÿåòñÿ ñðåäíåêâàäðàòè÷åñêîå ïðèáëèæåíèå ïîñòðîåííîé ôóíêöèè ñîñòîÿíèÿ
ñèñòåìû ê òî÷íîìó ìàòåìàòè÷åñêîìó ðåøåíèþ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ìî-
äåëè. Îïèñàíû ñëó÷àè, êîãäà òàêîå ïðèáëèæåíèå âûïîëíÿåòñÿ íåïðåðûâíî ïî ïðî-
ñòðàíñòâåííî-âðåìåííûì êîîðäèíàòàì èëè ïðè äèñêðåòíî çàäàííûõ çíà÷åíèÿõ ïî-
ñëåäíèõ. Äëÿ âñåõ ðàññìîòðåííûõ â ðàáîòå çàäà÷ ïîñòðîåíû ìíîæåñòâà ôóíêöèî-
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íàëüíûõ çàâèñèìîñòåé ñîñòîÿíèÿ ñèñòåìû îò çíà÷åíèé âíåøíåäèíàìè÷åñêèõ
âîçìóùàþùèõ ôàêòîðîâ. Êàê è â [1], äàíà îöåíêà òî÷íîñòè ïîëó÷åííûõ ðåøåíèé è
ñôîðìóëèðîâàíû óñëîâèÿ îäíîçíà÷íîñòè ïîñòðîåííûõ ìíîæåñòâ.

Ôîðìà êîíå÷íûõ ìàòåìàòè÷åñêèõ ðåçóëüòàòîâ íåñëîæíàÿ äëÿ ïðàêòè÷åñêîãî
èñïîëüçîâàíèÿ è ìîæåò ñòàòü îñíîâîé äëÿ ðåøåíèÿ çàäà÷ ìàòåìàòè÷åñêîãî ìîäå-
ëèðîâàíèÿ äèíàìèêè íåëèíåéíûõ íåïîëíî îïðåäåëåííûõ äèíàìè÷åñêèõ ñèñòåì,
÷òî ðàñøèðèò âîçìîæíîñòè ðàçâèòîãî â [6, 7] ïîäõîäà ê ðåøåíèþ ïîäîáíûõ çà-
äà÷ â ëèíåéíîì ñëó÷àå.
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Â.À. Ñòîÿí
ÄÎ ÏÎÁÓÄÎÂÈ ²ÍÒÅÃÐÀËÜÍÈÕ ÌÀÒÅÌÀÒÈ×ÍÈÕ ÌÎÄÅËÅÉ ÄÂÎÕ ÊËÀÑ²Â ÍÅË²Í²ÉÍÈÕ
ÏÐÎÑÒÎÐÎÂÎ ÐÎÇÏÎÄ²ËÅÍÈÕ ÑÈÑÒÅÌ. II. ÂÈÏÀÄÎÊ ÍÅÏÅÐÅÐÂÍÎ ÂÈÇÍÀ×ÅÍÈÕ
ÇÎÂÍ²ØÍÜÎÄÈÍÀÌ²×ÍÈÕ ÇÁÓÐÅÍÜ

Àíîòàö³ÿ. Ðîçâ’ÿçàíî çàäà÷³ ïñåâäîîáåðíåííÿ íåë³í³éíèõ äèôåðåíö³àëüíèõ
ìîäåëåé ïðîñòîðîâî ðîçïîä³ëåíèõ äèíàì³÷íèõ ñèñòåì. Ðîçãëÿíóòî ñèñòåìè,
íåë³í³éí³ñòü ÿêèõ óòâîðåíà äîáóòêîì ë³í³éíèõ äèôåðåíö³àëüíèõ ïåðåòâîðåíü
ôóíêö³¿ ñòàíó ñèñòåìè, àáî øëÿõîì çàì³íè íèìè êîåô³ö³ºíò³â ë³í³éíîãî íà-
áëèæåííÿ ìîäåë³. Áóäóþòüñÿ àíàë³òè÷í³ çàëåæíîñò³ ôóíêö³¿ ñòàíó ñèñòåìè â³ä
íåïåðåðâíî âèçíà÷åíèõ çíà÷åíü çîâí³øíüîäèíàì³÷íèõ çáóðþþ÷èõ ôàêòîð³â.

Êëþ÷îâ³ ñëîâà: ïñåâäîîáåðíåííÿ, íåë³í³éí³ äèíàì³÷í³ ñèñòåìè, ñèñòåìè
ç ðîçïîä³ëåíèìè ïàðàìåòðàìè, ïðîñòîðîâî ðîçïîä³ëåí³ äèíàì³÷í³ ñèñòåìè.

V.À. Stoyan
CONSTRUCTION INTEGRAL MATHEMATICAL MODELS OF TWO CLASSES
OF NONLINEAR SPATIALLY DISTRIBUTED SYSTEMS. II. THE CASE OF CONTINUOUSLY
DEFINED EXTERNAL-DYNAMIC PERTURBATIONS

Abstract. Problems of pseudoinversion of nonlinear differential models of
spatially distributed dynamic systems are solved. Systems whose nonlinearity is
formed by the product of linear differential transformations of the function of
system’s state or by replacing the coefficients of linear approximation by these
transformations are considered. Analytic dependences of the function of system’s
state on continuously defined values of external-dynamic factors are constructed.

Keywords: pseudoinversion, nonlinear dynamical systems, spatially distributed
dynamical systems.

Ñòîÿí Âëàäèìèð Àíòîíîâè÷,
äîêòîð ôèç.-ìàò. íàóê, ïðîôåññîð êàôåäðû Êèåâñêîãî íàöèîíàëüíîãî óíèâåðñèòåòà èìåíè Òàðàñà
Øåâ÷åíêî, e-mail: v_a_stoyan@ukr.net.

128 ISSN 1019-5262. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç, 2020, òîì 56, ¹ 1


