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Àíîòàö³ÿ. Ðîçãëÿíóòî êðàéîâó çàäà÷ó äëÿ àáñòðàêòíîãî äèôåðåíö³àëüíîãî
ð³âíÿííÿ 2-ãî ïîðÿäêó ç îïåðàòîðíèì êîåô³ö³ºíòîì ó ã³ëüáåðòîâîìó ïðî-
ñòîð³. Çà äîïîìîãîþ ïåðåòâîðåííÿ Êåë³ îïåðàòîðíîãî êîåô³ö³ºíòà A òà
ïîë³íîì³â òèïó Ìàéêñíåðà â³ä àðãóìåíòó x ðîçâ’ÿçîê çàäà÷³ çîáðàæåíî ó
âèãëÿä³ ðÿäó. Çà íàáëèæåíèé ðîçâ’ÿçîê óçÿòî ñê³í÷åííó ñóìó N äîäàíê³â
öüîãî ðÿäó. Äîâåäåíî îö³íêè (ç âàãîþ) òî÷íîñò³ ö³º¿ àïðîêñèìàö³¿ çàëåæíî
íå ò³ëüêè â³ä ïàðàìåòðà äèñêðåòèçàö³¿ N , àëå é â³ä â³äñòàí³ àðãóìåíòó x äî
ìåæîâèõ òî÷îê ïðîì³æêó. Çàïðîïîíîâàíèé àëãîðèòì ìàº ñóïåðåêñïî-
íåíö³àëüíó øâèäê³ñòü çá³æíîñò³.

Êëþ÷îâ³ ñëîâà: êðàéîâà çàäà÷à, ã³ëüáåðò³â ïðîñò³ð, îïåðàòîðíèé êîåô³ö³ºíò,
ïåðåòâîðåííÿ Êåë³, îö³íêè ç âàãîþ, ñóïåðåêñïîíåíö³àëüíà øâèäê³ñòü
çá³æíîñò³.

ÂÑÒÓÏ

Ó ë³òåðàòóð³ ç òåîð³¿ òà çàñòîñóâàíü íàáëèæåíèõ ìåòîä³â äëÿ ðîçâ’ÿçóâàííÿ
êðàéîâèõ ³ ïî÷àòêîâî-êðàéîâèõ çàäà÷ º ïîð³âíÿíî íåáàãàòî ïóáë³êàö³é (äèâ.,
íàïðèêëàä, [1–3]) ùîäî âèâ÷åííÿ êðàéîâîãî åôåêòó — âïëèâó êðàéîâî¿ óìîâè
Ä³ð³õëå íà òî÷í³ñòü íàáëèæåíîãî ðîçâ’ÿçêó. Âîäíî÷àñ çðîçóì³ëî, ùî ïîõèáêà
ìåòîäó çàëåæèòü íå ëèøå â³ä ïàðàìåòðà äèñêðåòèçàö³¿ (íàïðèêëàä, êðîêó
ñ³òêè), àëå é â³ä â³äñòàí³ äî ìåæ³ îáëàñò³. Óðàõóâàííÿ öüîãî âïëèâó ìàº íå
ò³ëüêè âàæëèâå òåîðåòè÷íå, à é ïðàêòè÷íå çíà÷åííÿ, îñê³ëüêè íàäàº çìîãó áðà-
òè ïîáëèçó ìåæ³ îáëàñò³ á³ëüøèé êðîê ñ³òêè.

Ê³ëüê³ñíîþ õàðàêòåðèñòèêîþ êðàéîâîãî åôåêòó º îö³íêè ïîõèáêè ç âàãîâîþ
ôóíêö³ºþ, ïîâ’ÿçàíîþ ç â³äñòàííþ òî÷êè äî ìåæ³, â ïåâíèõ ñ³òêîâèõ íîðìàõ. ²äåÿ
³ òåõí³êà äîâåäåííÿ òàêèõ îö³íîê, óïåðøå çàïðîïîíîâàí³ â [2], çãîäîì çàñòîñîâàí³
äëÿ âèâ÷åííÿ áàãàòüîõ êëàñ³â çàäà÷: ñòàö³îíàðíèõ, íåñòàö³îíàðíèõ, ë³í³éíèõ,
êâàç³ë³í³éíèõ òîùî [4–10]. Àíàë³ç êðàéîâîãî åôåêòó ñòàíîâèòü çíà÷íèé ³íòåðåñ ³
äëÿ íîâèõ êëàñ³â çàäà÷, ïîÿâà ÿêèõ çóìîâëåíà áóðõëèâèì ðîçâèòêîì äðîáîâîãî
³íòåãðî-äèôåðåíö³þâàííÿ (äèâ. ïóáë³êàö³¿ [11, 12] òà íàâåäåí³ â íèõ äæåðåëà).

Öÿ ñòàòòÿ º ïðîäîâæåííÿì ðîçïî÷àòîãî â [13] äîñë³äæåííÿ âïëèâó êðàéîâî¿
óìîâè íà òî÷í³ñòü íàáëèæåíîãî ðîçâ’ÿçêó ó âèïàäêó àáñòðàêòíîãî äèôåðåíö³àëü-
íîãî ð³âíÿííÿ ç³ ñòàëèì îïåðàòîðíèì êîåô³ö³ºíòîì ó ã³ëüáåðòîâîìó ïðîñòîð³.
Çîáðàæåííÿ òî÷íîãî ðîçâ’ÿçêó êðàéîâî¿ çàäà÷³ ó âèãëÿä³ íåñê³í÷åííîãî ðÿäó çà
äîïîìîãîþ ïåðåòâîðåííÿ Êåë³ òà ïîë³íîì³â òèïó Ìàéêñíåðà íàäàº çìîãó îòðèìà-
òè íàáëèæåíèé ðîçâ’ÿçîê ó âèãëÿä³ ñê³í÷åííî¿ ñóìè N (ïàðàìåòð äèñêðåòèçàö³¿)
äîäàíê³â òà âèâ÷èòè éîãî òî÷í³ñòü çàëåæíî â³ä N òà â³äñòàí³ àðãóìåíòó x äî ìå-
æîâèõ òî÷îê. Çàïðîïîíîâàíèé ó [13] ìåòîä ìàº ñòåïåíåâèé (â³äíîñíî N ) ïîðÿäîê

çá³æíîñò³ âèãëÿäó O N( )�� , � � 0 , à îòæå, º ìåòîäîì áåç íàñè÷åííÿ òî÷íîñò³.
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äå A — ñàìîñïðÿæåíèé äîäàòíî âèçíà÷åíèé îïåðàòîð ç³ ù³ëüíîþ â H îáëàñòþ
âèçíà÷åííÿ D A( ) ³ ñïåêòðîì �( ) [ , )A � �	� 0 , � 0 0� .

Ïðèêëàäîì çàäà÷³ (1) º ïåðøà êðàéîâà çàäà÷à äëÿ ð³âíÿííÿ Ïóàññîíà
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îòðèìàºìî çàäà÷ó (2) â àáñòðàêòí³é ïîñòàíîâö³ (1).
Ìåòà ö³º¿ ñòàòò³ — äîñë³äèòè íàáëèæåííÿ òî÷íîãî ðîçâ’ÿçêó çàäà÷³ (1)

ñê³í÷åííîþ ñóìîþ N äîäàíê³â òà îòðèìàòè âàãîâ³ àïð³îðí³ îö³íêè, ÿê³ âðàõîâó-

þòü âïëèâ êðàéîâî¿ óìîâè ³ ìàþòü ïîðÿäîê O N e N( )
� �1

2 . Òàêó øâèäê³ñòü

çá³æíîñò³ çàïðîïîíîâàíîãî ìåòîäó ïðèðîäíî íàçâàòè ñóïåðåêñïîíåíö³àëüíîþ.
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ç ïàðàìåòðîì z �( , )0 1 . ¯¿ ðîçâ’ÿçîê �( )x øóêàºìî ó âèãëÿä³ ðÿäó
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Êîðèñòóþ÷èñü ôîðìóëîþ (8), çíàéäåìî, íàïðèêëàä, ïîë³íîìè
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Äàë³ ðîçãëÿíåìî çîáðàæåííÿ ôóíêö³é � k x( ) , k �1 2, ,� , òðèãîíîìåòðè÷íèìè
ðÿäàìè Ôóð’º. Âèêîðèñòîâóþ÷è ìåòîä ìàòåìàòè÷íî¿ ³íäóêö³¿, ìîæíà äîâåñòè
òàêå òâåðäæåííÿ.

Ëåìà 1 [13, 14]. Ôóíêö³¿ � k x( ) , k �1 2, ,� , ìîæíà ïîäàòè ó âèãëÿä³
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Ç³ñòàâëÿþ÷è çàäà÷³ (4) ³ (5) òà áåðó÷è äî óâàãè (6), áà÷èìî, ùî ðîçâ’ÿçîê w x( )
çàäà÷³ (4) ìîæíà çàïèñàòè òàê:
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Íàâåäåìî ùå îäèí äîïîì³æíèé ðåçóëüòàò, ÿêèé áóäå âèêîðèñòàíî ï³çí³øå.
Ëåìà 2 [13]. Âèêîíóþòüñÿ òàê³ òðè íåð³âíîñò³:
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ÊÐÀÉÎÂÀ ÇÀÄÀ×À ÒÀ ÂÀÃÎÂÀ ÎÖ²ÍÊÀ ÒÎ×ÍÎÃÎ ÐÎÇÂ’ßÇÊÓ

Ìåòîþ öüîãî ðîçä³ëó º çîáðàæåííÿ u x( ) çàäà÷³ (1) ó âèãëÿä³ ðÿäó ç³ ñòåïåíÿìè
äðîáîâîãî ïåðåòâîðåííÿ îïåðàòîðà A òà êîåô³ö³ºíòàìè, çàëåæíèìè ò³ëüêè â³ä x .
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òà âèêîíóþ÷è íåñêëàäí³ ïåðåòâîðåííÿ, ðîçâ’ÿçîê u x( ) çàïèøåìî òàê:
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Òåîðåìà 1. Íåõàé ïðàâà ÷àñòèíà f x( ) ð³âíÿííÿ (1) çîáðàæåíà ðÿäîì Ôóð’º
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Òîä³ äëÿ ðîçâ’ÿçêó u x( ) çàäà÷³ (1) ñïðàâäæóºòüñÿ âàãîâà îö³íêà
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Äîâåäåííÿ. Ïîçíà÷èìî E ( )� ñïåêòðàëüíó ñ³ì’þ, ÿêà â³äïîâ³äàº îïåðàòîðó A.

Âèêîðèñòîâóþ÷è ñïåêòðàëüíå çîáðàæåííÿ ôóíêö³¿ â³ä îïåðàòîðà A òà çàñòîñîâó-
þ÷è ëåìó 2, ìàºìî

u x

x x

k x

x x
k I A f s

( )

min ( , )

sin ( )

min ( , )
[( ) ]

1

2 2

1
2 2 1

�
�

�
� ��

� , k

k�

	

� �
1

�
� � �

�
��( )

( ( )) ( )

min ( , )
A A

A A x Ax

x x
fsh

sh sh sh1
0

1

1

� �
� � �� �2 2

2 12 1 1[( ) ]
cos ( ) ( ( )) ( )

k I A A
k x A A x Ax

�
�

sh
sh sh sh

min ( , )
,

x x
f c k

k 11 �
�

�

	

�

�
� �

�	

�

	

��
2 2

1 2 2
1

0

sin( )

min ( , )[( ) ]
( ) ,

k x

x x k
dE f s k

k

�

� �
�

�

�

�
� � �

� �

�	

�
sh sh sh

sh

� � �

� �
�

�
�

( ( )) ( )

min ( , )
( )

1

1 1
0

x x

x x
dE A � f 0 �

ISSN 1019-5262. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç, 2020, òîì 56, ¹ 3 175



�
� � �

��

	

�
k

k x x x

x x1

2
2 1

1 2

cos ( ) ( ( )) ( )

min ( , )[(

� � � �sh sh sh

k
dE f c k

� � �
�

� ) ]
( ) ,2

0
�

�
�	

�
sh

�
� � 

"

sup
0 1 2

0

2 2

1 2x
s

k x

x x k
f

� �

�

� �

| sin ( )|

min ( , )[( ) ]
|| , k

k

||
�

	

� �
1

�
� � �

� 
"

�sup
sh sh sh

0 1
0

1

1x

e
x x

x x
� �

� � � �

�

| ( ( )) ( )|

min ( , ) sh �
|| ||e fA

0 �

�
� � �

 
"

sup
sh sh sh

0 1
0

2 2 1

x

k x x x

� �

� � � �|cos( ) ( ( )) ( )|

min (x x k
f c k

k , )[( ) ]
|| ||,

1 2 2
1 � �

�
�

	

�
� � �sh

� � �
�

	

�
2

2

1

2

2

21
0

0

0k
f

e
e f

C

k
fs k

k

A
c k

�

�

��
|| || || ||

( )
|| ||, ,

k�

	

� �
1

� � �
�

�

	 �

�
2

2

1

2

2

21
0

0

0�

�

��

e

k
e f

e
e f

C e

k

k
k

s k

k

A
k

|| || || ||
( )

, || ||,e fk
c k

k�

	

� �
1

�
�

�

�
�

�

�

 
 

�

�

�
�

�

�

 
 

�
�

	

�

	

� �
2

2

1
2

1

2

1

1
2

1
2

�e k
e f

k

k
s k

k

|| ||,
1

2 0
0

e
e fA

�
|| || �

�
�

�

�
�

�

�

 
 

�

�

�
�

�

��

	

�

	

� �
2

2

10
2

1

2

1

1
2

C

e k
e f

k

k
c k

k

( )
|| ||,

�

�
 
 

�

1
2

� � �
1

2 3

1

2 2 30
0

0

e
f

e
e f

C

e
fs

A
c|| || || ||

( )
|| ||

�

�
.

Òåîðåìó äîâåäåíî. �

ÍÀÁËÈÆÅÍÈÉ ÐÎÇÂ’ßÇÎÊ ÒÀ ÂÀÃÎÂ² ÎÖ²ÍÊÈ ÏÎÕÈÁÊÈ

Çà íàáëèæåíèé ðîçâ’ÿçîê çàäà÷³ (1) â³çüìåìî ÷àñòèííó ñóìó ðÿäó (15)

u x k x k I A fN s k

k

N

( ) sin( )[( ) ] ,� � ��

�
� 2 2 2 2 1

1

� �

� � � � ��( ) ( ( )) ( )A A A A x Ax fsh {sh sh sh }1
01

� � �� �

�
� 2 2 22 1 1

1

[( ) ] {cos ( )k I A A k x A

k

N

� �sh sh

� � �sh sh( ( )) ( )} ,A x Ax f c k1 . (16)

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 1. Òîä³ òî÷í³ñòü íàáëèæåíîãî
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Äîâåäåííÿ. ßê ³ â äîâåäåíí³ òåîðåìè 1, ìàºìî
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Äàë³ íàì çíàäîáèòüñÿ òàêå äîïîì³æíå òâåðäæåííÿ.
Ëåìà 3. Ñïðàâäæóþòüñÿ íåð³âíîñò³
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Ëåìó äîâåäåíî. �
Îäåðæèìî òåïåð òàêèé îñíîâíèé ðåçóëüòàò.
Òåîðåìà 3. Íåõàé íàáëèæåíèé ðîçâ’ÿçîê (18) çàäîâîëüíÿº óìîâè
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Ç íåð³âíîñòåé (22)–(26) âèïëèâàº òâåðäæåííÿ òåîðåìè. �

ÂÈÑÍÎÂÊÈ

Îö³íêà (21) ñâ³ä÷èòü ïðî òå, ùî çà óìîâè «åêñïîíåíö³àëüíîãî» òèïó ãëàäêîñò³
âåêòîð³â f f f kc k s k0 1 2, , , , ,, , � � , ó ðîçêëàä³ â ðÿä Ôóð’º ïðàâî¿ ÷àñòèíè äèôå-
ðåíö³àëüíîãî ð³âíÿííÿ (1) ìåòîä (18) ìàº ñóïåðåêñïîíåíö³àëüíó øâèäê³ñòü
çá³æíîñò³. Âïëèâ êðàéîâîãî åôåêòó (â³äñòàí³ àðãóìåíòó x â³ä ìåæîâèõ òî÷îê
ïðîì³æêó) îõàðàêòåðèçîâàíî çà äîïîìîãîþ âàãîâî¿ ôóíêö³¿ min ( , )x x1� .
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Í.Â. Ìàéêî
ÑÓÏÅÐÝÊÑÏÎÍÅÍÖÈÀËÜÍÀß ÑÊÎÐÎÑÒÜ ÑÕÎÄÈÌÎÑÒÈ ÌÅÒÎÄÀ ÏÐÅÎÁÐÀÇÎÂÀÍÈß
ÊÝËÈ ÄËß ÀÁÑÒÐÀÊÒÍÎÃÎ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß

Àííîòàöèÿ. Ðàññìîòðåíà êðàåâàÿ çàäà÷à äëÿ àáñòðàêòíîãî äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ 2-ãî ïîðÿäêà ñ îïåðàòîðíûì êîýôôèöèåíòîì â ãèëüáåðòî-
âîì ïðîñòðàíñòâå. Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Êýëè îïåðàòîðíîãî êîýôôè-
öèåíòà À è ïîëèíîìîâ òèïà Ìàéêñíåðà îò àðãóìåíòà õ ðåøåíèå çàäà÷è
ïðåäñòàâëåíî â âèäå áåñêîíå÷íîãî ðÿäà. Â êà÷åñòâå ïðèáëèæåííîãî ðåøå-
íèÿ âçÿòà êîíå÷íàÿ ñóììà N ñëàãàåìûõ ýòîãî ðÿäà. Äîêàçàíû îöåíêè (ñ âå-
ñîì) òî÷íîñòè òàêîé àïïðîêñèìàöèè â çàâèñèìîñòè íå òîëüêî îò ïàðàìåòðà
äèñêðåòèçàöèè N, íî è îò ðàññòîÿíèÿ îò àðãóìåíòà õ äî ãðàíè÷íûõ òî÷åê
îòðåçêà. Ïðåäëîæåííûé àëãîðèòì èìååò ñóïåðýêñïîíåíöèàëüíóþ ñêîðîñòü
ñõîäèìîñòè.

Êëþ÷åâûå ñëîâà: êðàåâàÿ çàäà÷à, ãèëüáåðòîâî ïðîñòðàíñòâî, îïåðàòîðíûé
êîýôôèöèåíò, ïðåîáðàçîâàíèå Êýëè, îöåíêè ñ âåñîì, ñóïåðýêñïîíåíöèàëüíàÿ
ñêîðîñòü ñõîäèìîñòè.

N.V. Mayko
SUPER-EXPONENTIAL RATE OF CONVERGENCE OF THE CAYLEY
TRANSFORM METHOD FOR AN ABSTRACT DIFFERENTIAL EQUATION

Abstract. A boundary-value problem (BVP) for an abstract differential equation
with an operator coefficient in the Hilbert space is investigated. The exact solution
is presented as an infinite series by means of the Cayley transform of the operator
coefficient A and the Meixner type polynomials in the independent variable x. The
approximate solution is given by the truncated sum of that series with N
summands. The error estimates (with the weight function) depending not only on
the discretization parameter N but also on the distance of the point x to the
boundary of the interval are proven. They demonstrate that our algorithm has the
super-exponential rate of convergence.

Keywords: boundary-value problem (BVP), Hilbert space, operator coefficient,
Cayley transform, weighted estimates, super-exponentially convergent algorithm.
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