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Àííîòàöèÿ. Ïðåäëîæåíû òî÷íàÿ òðåõòî÷å÷íàÿ ñõåìà è ñõåìû âûñîêîãî ïî-
ðÿäêà òî÷íîñòè, êîòîðûå ïðåäñòàâëÿþò ñîáîé äâå ñèñòåìû ëèíåéíûõ àëãåá-
ðàè÷åñêèõ óðàâíåíèé. Êàæäîå óðàâíåíèå ñèñòåìû ñîäåðæèò ïÿòü íåèçâå-
ñòíûõ çíà÷åíèé èñêîìîãî ðåøåíèÿ è åãî ïåðâîé ïðîèçâîäíîé â òðåõ òî÷êàõ
ñåòêè íà îòðåçêå. Ïðè ïîñòðîåíèè ñõåì èñïîëüçîâàëñÿ ïðèíöèï ñóïåðïîçè-
öèè ðåøåíèé è ÷åòûðåõ ëèíåéíî íåçàâèñèìûõ ðåøåíèé çàäà÷è Êîøè. ×àñ-
òè÷íûå ñóììû ôóíêöèîíàëüíûõ ðÿäîâ, ïðåäñòàâëÿþùèõ íåçàâèñèìûå ðåøå-
íèÿ, äàþò ñõåìû ëþáîãî ïîðÿäêà òî÷íîñòè äëÿ ãðàíè÷íîé è ñïåêòðàëüíîé
çàäà÷. Äëÿ ðåøåíèÿ ëèíåéíûõ ñèñòåì ïðåäëîæåí ìåòîä ìîäèôèöèðîâàííîé
ïðîãîíêè.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà,
ãðàíè÷íàÿ çàäà÷à, ñïåêòðàëüíàÿ çàäà÷à, çàäà÷à Êîøè, ëèíåéíî íåçàâèñè-
ìûå ðåøåíèÿ, îïðåäåëèòåëü Âðîíñêîãî, ñóïåðïîçèöèÿ ðåøåíèé, ôóíêöèÿ
Ãðèíà, ìåòîä ñåòîê, òî÷íàÿ ñõåìà, ñõåìû âûñîêîãî ïîðÿäêà òî÷íîñòè,
ôóíêöèîíàëüíûå ðÿäû, ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ìå-
òîä ïðîãîíêè.

ÂÂÅÄÅÍÈÅ

Â ðàáîòå [1] èññëåäîâàíû òðåõòî÷å÷íûå ñõåìû âûñîêîãî ïîðÿäêà òî÷íîñòè äëÿ
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ÄÓ) âòîðîãî ïîðÿäêà. Òàêèå
ñõåìû èññëåäîâàëèñü â [2, 3] äëÿ çàäà÷è Øòóðìà–Ëèóâèëëÿ. Ñõåìû âòîðîãî
ïîðÿäêà òî÷íîñòè èñïîëüçîâàëèñü ïðè ðåøåíèè ãðàíè÷íîé è ñïåêòðàëüíîé çà-
äà÷ äëÿ ÄÓ ÷åòâåðòîãî ïîðÿäêà â ðàáîòå [4, 5]. Ìåòîäû ïîñòðîåíèÿ òî÷íûõ
ïÿòèòî÷å÷íûõ ñõåì äëÿ ÄÓ ÷åòâåðòîãî ïîðÿäêà ïðåäñòàâëåíû â ñòàòüÿõ [6, 7].
Ïðè ïðîåêòèðîâàíèè áèãàðìîíè÷åñêîãî óðàâíåíèÿ íà áèêóáè÷åñêèé ñïëàéí
â [8] ïîëó÷åíà ñõåìà ÷åòâåðòîãî ïîðÿäêà òî÷íîñòè. Â ÷àñòíîñòè, ïðîåêöèÿ
îáû÷íîé ïðîèçâîäíîé ÷åòâåðòîãî ïîðÿäêà íà êóáè÷åñêèé áàçèñíûé ñïëàéí [9]
ÿâëÿåòñÿ ðàçíîñòíîé ïðîèçâîäíîé ÷åòâåðòîãî ïîðÿäêà [7]. Èíòåãðî-èíòåðïîëÿ-
öèîííûé ìåòîä äèñêðåòèçàöèè ãðàíè÷íîé çàäà÷è äëÿ ÄÓ ÷åòâåðòîãî ïîðÿäêà
â ÷àñòíûõ ïðîèçâîäíûõ èññëåäîâàëñÿ â [10].

Â íàñòîÿùåé ñòàòüå ïîëó÷åíû òî÷íàÿ ñõåìà è ñõåìû âûñîêîãî ïîðÿäêà òî÷-
íîñòè äëÿ ãðàíè÷íîé çàäà÷è è çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ. Êàæäàÿ èç ýòèõ
ñõåì ïðåäñòàâëÿåò ñîáîé äâå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
(ÑËÀÓ) ñ ìàòðèöàìè ëåíòî÷íîé ñòðóêòóðû. Íåèçâåñòíûìè â ÑËÀÓ ÿâëÿþòñÿ
çíà÷åíèÿ èñêîìîãî ðåøåíèÿ è åãî ïåðâîé ïðîèçâîäíîé â òî÷êàõ ñåòêè.

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×È

Ðàññìîòðèì çàäà÷ó

Lu pu qu ru f x� �� �� � � � � � � �( ) ( ) , 0 1, (1)

u a u a u b u b( ) , ( ) , ( ) , ( )0 0 1 11 2 1 2� � � � � � , (2)

p q r� 	 	0 0 0, , , (3)

ãäå êîýôôèöèåíòû p q r, , — êóñî÷íî-íåïðåðûâíûå ôóíêöèè.
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Ââåäåì íà îòðåçêå [ , ]0 1 ðàâíîìåðíóþ ñåòêó

x ih i N h Ni � � �, , , , , /0 1 1� .

Äëÿ ïîñòðîåíèÿ òî÷íîãî àíàëîãà çàäà÷è (1)–(3) íà ñåòêå èñïîëüçóåì ñëåäóþ-

ùóþ ñèñòåìó ðåøåíèé îäíîðîäíîãî óðàâíåíèÿ:

L x x xj i i� � � �� �0 1 1, , j �1 4, ..., , (4)
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�
�

� �1 1x xi . (6)

Îïðåäåëèòåëü Âðîíñêîãî ñèñòåìû � j x( ) — âåëè÷èíà ïîñòîÿííàÿ. Îáîçíà-

÷èì åãî  . Íàïðèìåð, â òî÷êàõ xi�1 è xi�1 îí èìååò ñîîòâåòñòâåííî âèä

 �
� �

�
�
� �

�
� �

� �
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� �
� �

� �

� �

� �
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1 2

1 2
1( ) ( )x xi i . (7)

Ïîêàæåì, ÷òî  � 0 . Ïðåäïîëîæèì ïðîòèâíîå. Òîãäà ñóùåñòâóþò ÷èñëà � 1 è

� 2 òàêèå, ÷òî � �
1
2

2
2

0� � ; îíè îïðåäåëÿþò ëèíåéíóþ çàâèñèìîñòü ñòîëáöîâ

ìàòðèöû, íàïðèìåð îïðåäåëèòåëÿ â òî÷êå xi�1, ò.å. âûïîëíÿþòñÿ ñëåäóþùèå
ñîîòíîøåíèÿ:

� � � �1 1 1 2 2 1 0( ) ( )x xi i� �� � ,
(8)

� � � �1 1 1 2 2 1 0� � � �� �( ) ( )x xi i .

Ñëåäîâàòåëüíî, ôóíêöèÿ � � � � �( ) ( ) ( )x x x� �1 1 2 2 óäîâëåòâîðÿåò óðàâíå-

íèþ (4) è ãðàíè÷íûì óñëîâèÿì (5) è (8), ò.å. ÿâëÿåòñÿ ñîáñòâåííîé ôóíêöèåé,

ñîîòâåòñòâóþùåé íóëåâîìó ñîáñòâåííîìó ÷èñëó, â çàäà÷å

Lw w x x xi i� � �� �� , 1 1,

w x w x w x w xi i i i( ) ( ) ( ) ( )� � � �� � � � � �1 1 1 1 0 .

Îäíàêî âñå ñîáñòâåííûå ÷èñëà ýòîé çàäà÷è ñëåäóþò èç ôîðìóëû

� � �� � �

�

�

� [ ( ) ]p w qw rw dx

x

x

i

i
2 2 2

1

1

è íå ìîãóò áûòü íóëåâûìè â ñèëó óñëîâèé (3). Òàêèì îáðàçîì, ñèñòåìà ðåøå-
íèé � j ëèíåéíî íåçàâèñèìà.

Äëÿ ïîñòðîåíèÿ äèñêðåòíîãî àíàëîãà èñõîäíîé çàäà÷è èñïîëüçóåì ïðèí-
öèï ñóïåðïîçèöèè. Îí, íàïðèìåð, ïðèìåíÿëñÿ äëÿ ïîëó÷åíèÿ àïðèîðíûõ îöå-
íîê ðåøåíèÿ ãðàíè÷íîé çàäà÷è äëÿ áèãàðìîíè÷åñêîãî óðàâíåíèÿ â [11]. Ñîãëàñ-
íî ïðèíöèïó ñóïåðïîçèöèè ðåøåíèå çàäà÷è (1)–(3) âìåñòå ñ åãî ïðîèçâîäíîé
ïðåäñòàâèì â âèäå

u x A x xj j

j

( ) ( ) ( )� �
�
� � �

1

4

0 , � � � � �
�
�u x A x xj j

j

( ) ( ) ( )� �
1

4

0 , (9)

ãäå � j x( ) — ëèíåéíî íåçàâèñèìûå ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ (4), � 0 ( )x —

ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (1) ïðè îäíîðîäíûõ óñëîâèÿõ

� � � �0 1 0 1 0 1 0 1 0( ) ( ) ( ) ( )x x x xi i i i� � � �� � � � � � .
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Êàê èçâåñòíî, � 0 ( )x ïðåäñòàâëÿåòñÿ â èíòåãðàëüíîì âèäå:

� � � �0

1

1

( ) ( , ) ( )x G x f d

x

x

i

i

�

�

�

� .

Çäåñü G x( , )� — ôóíêöèÿ Ãðèíà [5], êîòîðàÿ óäîâëåòâîðÿåò óðàâíåíèþ

L G x x x x xx i i( , ) , ,� �� � � �� �0 1 1,

è óñëîâèÿì

G x G x G x G xi i i i( , ) ( , ) ( , ) ( , )� � � �� � � � � �1 1 1 1 0� � � � ,

[ ] ( , ) ( , )G G G� � � � �� � � �0 0 0 , (10)

[ ] , [ ] , [( ) ]� � �� � �� �� � �G pG pG qG0 0 1.

Èñïîëüçóÿ ôîðìóëó

G x
x x x x

x
i( , )

( ) ( ) ( ) ( ), ,

( ) ( )
�
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� � � �
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�
�1 1 2 2 1

3 3 4 4 1( ) ( ), ,� � �x x xi� �
�
�
� �

(11)

è óñëîâèÿ (10), â òî÷êå x � � ïîëó÷èì ÑËÀÓ äëÿ îïðåäåëåíèÿ � j :

� � � � � � � �1 1 2 2 3 3 4 4 0� � � � ,

� � � � � � � �1 1 2 2 3 3 4 4 0� � � � � � � � , (12)

� � � � � � � �1 1 2 2 3 3 4 4 0p p p p�� � �� � �� � �� � ,

� � � � � � � �1 1 2 2 3 3 4 4 1( ) ( ) ( ) ( )p p p p�� �� �� � � �� �� �� � � ,

ãäå � j — îïðåäåëèòåëè òðåòüåãî ïîðÿäêà, êîòîðûå âû÷èñëÿþòñÿ ïîñëå ðàñ-

êðûòèÿ îïðåäåëèòåëåé â (13) ïî ïåðâîé ñòðîêå.

Â ðåçóëüòàòå ðåøåíèÿ ñèñòåìû (12) ôîðìóëà (11) ïðèíèìàåò âèä
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(13)

Çäåñü  — îïðåäåëèòåëü â (7). Âñå ôóíêöèè â ñòðîêàõ îïðåäåëèòåëåé â (13)

íèæå ïåðâîé ñòðîêè çàâèñÿò îò ïåðåìåííîé � . Ïîñëå ïîäñòàíîâêè â (9) òî÷åê

x xi� �1, x xi� �1 èìååì ÑËÀÓ îòíîñèòåëüíî A j :

u A Ai i i� � �� �1 3 3 1 4 4 1� �, , ,

� � � � �� � �u A Ai i i1 3 3 1 4 4 1� �, , , (14)

u A Ai i i� � �� �1 1 1 1 2 2 1� �, , ,

� � � � �� � �u A Ai i i1 1 1 1 2 2 1� �, , .

Çäåñü è äàëåå èíäåêñû óêàçûâàþò íà íîìåðà òî÷åê ñåòêè, â êîòîðûõ âçÿòû

çíà÷åíèÿ ôóíêöèé.
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Ïðè ðåøåíèè ñèñòåìû (14) èìååì

 � � � � � �A u u i1 2 2 1( )� � ,  � � � � � �A u u i2 1 1 1( )� � ,
(15)

 � � � � � �A u u i3 4 4 1( )� � ,  � � � � � �A u u i4 3 3 1( )� � .

Ïîäñòàâëÿÿ Ai èç (15) â (9) è ïîëàãàÿ x xi� , ïîëó÷àåì òî÷íûé äèñêðåòíûé

àíàëîã èñõîäíîé çàäà÷è (1)–(3):
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Èíòåãðèðîâàíèå ïî ÷àñòÿì â ðàâåíñòâàõ
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ñ èñïîëüçîâàíèåì óñëîâèé (5), (6) ïðèâîäèò ñîîòâåòñòâåííî ê ñîîòíîøåíèÿì
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Äëÿ óïðîùåíèÿ âû÷èñëåíèé ñîãëàñíî (17) çíà÷åíèÿ ôóíêöèé � � � �3 3 4 4, , ,� �
â òî÷êå xi�1 ñëåäóåò çàìåíèòü íà çíà÷åíèÿ ôóíêöèé � � � �1 1 2 2, , ,� � â òî÷êå xi�1 èëè

íàîáîðîò. Ôîðìóëû (17) íå ïðîòèâîðå÷àò ôîðìóëàì äëÿ îïðåäåëèòåëÿ Âðîíñêîãî (7).

Ïðè ðåøåíèè ñèñòåìû (16) ñëåäóåò èñêëþ÷èòü ëþáûå äâà íåèçâåñòíûõ, à çàòåì ðå-

øàòü îäíó ÑËÀÓ, êàæäàÿ ñòðîêà êîòîðîé áóäåò èìåòü ÷åòûðå íåèçâåñòíûõ çíà÷åíèÿ.

Òî÷íîñòü ðåøåíèÿ äèñêðåòíîãî àíàëîãà îïðåäåëÿåòñÿ òî÷íîñòüþ ðåøåíèÿ

çàäà÷ Êîøè äëÿ � j è ïîãðåøíîñòüþ ìåòîäà ðåøåíèÿ ÑËÀÓ. Åñëè q x( ) � 0 ,
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r x( ) � 0 , òî íå òðåáóåòñÿ ðåøàòü çàäà÷è (4)–(6). Â ýòîì ñëó÷àå ñëåäóåò èñïîëüçî-

âàòü áîëåå òî÷íûå êâàäðàòóðíûå ôîðìóëû, ïîñêîëüêó

� �1 2

11 1
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x
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ii

x

x ��

��
11

.

ÏÎÑÒÐÎÅÍÈÅ ÑÕÅÌ ËÞÁÎÃÎ ÏÎÐßÄÊÀ ÒÎ×ÍÎÑÒÈ

Èñõîäÿ èç ôîðìóë äëÿ êîýôôèöèåíòîâ òî÷íîé ñõåìû, ïîëó÷èì ñõåìó ëþáîãî

ïîðÿäêà òî÷íîñòè. Ââåäåì â òî÷êå xi ëîêàëüíóþ ñèñòåìó êîîðäèíàò, ïîëàãàÿ

x x shi� � . Îòðåçîê [ , ]x xi i� �1 1 ïåðåõîäèò â îòðåçîê � � �1 1s . Òî÷êå xi ñîîò-

âåòñòâóåò òî÷êà s � 0 . Ïîêàæåì íà ïðèìåðå ðåøåíèÿ �1 ( )x , êàê ñòðîèòü ñõåìó

ëþáîãî ïîðÿäêà òî÷íîñòè. Ïîëîæèì � � �1 1
3( ) ( ) ( , )x x sh h s hi� � � . Î÷åâèäíî,

óðàâíåíèå äëÿ �( , )s h ïåðåõîäèò â ñëåäóþùåå:

( ) ( ) ,p h q h r s�� �� � � �� � � � �� � �2 4 0 1 1, (18)

ãäå p s p x sh q s q x sh r s r x shi i i( ) ( ), ( ) ( ), ( ) ( )� � � � � � .

Èç (18) âèäíî, ÷òî �( , )s h ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöèåé ïàðàìåòðà h2 è

ïîýòîìó ïðåäñòàâëÿåò ñõîäÿùèéñÿ ðÿä

� �( , ) ( )s h s hk
k

k

�
�

�

� 2

0

, (19)

ãäå � k s( ) îïðåäåëÿþòñÿ ïî ðåêóððåíòíûì ôîðìóëàì. Íàïðèìåð, ïîñëå ïîäñòà-

íîâêè òðåõ ñëàãàåìûõ ðÿäà â (18) ïîëó÷èì äëÿ òðåõ êîýôôèöèåíòîâ ðÿäà ñëå-

äóþùèå óðàâíåíèÿ:

( ) , ( ) ( ) , ( ) ( )p p q p q�� �� � �� �� � � � � �� �� � � ��� � � � �0 1 0 2 10 0 r� 0 0� . (20)

Óñëîâèÿ Êîøè ïðè s � �1 äëÿ � � �0 1 2, , ñëåäóþò èç íà÷àëüíûõ óñëîâèé (5)

äëÿ �1 ( )x :

� � � �0 0 0 00 1� � � �� � �� � �p p, ( ) ,

� � � �k k k kp p k� � � �� � �� � � �( ) ,0 0 .

Ïîñëå èíòåãðèðîâàíèÿ (20) ïîëó÷èì ñëåäóþùèå ôîðìóëû:

�
�

�
�

0

11

0

1

( ) , ( )s
tdtd

p
s

tdt

p

s s

� � �
�� �
�� � ,

� � � � � �
� �

1

11

0

1

1

1
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1 1

( ) , ( )s
p

q dtd d s
p
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s s

� � � � �
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�� � � d�

�

�
�
1

,
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� � � �
� ��

2

11

1 0

11

1
( )s

p
q r dt d

s

� � �
�

�

�
�

�

�

�
�

�

 

!
!

"
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s
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Àíàëîãè÷íûå ðÿäû áóäóò ïðåäñòàâëÿòü äðóãèå ðåøåíèÿ � j . Äèôôåðåíöèðî-

âàíèå ðÿäà (19) îïðåäåëÿåò êîýôôèöèåíòû äëÿ � �� k k, , , ,0 1 2 � , äëÿ âû÷èñëåíèÿ

ïðîèçâîäíîé ��1 â òî÷êàõ ñåòêè. Åñëè â ÑËÀÓ (16) âìåñòî � j èñïîëüçîâàòü ÷àñ-

òè÷íûå ñóììû ðÿäîâ, íàïðèìåð äëÿ �1

P s s hk
k

k

2
2

0

2

( ) ( )�
�
�� ,

òî ïîëó÷èì ñõåìó øåñòîãî ïîðÿäêà òî÷íîñòè.

Ïðè ïðàêòè÷åñêîì èñïîëüçîâàíèè ñõåì â ñëó÷àå ïåðåìåííûõ êîýôôèöèåíòîâ

óðàâíåíèÿ (1) òðåáóåòñÿ âû÷èñëåíèå ìíîãîêðàòíûõ èíòåãðàëîâ íà êàæäîì èíòåðâàëå

ñåòêè. ×òîáû ñîõðàíèòü òî÷íîñòü O h( )6 â òî÷êàõ s � �1 0 1, , , äëÿ � 0 ( )s íåîáõîäèìà

êâàäðàòóðíàÿ ôîðìóëà ñ òî÷íîñòüþ O h( )6 , äëÿ �1 ( )s — ñ òî÷íîñòüþ O h( )4 , äëÿ

� 2 ( )s — ñ òî÷íîñòüþ O h( )2 . Òî÷íîñòü ñõåì óâåëè÷èâàåòñÿ ñ ðîñòîì ñëàãàåìûõ

â ÷àñòè÷íîé ñóììå ðÿäà, ò.å. P s s hm k
k

k

m

( ) ( )�
�
�� 2

0

îïðåäåëÿåò òî÷íîñòü O h m( )2 2� .

Èç ôîðìóë (21) ñëåäóåò, ÷òî ñõåìû ñîõðàíÿþò ïîðÿäîê òî÷íîñòè â ñëó÷àå

ðàçðûâíûõ ôóíêöèé p x q x r x( ), ( ), ( ) , êîãäà òî÷êè ðàçðûâà ÿâëÿþòñÿ òî÷êàìè ñåò-

êè. Ïîýòîìó òî÷íàÿ ñõåìà è ñõåìû ëþáîãî ïîðÿäêà òî÷íîñòè ìîãóò áûòü ïîñòðî-

åíû ïðè ïðîèçâîëüíîì ðàñïîëîæåíèè òî÷åê xi íà èñõîäíîì èíòåðâàëå.

ÏÎÑÒÐÎÅÍÈÅ ÒÎ×ÍÎÉ ÑÕÅÌÛ È ÑÕÅÌ ËÞÁÎÃÎ ÏÎÐßÄÊÀ ÒÎ×ÍÎÑÒÈ
ÄËß ÑÏÅÊÒÐÀËÜÍÎÉ ÇÀÄÀ×È

Ðàññìîòðèì ñïåêòðàëüíóþ çàäà÷ó

LW W x� � ��	 , 0 1, (22)

W W W W( ) ( ) ( ) ( )0 0 1 1 0� � � � � � , (23)

0 0 01 2 2 2� � � � � � �c p c q c r c, , ,	 . (24)

Äëÿ ïîñòðîåíèÿ òî÷íîãî ñåòî÷íîãî àíàëîãà ýòîé çàäà÷è èñïîëüçóåì ñèñòåìó

ðåøåíèé w jj , , , ,�1 2 3 4 , óäîâëåòâîðÿþùèõ íà èíòåðâàëå ( , )x xi i� �1 1 óðàâíå-

íèþ (22) è (êàê è äëÿ � j ) íà÷àëüíûì óñëîâèÿì (5), (6). Îáùåå ðåøåíèå îäíî-

ðîäíîãî óðàâíåíèÿ (22) ïðåäñòàâèì â âèäå

W x B w x x x xj j i i( , ) ( , ),� �� � �� � �1 1.

Ïî àíàëîãèè ñ ðåøåíèåì çàäà÷è (16) ïîëó÷èì äâå îäíîðîäíûå ÑËÀÓ:


� �
� �

�

�
� �

�
� �

�� �
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w w

w w
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w w

wi
i i
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i i1 2
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1

3 4

3
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, ,

, i i
iw

W
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1 4 1
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,
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4
1,

i N W W W WN N� � � � � � � �1 1 00 0, , ,� .
(25)

Çäåñü 
 — îïðåäåëèòåëü Âðîíñêîãî:


 � ��
� �

�
�
� �

�
� �

� �
�
�
� �

�
�

� �
w w

w w
x

w w

w w
xi i

3 4

3 4
1

1 2

1 2
1( , ) ( , ) .

Åñëè 
 � 0 , òî, íàïðèìåð, ëèíåéíàÿ êîìáèíàöèÿ � �1 1 2 2w w� , ó÷èòûâàÿ óñëî-
âèÿ (23), ÿâëÿåòñÿ ñîáñòâåííîé ôóíêöèåé, ñîîòâåòñòâóþùåé ñîáñòâåííîìó ÷èñ-
ëó (ñ.÷.) �. Ïîêàæåì, êàê ìîæíî îáåñïå÷èòü 
 � 0 , ò.å. ëèíåéíóþ íåçàâèñè-
ìîñòü ôóíêöèé w j . Ïåðåõîäèì ê ïåðåìåííîé s . Ïîëîæèì, íàïðèìåð, ÷òî

w x h s h1
3( , ) ( , , )� � �� . Òîãäà âìåñòî (22) ïîëó÷èì óðàâíåíèå

L p h q h r h ss( ) ( ) ( ) ,� � � � �	�� �� �� � � �� � � � �2 4 4 1 1, (26)

p s p x sh q s q x sh r s r x sh s xi i i( ) ( ), ( ) ( ), ( ) ( ), ( ) (� � � � � � �	 	 i sh� ) .

Äîñòàòî÷íûì óñëîâèåì ëèíåéíîé íåçàâèñèìîñòè w j ÿâëÿåòñÿ âûáîð ïàðàìåòðà h

èç íåðàâåíñòâà

h h
c

c

c

c
m m

4 4 2

1

0 0 2

1

� � � �� � �
min min . (27)

Çäåñü �min — ìèíèìàëüíîå ñ.÷. çàäà÷è

L W W ss( ) ,� � � ��	 1 1,

W W W W( ) ( ) ( ) ( )� � � � � � � �1 1 1 1 0 ,

�
�

min
0

4

2
� �

�
�

�

�
� — ìèíèìàëüíîå ñ.÷. çàäà÷è

W W sIV � � � ��0 1 1, ,

W W W W( ) ( ) ( ) ( )� � �� � � � �� �1 1 1 1 0 ,

� m
0 — ñ.÷. íîìåðà m çàäà÷è

W W W W xIV � �� � � � ��0 0 1, ,

W W W W( ) ( ) ( ) ( )0 0 1 1 0� � � � � � ,

� m — ñ.÷. íîìåðà m çàäà÷è (22), (23).

Èç (27) ñëåäóåò îãðàíè÷åíèå íà ïàðàìåòð h â çàâèñèìîñòè îò íîìåðà m:

h h
c

c
O

m
m

� �
�

�
��

�

�
�� � �

�
�

�

�
�0

1

2

2

0
4

2

1 1

2

�

�
. (28)

Íåðàâåíñòâî (27) ïîëó÷åíî ïðè èñïîëüçîâàíèè âàðèàöèîííîãî ïðèíöèïà ìèíè-

ìàêñà â ñïåêòðàëüíûõ çàäà÷àõ è íåðàâåíñòâà (24). Ïðè îãðàíè÷åíèè (28) w j íå
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ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè óðàâíåíèÿ (22) è ïîýòîìó íå îáðàùàþò

â íóëü îïðåäåëèòåëü Âðîíñêîãî.

Èç (26) âèäíî, ÷òî � �( , , )s h ÿâëÿåòñÿ àíàëèòè÷åñêîé ôóíêöèåé ïàðàìåòðà h2 ,

ïîýòîìó ïðåäñòàâëÿåòñÿ ðÿäîì

� � � �( , , ) ( , )s h s hk
k

k

�
�

�

� 2

0

. (29)

Ñîãëàñíî (5) íà÷àëüíûå óñëîâèÿ ïðè s � �1 èìåþò âèä

� � � �0 0 0 00 1� � � �� � �� � �p p, ( ) ,

� � � �k k kp p k� � � �� � �� � � �( ) ,0 0 0 . (30)

Ïîäñòàâëÿÿ (29) â (26), ïîëó÷àåì ñëåäóþùèå óðàâíåíèÿ:

( ( )) , ( ( )) ( ( )) ,p s p s q s s�� � � �� � � � � � � � �� � �0 1 00 0 1 1 ,

( ( , )) ( ( , )) ( ) ( , ) ,p s q s r s nn n n�� � � � � � � � �� �� � � � �	 � �2 1 0 0, ,1 2� (31)

Ïîñëå èíòåãðèðîâàíèÿ (31) ñ ó÷åòîì (30) äëÿ ïåðâûõ òðåõ ñëàãàåìûõ, êàê è

â (21), ïîëó÷èì ðåêóððåíòíûå ôîðìóëû
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Êîýôôèöèåíòû �� k èñïîëüçóþòñÿ ïðè âû÷èñëåíèè ïðîèçâîäíîé �w1 â òî÷êàõ

ñåòêè. Àíàëîãè÷íûå ðÿäû ïðåäñòàâëÿþò è äðóãèå ðåøåíèÿ w j . Åñëè (êàê è â ñëó-

÷àå ãðàíè÷íîé çàäà÷è) ïðè íåèçâåñòíûõ â ÑËÀÓ (25) âìåñòî w j èñïîëüçîâàòü ÷àñ-

òè÷íûå ñóììû ñîîòâåòñòâóþùèõ ðÿäîâ èç òðåõ ñëàãàåìûõ, òî ïîëó÷èì ñõåìó øåñ-

òîãî ïîðÿäêà òî÷íîñòè. Êðàòíûå èíòåãðàëû â êàæäîì ñëàãàåìîì äîëæíû âû÷èñ-

ëÿòüñÿ ïî êâàäðàòóðíîé ôîðìóëå ðàçëè÷íîé òî÷íîñòè, êàê óêàçàíî âûøå äëÿ � j .

Èç (31) è (32) âèäíî, ÷òî ñõåìà íà îñíîâå äâóõ ñëàãàåìûõ ðÿäà ëèíåéíà ïî � , à ïðè

áîëåå äâóõ ñëàãàåìûõ — íåëèíåéíà ïî � . Äëÿ ðåàëèçàöèè íåëèíåéíîé ñõåìû âíà-

÷àëå íàõîäèì ðåøåíèå ïî ëèíåéíîé ñõåìå, à çàòåì íàéäåííûå ñ.÷.
~
� ïîäñòàâëÿåì â

íåëèíåéíóþ ÷àñòü. Òåì ñàìûì ïðîâîäèì ëèíåàðèçàöèþ. Ïîäîáíûì îáðàçîì ñ âû-

ñîêîé òî÷íîñòüþ ðåøàëàñü çàäà÷à Øòóðìà–Ëèóâèëëÿ â [2].

ÀËÃÎÐÈÒÌ ÐÅÀËÈÇÀÖÈÈ

Óðàâíåíèÿ (16) ñëåäóåò ðåøàòü ïàðàëëåëüíîé ïðîãîíêîé. Çàïèøåì èõ â ñëåäó-

þùåì âèäå:

 � � � � � � � �� � � �u A u B u Du Eu Fi i i i i i i i1 1 1 1 ,

 � � � � � � � � �� � � �u A u B u Du Eu Fi i i i i i i i
~ ~ ~ ~ ~

1 1 1 1 . (33)
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Çäåñü ââåäåíû îáîçíà÷åíèÿ, óäîáíûå äëÿ ñðàâíåíèÿ ñ èçâåñòíîé ïðîãîíêîé,

íàïðèìåð [12]:
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i i
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i i
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1 2

1 1 2 1
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i i

i i
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3 1 4 1
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3 1 4 1
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i i
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1 2
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~ , ,
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i i

�
� �

� �� �

� �

� �

3 4

3 1 4 1

,
~ , ,

, ,

Ei
i i

i i

�
� �

� �� �

� �

� �

1 2

1 1 2 1

,

F G x f di i

x

x

i

i

�

�

�

� ( , ) ( )� � �

1

1

,
~

( , ) ( )F G x f di x i

x

x

i

i

� �

�

�

� � � �

1

1

.

Â ñèëó ñâîéñòâ ëèíåéíîé íåçàâèñèìîñòè ðåøåíèé � j âñå îïðåäåëèòåëè â (33)

îòëè÷íû îò íóëÿ. Äîêàçàòåëüñòâî îò ïðîòèâíîãî.

Ðåøåíèÿ óðàâíåíèé (33) íàõîäèì ñîîòâåòñòâåííî â âèäå

u ui i i i� �� � �� �1 1 1, � � � �� � �u ui i i i
~ ~
� �1 1 1, i N� �0 1 1, , ,� . (34)

Ïîñëå ïîäñòàíîâêè u u u ui i i i, , ,� �� �1 1 â (33) ïîëó÷èì

[( ) ] ( ~ ~ ) � � � � � �� � � �A B u D E ui i i i i i i i i i� � � �1 1 1 1

� � � � � �� �( ) ~ ~ ~
A D A D Fi i i i i i i i i i i� � � � � � 1 1 , (35)

[(
~ ~ ) ~ ~

] (
~ ~

) � � � � � �� � � �A B u D E ui i i i i i i i i i� � � �1 1 1 1

� � � � � �� �(
~ ~ )

~ ~ ~ ~ ~ ~
A D A D Fi i i i i i i i i i i� � � � � � 1 1 .

Âûðàæåíèÿ (35) äëÿ ëþáûõ çíà÷åíèé ui�1, ��ui 1 âûïîëíÿþòñÿ ïðè óñëîâèÿõ

[ (
~

) ]
~

 � � � ��A D B Ei i i i i i� � 1 ,

[ (
~

) ~ ]~ ~
 � � � ��A D B Ei i i i i i� � 1 , (36)

( ) ~ ~
 %� � �� �A Di i i i i i i� � � �1 1 ,

� � � �� �
~

(
~ ~ )

~ ~
D Ai i i i i i i� � � �1 1 % . (37)

Çäåñü

%i i i i i iA D F� � �� �
~

,
~ ~ ~ ~ ~
%i i i i i iA D F� � �� � .

Îïðåäåëèòåëü ÑËÀÓ (37) èìååò âèä


 � � � �i i i i i i i i iA A D D� � � �( )(
~ ~ )

~ ~  . (38)

Ôîðìóëà (38) óïðîùàåòñÿ, åñëè èñïîëüçîâàòü ðàâåíñòâî

A A D D ii i i i
~ ~

� � �
� �


� �

� �

3 4

3 4

,

êîòîðîå îòëè÷íî îò íóëÿ â ñèëó ëèíåéíîé íåçàâèñèìîñòè ðåøåíèé � j .

64 ISSN 1019-5262. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç, 2020, òîì 56, ¹ 4



Èç (36) è (37) ñëåäóþò ðåêóððåíòíûå ôîðìóëû
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.

(39)

Åñëè â (39) ïîëîæèòü D D E E� � � �
~ ~

0 , òî ïîëó÷èì èçâåñòíûå ôîðìóëû

ïðîãîíêè.
Äëÿ çíà÷åíèé ôóíêöèè � � � �, ~, ,

~
çàäà÷è Êîøè ðåøàþòñÿ ñëåâà íàïðàâî. Ïðè

i � 0 èç (34)
u u u u0 1 1 1 0 1 1 1� � � � � �� � � �, ~ .

Ãðàíè÷íûå óñëîâèÿ ñëåâà èìåþò âèä

u a u b0 1 0 1� � �, .

Ïîýòîìó

� � � �1 1 1 1 1 10� � � �~ , ,
~

a b .

Èñïîëüçóÿ (39), ïîëó÷àåì âñå çíà÷åíèÿ � � � �i i i i, ~ , ,
~

, â òîì ÷èñëå

� � � �N N N N, ~ , ,
~

.

Äëÿ çíà÷åíèé ui , �ui çàäà÷è Êîøè ðåøàþòñÿ ñïðàâà íàëåâî. Ïðè i N� �1

èç (34) èìååì

u u u uN N N N N N N N� �� � � � � �1 1� � � �, ~ ~
.

Ãðàíè÷íûå óñëîâèÿ ñïðàâà èìåþò âèä

u a u bN N� � �2 2, .

Èç (34) ïðè i N N� � �1 2 1, , ,� ïîëó÷èì âñå çíà÷åíèÿ u ui i, � .
Äîñòàòî÷íûìè óñëîâèÿìè, ïðè êîòîðûõ ôîðìóëû (39) èìåþò ñìûñë, ÿâ-

ëÿþòñÿ
| | max{| | |

~
| | | |

~
| , |

~
| | | |

~
| | 	 � � � � � �

i
i i i i i i iA D B E A D B Ei |}. (40)

Ïðåäïîëîæèì, ÷òî | |� i � 1, è ïîêàæåì, ÷òî | |� i� �1 1 . Èñïîëüçóÿ íåðàâåíñòâî

| | | | |
~

| | | |
~

| 	 � � �A D B Ei i i i ,

îöåíèì ñíèçó ñëåäóþùóþ ðàçíîñòü:

| (
~

) | |
~

| | | |
~

| | | |
~

 � � � � 	 � � � �A D B E A D B Ei i i i i i i i i i i� � � | 	

	 � � � � 	 � �| | | | | | |
~

| | | | | |
~

| (| | |
~

| )( A D B E A Di i i i i i i i� � 1 | | )� i 	 0 .

Èç (39) ñëåäóåò
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~
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.

Òàê êàê �1 0� , òî | | , , ,� i i N� �1 1 � .

Ïîñêîëüêó äëÿ ëèíåéíî íåçàâèñèìûõ ðåøåíèé

B Ei i
i i i i

i i

� �
� � � �

� �
�

� �

~ , , , ,

, ,

� � � �

� �

1 1 2 2

1 1 2 1

0 ,

òî èç (40) ïðè i N�1, ,� ñëåäóåò

| | , | | |
~

| | |� � �i i i i iA D� � � �1 0 .
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Èñïîëüçóÿ âòîðîé âàðèàíò íåðàâåíñòâà

| | |
~

| | | |
~

| | | 	 � � �A D B Ei i i i ,

ïîëó÷àåì ñòðîãèå íåðàâåíñòâà

| ~ | , |
~ ~ | | | | ~ |� � �i i i i iA D� � � �1 0 .

Òàêèì îáðàçîì, çíàìåíàòåëè â (39) îòëè÷íû îò íóëÿ.
Cëåäóåò çàìåòèòü, ÷òî óñëîâèå äèàãîíàëüíîãî ïðåîáëàäàíèÿ (40) ïîçâîëÿåò

èñïîëüçîâàòü äëÿ ðåøåíèÿ óðàâíåíèé (33) èòåðàöèîííûå ìåòîäû. Îäíàêî â äàí-
íîì ñëó÷àå äëÿ ìàòðèö ëåíòî÷íîé ñòðóêòóðû ýêîíîìè÷íåå ïðèìåíèòü ìîäèôè-
öèðîâàííûé ìåòîä ïðîãîíêè.

ÇÀÊËÞ×ÅÍÈÅ

Â íàñòîÿùåé ñòàòüå ðàññìîòðåí àëãîðèòì âûñîêîé òî÷íîñòè äëÿ ðåøåíèÿ ãðà-
íè÷íîé è ñïåêòðàëüíîé çàäà÷. Äëÿ ðåàëèçàöèè òðåáóåòñÿ ðåøàòü äâå ÑËÀÓ,
ìàòðèöû êîòîðûõ èìåþò òðè ëåíòû. Ýëåìåíòàìè ìàòðèö ÿâëÿþòñÿ ÷àñòè÷íûå
ñóììû ðÿäîâ, ïðåäñòàâëÿþùèõ ëèíåéíî íåçàâèñèìûå ðåøåíèÿ çàäà÷ Êîøè
â òî÷êàõ ñåòêè. Ñëàãàåìûå ðÿäîâ âûðàæàþòñÿ ÷åðåç êðàòíûå èíòåãðàëû ïî ðå-
êóððåíòíûì ôîðìóëàì. Òî÷íîñòü àëãîðèòìà ïîâûøàåòñÿ ñ óâåëè÷åíèåì ñëàãàå-
ìûõ â ÷àñòè÷íîé ñóììå. Èñêëþ÷èâ ëþáûå äâà íåèçâåñòíûõ èç äâóõ ÑËÀÓ, ïî-
ëó÷èì îäíó ñèñòåìó. Êàæäîå óðàâíåíèå ÑËÀÓ ñîäåðæèò çíà÷åíèÿ èñêîìîãî ðå-
øåíèÿ è åãî ïåðâîé ïðîèçâîäíîé òîëüêî â òðåõ òî÷êàõ ñåòêè. Äëÿ ðåøåíèÿ
äâóõ ëèíåéíûõ ñèñòåì ëåíòî÷íîé ñòðóêòóðû îáîñíîâàí ìåòîä ïàðàëëåëüíîé
ïðîãîíêè.
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Â.Ã. Ïðèêàç÷èêîâ
ÒÎ×ÍÀ ÒÐÈÒÎ×ÊÎÂÀ ÑÕÅÌÀ ÒÀ ÑÕÅÌÈ ÂÈÑÎÊÎÃÎ ÏÎÐßÄÊÓ ÒÎ×ÍÎÑÒ²
ÄËß ÇÂÈ×ÀÉÍÎÃÎ ÄÈÔÅÐÅÍÖ²ÀËÜÍÎÃÎ Ð²ÂÍßÍÍß ×ÅÒÂÅÐÒÎÃÎ ÏÎÐßÄÊÓ

Àíîòàö³ÿ. Çàïðîïîíîâàíî òî÷íó òðèòî÷êîâó ñõåìó òà ñõåìè âèñîêîãî ïî-
ðÿäêó òî÷íîñò³, ÿê³ º äâîìà ñèñòåìàìè ë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü. Êîæ-
íå ð³âíÿííÿ ñèñòåìè ìàº ï’ÿòü íåâ³äîìèõ çíà÷åíü øóêàíîãî ðîçâ’ÿçêó òà
éîãî ïåðøî¿ ïîõ³äíî¿ â òðüîõ òî÷êàõ ñ³òêè íà â³äð³çêó. Äëÿ ïîáóäîâè ñõåì
âèêîðèñòàíî ïðèíöèï ñóïåðïîçèö³¿ ðîçâ’ÿçê³â òà ÷îòèðüîõ ë³í³éíî íåçàëåæ-
íèõ ðîçâ’ÿçê³â çàäà÷³ Êîø³. ×àñòèíí³ ñóìè ôóíêö³îíàëüíèõ ðÿä³â, ÿê³ º íå-
çàëåæíèìè ðîçâ’ÿçêàìè, äàþòü ñõåìè äîâ³ëüíîãî ïîðÿäêó òî÷íîñò³ äëÿ êðà-
éîâî¿ òà ñïåêòðàëüíî¿ çàäà÷. Äëÿ ðîçâ’ÿçóâàííÿ ë³í³éíèõ ñèñòåì çàïðîïîíî-
âàíî ìåòîä ìîäèô³êîâàíî¿ ïðîãîíêè.

Êëþ÷îâ³ ñëîâà: äèôåðåíö³àëüíå ð³âíÿííÿ ÷åòâåðòîãî ïîðÿäêó, êðàéîâà
çàäà÷à, ñïåêòðàëüíà çàäà÷à, çàäà÷à Êîø³, ë³í³éíî íåçàëåæí³ ðîçâ’ÿçêè, âèç-
íà÷íèê Âðîíñüêîãî, ñóïåðïîçèö³ÿ ðîçâ’ÿçê³â, ôóíêö³ÿ Ãð³íà, ìåòîä ñ³òîê,
òî÷íà ñõåìà, ñõåìà âèñîêîãî ïîðÿäêó òî÷íîñò³, ôóíêö³îíàëüí³ ðÿäè, ñèñòåìà
ë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü, ìåòîä ïðîãîíêè.

V. Prikazchikov

EXACT THREE-POINT SCHEME AND SCHEMES OF HIGH ORDER OF ACCURACY
FOR A FORTH-ORDER ORDINARY DIFFERENTIAL EQUATION

Abstract. We propose a exact three-point scheme and schemes of high order of
accuracy, which are two systems of linear algebraic equations. Each equation of
the system contains five unknown values of the exact solution and its first
derivative at three grid points on the interval. In constructing the scheme, the
principle of superposition of solutions was used. Partial sums of the functional
series representing independent solutions give schemes of arbitrary order of
accuracy for the boundary problem and for the spectral one. To solve systems of
linear equations, the modified ribbon matrix algorithm is proposed.

Keywords: forth-order differential equation, boundary-value problem, spectral
problem, initial value problem, linearly independent solutions, Wronskian,
superposition of solutions, Green function, grid method, exact scheme, scheme
of high order of accuracy, functional series, system of linear algebraic equations,
ribbon matrix algorithm.
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