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Àíîòàö³ÿ. Ðîçãëÿíóòî ïèòàííÿ îö³íêè ïîõèáêè òà îïòèì³çàö³¿ âèáîðó ïàðà-
ìåòð³â â îïåðàòîðàõ ³íòåðë³íàö³¿ ôóíêö³¿ åðì³òîâîãî òèïó íà ñèñòåì³ M ïàðà-
ëåëüíèõ ïðÿìèõ. Äëÿ öüîãî çàñòîñîâàíî ôîðìóëè óçàãàëüíåíî¿ åðì³òîâî¿
³íòåðë³íàö³¿, ÿê³ íà â³äì³íó â³ä ôîðìóë çâè÷àéíî¿ åðì³òîâî¿ ³íòåðë³íàö³¿ íàäà-
þòü çìîãó àâòîìàòè÷íî çáåð³ãàòè òîé ñàìèé êëàñ äèôåðåíö³éîâíîñò³, ÿêîìó
íàëåæèòü íàáëèæóâàíà ôóíêö³ÿ. Ï³ä ÷àñ ïîáóäîâè öèõ îïåðàòîð³â âèêîðèñòà-
íî äîâ³ëüíó ñèñòåìó íå ð³âíèõ îäíå îäíîìó ÷èñåë � � �0 1, , ... , N . Çàïðîïîíî-
âàíî ìåòîä îïòèìàëüíîãî âèáîðó öèõ ïàðàìåòð³â òà îö³íêó ïîõèáêè çàëèøêó.

Êëþ÷îâ³ ñëîâà: ³íòåðë³íàö³ÿ, îïåðàòîð, çàëèøîê, îïòèì³çàö³ÿ.

Ìåòîäè íàáëèæåííÿ ôóíêö³é áàãàòüîõ çì³ííèõ çà äîïîìîãîþ îïåðàòîð³â

³íòåðë³íàö³¿ òà ñóì³æí³ ïèòàííÿ ðîçãëÿíóòî â ðîáîòàõ [1–6]. Ó âèïàäêó âèêî-

ðèñòàííÿ ôîðìóë åðì³òîâî¿ ³íòåðë³íàö³¿ ôóíêö³¿ äâîõ ³ á³ëüøå çì³ííèõ áåç çáå-

ðåæåííÿ êëàñó ãëàäêîñò³ [1] ³íôîðìàö³ÿ ïðî íàáëèæóâàíó ôóíêö³þ çàäàºòüñÿ

ñë³äàìè ôóíêö³¿ òà ñë³äàìè ¿¿ íîðìàëüíèõ ïîõ³äíèõ íà ñèñòåì³ çàäàíèõ ë³í³é.

Òîä³, êîëè ñë³äè ïîõ³äíèõ íå íàëåæàòü òîìó ñàìîìó êëàñó äèôåðåíö³éîâíîñò³,

ÿêîìó íàëåæèòü íàáëèæóâàíà ôóíêö³ÿ, ôîðìóëè åðì³òîâî¿ ³íòåðë³íàö³¿ ìîæóòü

ïðåäñòàâëÿòè ôóíêö³¿, ÿê³ íå íàëåæàòü òîìó ñàìîìó êëàñó äèôåðåíö³éîâíîñò³,

ùî ³ íàáëèæóâàíà ôóíêö³ÿ, à â äåÿêèõ âèïàäêàõ ìîæóòü áóòè îòðèìàí³

ôóíêö³¿, ÿê³ íàâ³òü íå º äèôåðåíö³éîâíèìè.

Ó ðîáîò³ [1] Î.Ì. Ëèòâèíîì çàïðîïîíîâàíî ìåòîä ïîáóäîâè îïåðàòîð³â

³íòåðë³íàö³¿ ôóíêö³¿ åðì³òîâîãî òèïó íà ñèñòåì³ M ïàðàëåëüíèõ ïðÿìèõ, ÿê³ íà-

äàþòü çìîãó àâòîìàòè÷íî çáåð³ãàòè êëàñ äèôåðåíö³éîâíîñò³ íàáëèæóâàíî¿

ôóíêö³¿. Ó ïîáóäîâ³ öèõ îïåðàòîð³â âèêîðèñòàíî ñèñòåìó äîâ³ëüíèõ íå ð³âíèõ

îäèí îäíîìó ÷èñåë � � �0 1, , ..., N . Ó ö³é ñòàòò³ çàïðîïîíîâàíî ìåòîä îïòèìàëü-

íîãî âèáîðó öèõ ïàðàìåòð³â, à òàêîæ äîñë³äæåíî îö³íêó ïîõèáêè öèõ îïåðàòîð³â.

Ñòàòòÿ ñêëàäàºòüñÿ ç òðüîõ ðîçä³ë³â. Ó ïåðøîìó ðîçä³ë³ ðîçãëÿíóòî óçàãàëü-

íåíó åðì³òîâó ³íòåðë³íàö³þ íà ñèñòåì³ M ( )M � 2 ïàðàëåëüíèõ ïðÿìèõ. Ó äðóãî-

ìó ðîçä³ë³ çàïðîïîíîâàíî îïòèìàëüíèé âèá³ð ïàðàìåòð³â � � �0 1, , ..., N ï³ä ÷àñ

ïîáóäîâè óçàãàëüíåíî¿ åðì³òîâî¿ ³íòåðë³íàö³¿, ÿêèé â³äïîâ³äàº îïòèìàëüí³é ïî-

õèáö³ íàáëèæåííÿ ôóíêö³¿, çà äîïîìîãîþ óçàãàëüíåíîãî îïåðàòîðà Äàëàìáåðà.

Ó òðåòüîìó ðîçä³ë³ íàâåäåíî îá÷èñëþâàëüíèé åêñïåðèìåíò, ÿêèé ï³äòâåðäæóº

îïòèìàëüíèé âèá³ð ïàðàìåòð³â � � �0 1, , ..., N çà äîïîìîãîþ òåîðåìè 5 äëÿ

ôóíêö³¿ âèãëÿäó f x y g x y( , ) ( )� � .
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1. ÔÎÐÌÓËÀ ÓÇÀÃÀËÜÍÅÍÎ¯ ÅÐÌ²ÒÎÂÎ¯ ²ÍÒÅÐË²ÍÀÖ²¯ ÍÀ ÑÈÑÒÅÌ² M ( )M � 2
ÏÀÐÀËÅËÜÍÈÕ ÏÐßÌÈÕ

Ðîçãëÿíåìî ôîðìóëó åðì³òîâî¿ ³íòåðë³íàö³¿ áåç çáåðåæåííÿ êëàñó äèôå-

ðåíö³éîâíîñò³ íà ñèñòåì³ M ïàðàëåëüíèõ ïðÿìèõ. Íåõàé f x y C Rr( , ) ( ),� 2
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0

, k M� �0 1, , s N� 0, .

Âàæëèâî â³äì³òèòè, ùî ôóíêö³ÿ (1) º ïîë³íîìîì ñòåïåíÿ ( )( )M N� � �1 1 1

â³äíîñíî çì³ííî¿ y . Îòæå, çà çì³ííîþ y âîíà º äèôåðåíö³éîâíîþ äîâ³ëüíó

ê³ëüê³ñòü ðàç³â. Îäíàê, ÿê ôóíêö³ÿ äâîõ çì³ííèõ âîíà íå íàëåæèòü êëàñó C Rr ( )2 ,

ÿêîìó íàëåæèòü â³äíîâëþâàíà ôóíêö³ÿ f x y( , ) , îñê³ëüêè f x y C Rs
k

r s( , ) ( , ) ( )0 � � .

Îòæå, îïåðàòîð Åðì³òà íå çáåð³ãàº äèôåðåíö³àëüí³ âëàñòèâîñò³ f êð³ì òîãî âèïàä-

êó, êîëè f x y C R( , ) ( )� � 2 .

Î.Ì. Ëèòâèí çàïðîïîíóâàâ ôîðìóëó óçàãàëüíåíî¿ åðì³òîâî¿ ³íòåðë³íàö³¿ íà

ñèñòåì³ M ( )M � 2 ïàðàëåëüíèõ ïðÿìèõ ³ç çáåðåæåííÿì êëàñó äèôåðåíö³éîâíîñò³

[1]. Àñïåêòè óçàãàëüíåíî¿ åðì³òîâî¿ ³íòåðë³íàö³¿ òà ñóì³æí³ ïèòàííÿ ðîçãëÿíóòî â

ðîáîòàõ [1–5]. Ó ðîáîò³ [1] ñôîðìóëüîâàíî òà äîâåäåíî òàêó òåîðåìó.

Òåîðåìà 1. Íåõàé f x y C r( , ) ( )� � , y Nk i, , � — ô³êñîâàí³ ÷èñëà, ÿê³ çàäî-
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h yk0 ( ) , îòðèìóºìî ïðîñò³øó ôîðìóëó äëÿ ³íòåðë³íàö³¿ íà M ( )M � 2 ïàðàëåëü-

íèõ ïðÿìèõ:

T f x y h y D f x yM N k

k

M

k N, , ,( , ) ( ) ( , )� �
�

�


 0

0

1

, (3)

D f x yk N, , ( , )� �

� � � �
�

�
�
��


 � �0

0

i i k k

i

N

f x y y y( ( ), )

�
� � �

�

� � �


 ��
�

�

si

s

N x y y
s

k
i k

si k

f t y
x y y t

1 0

0
1( )

( , ) ( , )
( ( ) )

( )!s
dt

�

�

�

�
�1

.

Ó ðîáîò³ [3] íàâåäåíî òàêó òåîðåìó.

Òåîðåìà 2. Íåõàé r N, �N, r N� , f x y C Rr( , ) ( )� 2 , { }� i , i N� 0, , — ô³êñî-
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2. ÂÈÁ²Ð ÎÏÒÈÌÀËÜÍÈÕ ÏÀÐÀÌÅÒÐ²Â � � �0 1, , . . . , N

²ç òåîðåì 1, 2 âèïëèâàº, ùî ³íòåðë³íàö³éí³ âëàñòèâîñò³ ³ç çáåðåæåííÿì

ïîòð³áíîãî êëàñó äèôåðåíö³éîâíîñò³ â ïîáóäîâàíèõ îïåðàòîðàõ ³íòåðë³íàö³¿

âèêîíóþòüñÿ íåçàëåæíî â³ä âèáîðó ïàðàìåòð³â � � �0 1, , ..., N . Ïîòð³áíî ëèøå,

ùîá âîíè çàäîâîëüíÿëè óìîâó � � � � � �B BN� � �0 1 � . Òîìó çã³äíî ç òâåð-

äæåííÿì òåîðåìè 2 áóäåìî ââàæàòè, ùî âñ³ { }� i , i N� 0, , íàëåæàòü ³íòåðâàëó

[ , ]�1 1 , êð³ì âèïàäêó, êîëè B � �.

Äëÿ íàáëèæåííÿ ôóíêö³¿ f x y( , ) îïåðàòîðîì (3) ìîæíà îö³íèòè ïîõèáêó çà-

ëèøêó R f x y I T f x yM N M N, , , ,( , ) ( ) ( , )� �� � .

Òåîðåìà 3. Íåõàé f x y C r( , ) ( )� � ; y Nk i, , � — ô³êñîâàí³ ÷èñëà, ÿê³ çàäî-
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Òåîðåìó 3 äîâåäåíî.

ßê áóëî âñòàíîâëåíî ðàí³øå, ³íòåðë³íàö³éí³ âëàñòèâîñò³ îïåðàòîðà (3) âèêî-
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çàäà÷à îïòèìàëüíîãî âèáîðó öèõ ïàðàìåòð³â ç ìåòîþ ì³í³ì³çàö³¿ ïîõèáêè. Îòæå,

ìîæíà ñôîðìóëþâàòè òàêó çàäà÷ó ì³í³ì³çàö³¿ íîðìè çàëèøêó R f x yM N, , ( , )� :

|| ( , ) || min, , [ ]R f x yM N L D
N

�
� � �2

0 11 1
�

� � � � � ��
.

Ó ðîáîò³ [1] íàâåäåíî îö³íêó ïîõèáêè R f x yk N, , ( , )� .

Íåõàé

a z xk ( ) 	 , x y y z b zi k k� � � 	� ( ) ( ), i N� 0, ,

D t z a z t b z z y yk k k k� 	 	 	 	 �{ }( , )| ( ) ( );0 ; ( )( , ) ( ),A f t z C DN k� �1 � .

Òîä³ ( � �( ( ), )� � �ik i k i ky D , i N� 0, ,

� � � � � � � �k k k k Nk Nk k k Nky y( ) ( ( ), ..., ( ), , ..., )� � �0 0 0 ,

R f x y
y y

N
A fk N

k
N

N k, , ,( , )
( )

( )!
(

~
)( ( ), ),� � � � ��

�

�

�

�

1

1
1

(
~

)( ( ), ) ( )( ( ), ), ,A f A f yN Ni i
N

N i i k i�
�

�� �1
1

1� �� � � � � � �%
i

N

�



0

,

R f x y A f zk N
z z D i N

N k
ik k

, ,
( ( ), ) , ,

,( , ) max (
~

)( (�
�

� �	
� �

�
0

1 ), )z .

56 ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2021, òîì 57, ¹ 2



Öþ íåð³âí³ñòü ìîæíà îòðèìàòè, ÿêùî äî (5) äâ³÷³ çàñòîñóâàòè óçàãàëüíåíó
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Ó ðîáîò³ [3] ñôîðìóëüîâàíî òà äîâåäåíî òàêó òåîðåìó.

Òåîðåìà 4. ßêùî íàáëèæóâàíà ôóíêö³ÿ f x y( , ) ìàº âèãëÿä f x y g x y( , ) ( ),� �

òî çàëèøîê (5) óçàãàëüíåíîãî îïåðàòîðà Äàëàìáåðà ìàº âèãëÿä
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Òåîðåìà 5. ßêùî íàáëèæóâàíà ôóíêö³ÿ f x y( , ) ìàº âèãëÿä f x y g x y( , ) ( )� � ,

òî óçàãàëüíåíà ôîðìóëà åðì³òîâî¿ ³íòåðë³íàö³¿ (3) ³ç çáåðåæåííÿì êëàñó äèôå-

ðåíö³éîâíîñò³ áóäå òî÷íî íàáëèæóâàòè öþ ôóíêö³þ çà â³äïîâ³äíîãî âèáîðó ÷è-

ñåë � � �0 1, , ..., N , à ñàìå � i �1 òà � k ( )k i� — äîâ³ëüí³, òà íå äîð³âíþþòü îäíå

îäíîìó.

Äîâåäåííÿ. Çã³äíî ç òåîðåìîþ 3 çàëèøîê íàáëèæåííÿ (3) ìàº âèä:
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ßêùî ïîêëàñòè � i �1 òà � k ( )k i� äîâ³ëüíèìè, ùî íå äîð³âíþþòü îäíå îä-
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Òåîðåìó 5 äîâåäåíî.

3. ÎÁ×ÈÑËÞÂÀËÜÍÈÉ ÅÊÑÏÅÐÈÌÅÍÒ

Ðîçãëÿíåìî ôóíêö³þ f x y( , ) , îïåðàòîð äëÿ ÿêî¿ ìàº âèãëÿä
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Ïîõèáêà íàáëèæåííÿ â³äïîâ³äíî äî òåîðåìè 5 ìàº âèãëÿä
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çà ðàõóíîê âèáîðó îäíîãî ç ïàðàìåòð³â � i �1.

Öå òâåðäæåííÿ ñòîñóºòüñÿ ëèøå ôóíêö³é ñïåö³àëüíîãî âèãëÿäó ³ ìîæå áóòè

ðîçøèðåíå íà âèïàäîê ñóìè ôóíêö³é ç àíàëîã³÷íèì òâåðäæåííÿì äëÿ êîæíîãî çíà-

÷åííÿ îêðåìî. Ó çàãàëüíîìó âèãëÿä³ äëÿ äîâ³ëüíèõ ôóíêö³é ïîõèáêà áóäå çàëåæàòè

â³ä óñ³õ ïàðàìåòð³â. Òîìó ì³í³ì³çàö³þ ïîõèáêè ñë³ä âèêîíóâàòè ç âèêîðèñòàííÿì

êëàñè÷íèõ ìåòîä³â ì³í³ì³çàö³¿ çàëèøêîâîãî ÷ëåíà çà âñ³ìà ïàðàìåòðàìè.
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ÎÏÒÈÌÈÇÀÖÈß ÏÎÃÐÅØÍÎÑÒÈ Â ÎÏÅÐÀÒÎÐÀÕ ÈÍÒÅÐËÈÍÀÖÈÈ ÔÓÍÊÖÈÈ
ÍÀ M ÏÀÐÀËËÅËÜÍÛÕ ÏÐßÌÛÕ

Àííîòàöèÿ. Ðàññìîòðåíà çàäà÷à îöåíêè ïîãðåøíîñòè è îïòèìèçàöèè âûáî-
ðà ïàðàìåòðîâ â îïåðàòîðàõ èíòåðëèíàöèè ýðìèòîâîãî òèïà ôóíêöèé íà
ñèñòåìå M ïàðàëëåëüíûõ ïðÿìûõ. Äëÿ ýòîãî èñïîëüçîâàíû ôîðìóëû îáîá-
ùåííîé ýðìèòîâîé èíòåðëèíàöèè, êîòîðûå â îòëè÷èå îò ôîðìóë îáû÷íîé
ýðìèòîâîé èíòåðëèíàöèè ïîçâîëÿþò àâòîìàòè÷åñêè ñîõðàíÿòü òîò æå êëàññ
äèôôåðåíöèðóåìîñòè, ê êîòîðîìó ïðèíàäëåæèò ïðèáëèæåííàÿ ôóíêöèÿ.
Ïðè ïîñòðîåíèè ýòèõ îïåðàòîðîâ èñïîëüçîâàíà ïðîèçâîëüíàÿ ñèñòåìà íå
ðàâíûõ ìåæäó ñîáîé ÷èñåë � � �0 1, , ... , N . Ïðåäëîæåíû ìåòîä îïòèìàëüíîãî
âûáîðà ýòèõ ïàðàìåòðîâ è îöåíêà ïîãðåøíîñòè îñòàòêà.

Êëþ÷åâûå ñëîâà: èíòåðëèíàöèÿ, îïåðàòîð, îñòàòîê, îïòèìèçàöèÿ.

I.V. Sergienko, O.M. Lytvyn, O.O. Lytvyn, O.V. Tkachenko , A.A. Biloborodov
OPTIMIZATION OF THE ERROR IN THE OPERATORS OF INTERLINEATION
OF A FUNCTION ON M PARALLEL LINES

Abstract. This article discusses the issue of estimating the error and optimizing
the choice of parameters in Hermitian-type operators of interlineation of
functions on a system of M parallel lines. For this, the formulas of generalized
Hermitian-type interlineation are used, which, unlike the formulas of ordinary
Hermitian-type interlineation, allow automatically preserving the same class of
differentiability to which the approximate function belongs. When constructing
these operators, an arbitrary system of unequal each other numbers
� � �0 1, , ... , N is used. The article proposes a method for the optimal choice of
these parameters and an estimation of error of the remainder.

Keywords: interlineation, operator, remainder, optimization.
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