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Àíîòàö³ÿ. Çàïðîïîíîâàíî àíàëîã ìåòîäó Ãàëüîðê³íà äëÿ ïî÷àòêîâî-êðàéîâî¿ çà-
äà÷³, ÿêà îïèñóº ïåðåíåñåííÿ ë³ê³â ó ñò³íö³ àðòåð³¿ ó âèïàäêó âèêîðèñòàííÿ ñòåí-
òà, ïîêðèòîãî ë³êàìè. Ïîáóäîâàíî ìåòîä ÷èñåëüíîãî ðîçâ’ÿçêó ïîñòàâëåíî¿ ïî-
÷àòêîâî-êðàéîâî¿ çàäà÷³ òà äîâåäåíî òåîðåìè ïðî éîãî çá³æí³ñòü äî ðîçâ’ÿçêó.

Êëþ÷îâ³ ñëîâà: ìåòîä Ãàëüîðê³íà, êîíâåêòèâíà äèôóç³ÿ, ïåðåíåñåííÿ ë³ê³â,
ñòåíò.

Çäîðîâ’ÿ ñåðöÿ çàëåæèòü â³ä éîãî êðîâîïîñòà÷àííÿ ÷åðåç êîðîíàðí³ àðòåð³¿.
Ïàòîëîã³÷í³ çâóæåííÿ öèõ àðòåð³é ïðèçâîäÿòü äî ³øåì³÷íî¿ õâîðîáè ñåðöÿ òà
³íôàðêòó. Õ³ðóðã³÷íå âòðó÷àííÿ äëÿ ë³êóâàííÿ ³øåì³÷íî¿ õâîðîáè ïîâ’ÿçàíå ç
âåëèêèì ðèçèêîì, àëå îñòàíí³ì ÷àñîì áóëî ðîçðîáëåíî ìåíø ³íâàçèâí³ çàñîáè
ë³êóâàííÿ ñóäèí, çîêðåìà êîðîíàðíå ñòåíòóâàííÿ. Ñòåíò — öå ñïåö³àëüíèé
äðîòÿíèé êàðêàñ, ùî ìàº ôîðìó öèë³íäðà. Éîãî äîñòàâëÿþòü äî ì³ñöÿ çâóæåí-
íÿ àðòåð³¿ çà äîïîìîãîþ êàòåòåðà, ðîçøèðþþòü òà ô³êñóþòü íà âíóòð³øí³õ
ñò³íêàõ ñóäèíè. Îäí³ºþ ç íàéá³ëüøèõ íåáåçïåê, ïîâ’ÿçàíèõ ³ç ñòåíòóâàííÿì, º
ðåàêö³ÿ âíóòð³øíüî¿ ñò³íêè àðòåð³¿ íà ÷óæîð³äíó ðå÷îâèíó. Âíàñë³äîê öüîãî
³íêîëè âèíèêàº ðåñòåíîç — ðîçðîñòàííÿ òêàíèíè â îáëàñò³ ñòåíòà òà ïîâòîðíå
çâóæåííÿ ñóäèíè. Äëÿ çàïîá³ãàííÿ öüîìó, ñòåíò ïîêðèâàþòü çîâí³ ë³êàìè, ÿê³
ïðèãí³÷óþòü ³ìóííó ðåàêö³þ òà íå äîçâîëÿþòü âíóòð³øí³é ñò³íö³ ñóäèíè
â³äòîðãíóòè ñòåíò.

Ùîá îïòèì³çóâàòè êîíñòðóêö³þ ñòåíò³â òà ðîçïîä³ë ë³ê³â äëÿ çàïîá³ãàííÿ
ðåñòåíîçó, ïîòð³áíî çä³éñíþâàòè êîìï’þòåðíå ìîäåëþâàííÿ. Öþ òåìó äîñë³äæå-
íî ó ðîáîòàõ [1–8], â ÿêèõ áóëî ðîçâ’ÿçàíî çàäà÷³ àäâåêö³¿–äèôóç³¿ ë³ê³â ó ñò³íö³
àðòåð³¿ ç ð³çíèìè âàð³àíòàìè äèçàéíó ñòåíòà. Ñõîæ³ ìîäåë³ áóëî äîñë³äæåíî ó ðî-
áîòàõ [9–12] ó êîíòåêñò³ ïåðåíîñó ë³ê³â âñåðåäèí³ ðàêîâî¿ ïóõëèíè.

²ñíóâàííÿ òà ºäèí³ñòü ðîçâ’ÿçê³â, à òàêîæ ïèòàííÿ îïòèì³çàö³¿ ïîä³áíèõ ìî-
äåëåé äîñë³äæåíî ó ðîáîòàõ [12–23]. Ó [24, 25] ïîáóäîâàíî ÷èñåëüí³ ìåòîäè äëÿ
äåÿêèõ íåêëàñè÷íèõ ìîäåëåé ìàòåìàòè÷íî¿ ô³çèêè ³ç çîñåðåäæåíèìè äæåðåëàìè.
Áëèçüê³ çà òåìîþ äîñë³äæåííÿ âèêîíàíî À.Î. ×èêð³ºì ³ç ñï³âàâòîðàìè [26],
Î.Ì. Õ³ì³÷åì ³ç ñï³âàâòîðàìè [27] òà Àðàëîâîþ Í.². ³ç ñï³âàâòîðàìè [28, 29], à òà-
êîæ Áîìáîþ À.ß. ³ç ñï³âàâòîðàìè [30, 31].

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×²

Ïîáóäóºìî ìåòîä ÷èñåëüíîãî ðîçâ’ÿçóâàííÿ êðàéîâî¿ çàäà÷³, ùî îïèñóº òðàíñ-
ïîðòóâàííÿ ë³ê³â êð³çü ñò³íêó àðòåð³¿ òà ìàº âèãëÿä
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ë³ê³â çìåíøóºòüñÿ ç³ çá³ëüøåííÿì â³äñòàí³ â³ä ¿õíüîãî äæåðåëà. Çâàæàþ÷è íà
îñîáëèâîñò³ ðîçãëÿíóòî¿ çàäà÷³, öå àáñîëþòíî ïðèðîäíà óìîâà.
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Íåõàé ïðàâà ÷àñòèíà ð³âíÿííÿ (1) º åëåìåíòîì ïðîñòîðó âèì³ðíèõ ³íòåãðîâà-
íèõ ç êâàäðàòîì ôóíêö³é L Q2 ( ) ç íîðìîþ
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Ñïðÿæåíà äî (1), (2) çàäà÷à ìàº âèãëÿä
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Áóäåìî øóêàòè íàáëèæåíèé ðîçâ’ÿçîê êðàéîâî¿ çàäà÷³ (1), (2) ó âèãëÿä³
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îðòîíîðìîâàíèé áàçèñ â L L2 0[ , ] ³ çàäîâîëüíÿþòü óìîâè
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Âèêîðèñòîâóþ÷è çâ’ÿçîê ì³æ � N t x( , ) ³ u t xN ( , ) , îòðèìóºìî
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Ðîçãëÿíåìî îñòàíí³é äîäàíîê I 4 ó ïðàâ³é ÷àñòèí³ (12)

I t x Cu t x t x Ce
t x

t
dQN N N

kt N
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4 � � �
�

�
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�
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� � �
�

�
�

�
�� �t

Ce t x dQ
t x

t
Ce t x dQkt
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Óðàõîâóþ÷è çâ’ÿçîê ì³æ � N t x( , ) òà u t xN ( , ) , à òàêîæ ïî÷àòêîâó óìîâó äëÿ
� N t x( , ) , ìàºìî

I
C

t
kC e t x dQkt

N
Q

4
2� �

�
��

	



�

�
� � ( , ) . (17)

Äîäàþ÷è ñï³ââ³äíîøåííÿ (13), (14), (16) ³ (17), îòðèìóºìî íåð³âí³ñòü
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(18)

²ç êðàéîâèõ óìîâ äëÿ � N t x( , ) òà u t xN ( , ) âèïëèâàº, ùî äëÿ äîñòàòíüî âåëè-
êèõ k ³ñíóº � � 0 òàêå, ùî

( ( , ), ( , )) || ( , ) ||( ) ( )ð
� � �N N L Q N W Q

t x Lu t x t x
2

2�
ã

. (19)

Äàë³, ç óðàõóâàííÿì ñï³ââ³äíîøåííÿ (11) òà íåð³âíîñò³ Êîø³–Áóíÿêîâñüêîãî,
ìàºìî

� �|| || || ||
ð ð

( ) ( )N W Q W Q
f

ã ã
� � .

Çâ³äñè, âèêîðèñòîâóþ÷è çâ’ÿçîê ì³æ � N t x( , ) òà u t xN ( , ) , îòðèìóºìî
ñëóøí³ñòü ëåìè 1. Ëåìó äîâåäåíî.

Îçíà÷åííÿ 1. Ðîçâ’ÿçêîì çàäà÷³ (1), (2) íàçèâàºòüñÿ ôóíêö³ÿ u t x H( , ) � , äëÿ
ÿêî¿ ³ñíóº ïîñë³äîâí³ñòü íåïåðåðâíî-äèôåðåíö³éîâíèõ ôóíêö³é u t xi ( , ), i �1, 2, ... ,
ùî çàäîâîëüíÿþòü óìîâè (2), ³

lim || ||
i

i Hu u
#$

� � 0 , lim || ||
ð

( )i
i W Q

Lu f
#$

� �
�

�
ã

0 .

Òåîðåìà 1. Íåõàé f L Q� 2 ( ) . Òîä³ ïîñë³äîâí³ñòü íàáëèæåíü, ùî ãåíåðóºòüñÿ

ñï³ââ³äíîøåííÿì (7), çá³ãàºòüñÿ äî ðîçâ’ÿçêó u t x( , ) çàäà÷³ (1), (2) ó ðîçóì³íí³
îçíà÷åííÿ 1.

Äîâåäåííÿ. ²ç ëåìè 1 âèïëèâàº, ùî ç îáìåæåíî¿ ïîñë³äîâíîñò³ { }u t xN i( , ) �
$

1

ìîæíà âèä³ëèòè ï³äïîñë³äîâí³ñòü { }u t xN kk
( , ) �

$
1, ñëàáêî çá³æíó äî äåÿêî¿ ôóíêö³¿

� ( , )u t x ³ç ïðîñòîðó H . Çà òåîðåìîþ Áàíàõà–Ñàêñà ç ö³º¿ ïîñë³äîâíîñò³ ìîæíà âèëó-
÷èòè ï³äïîñë³äîâí³ñòü, ÿêó çíîâó ïîçíà÷èìî { }u t xN kk

( , ) �
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Ðîçãëÿíåìî âèðàç
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Âèêîðèñòîâóþ÷è â ÷èñåëüíèêó ïðàâî¿ ÷àñòèíè îïåðàö³þ ³íòåãðóâàííÿ çà
÷àñòèíàìè, êðàéîâ³ óìîâè (2) òà íåð³âí³ñòü Êîø³–Áóíÿêîâñüêîãî, îòðèìàºìî

|| || || ||
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( ) ,Lu K u K
W Q H

ã �
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Çâ³äñè, âðàõîâóþ÷è ë³í³éí³ñòü îïåðàòîðà L , îòðèìóºìî ñï³ââ³äíîøåííÿ
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Äîâåäåìî, ùî �f f� ó ðîçóì³íí³ ð³âíîñò³ ó ïðîñòîð³ W Q
ãð

( )�
� . Äîìíîæèìî

îáèäâ³ ÷àñòèíè ð³âíîñò³ (8) íà äîâ³ëüíó ãëàäêó ôóíêö³þ � l t( ) , ùî çàäîâîëü-
íÿº óìîâó � l l N( ) , ,0 0 1� � , òà ïðî³íòåãðóºìî ïî t â³ä 0 äî T . Ïîçíà÷èìî

� �l l lw l N� �, ,1 .

Îòðèìàºìî
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Âèêîðèñòîâóþ÷è íåð³âí³ñòü Øâàðöà, ìàºìî
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Âèùå ïîêàçàíî, ùî ïðàâà ÷àñòèíà ö³º¿ íåð³âíîñò³ ïðÿìóº äî 0 äëÿ N # $.
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Îñê³ëüêè ÷èñëî l ó ð³âíîñò³ (23) º äîâ³ëüíèì, à ìíîæèíà ôóíêö³é { }� l l�
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çàäà÷³ (1), (2) ó ðîçóì³íí³ îçíà÷åííÿ 1. Òåîðåìó äîâåäåíî.
Çàóâàæèìî, ùî íåìàº ïîòðåáè âèáèðàòè ï³äïîñë³äîâí³ñòü, îñê³ëüêè ðîçâ’ÿ-

çîê ºäèíèé ³ âñÿ ïîñë³äîâí³ñòü ñèëüíî çá³ãàºòüñÿ äî íüîãî. Öå ëåãêî äîâåñòè â³ä
ñóïðîòèâíîãî âíàñë³äîê ñëàáêî¿ êîìïàêòíîñò³ ìíîæèíè { }uN N �

$
1.

Ðîçãëÿíåìî âèïàäîê, êîëè ïðàâà ÷àñòèíà ð³âíÿííÿ íàëåæèòü ã³ëüáåðòîâîìó
ïðîñòîðó W Q

ãð
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Áóäåìî øóêàòè íàáëèæåíèé ðîçâ’ÿçîê çàäà÷³ ó âèãëÿä³
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äå � i x( ) — îðòîíîðìîâàíèé áàçèñ â L Q2 ( ) , âèçíà÷åíèé âèùå, à g ti p, ( ) º ðîç-
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Îçíà÷åííÿ 2. P-ðîçâ’ÿçêîì çàäà÷³ (1), (2) íàçèâàºòüñÿ ôóíêö³ÿ u t x Hp ( , ) � ,

äëÿ ÿêî¿ ³ñíóº ïîñë³äîâí³ñòü íåïåðåðâíî-äèôåðåíö³éîâíèõ ôóíêö³é u t xN p, ( , ),
N �1, 2, ... , ÿê³ çàäîâîëüíÿþòü óìîâè (2) òà âèçíà÷åí³ ñï³ââ³äíîøåííÿìè (24),
(25), òàêà, ùî

lim || || , lim || ||, , ( )
ðN

N p p H
N

N p p W Q
u u Lu f

#$ #$
� � � �

�
�0 0

ã

.

Âíàñë³äîê îö³íîê ó íåãàòèâíèõ íîðìàõ äëÿ îïåðàòîðà L , ïåðåõîäÿ÷è äî ãðà-
íèö³ äëÿ p # $, îòðèìóºìî òàêó òåîðåìó.

Òåîðåìà 2. Íåõàé f W� �
�

ãð
. Òîä³ ïîñë³äîâí³ñòü P-ðîçâ’ÿçê³â { }u t xp p( , ) �

$
1 çà-

äà÷³ (1), (2) çá³ãàºòüñÿ äî óçàãàëüíåíîãî ðîçâ’ÿçêó çàäà÷³ (1), (2) ç ïðîñòîðó H
ó ðîçóì³íí³ îçíà÷åííÿ 1.

Äîâåäåííÿ. Çà òåîðåìîþ 1 ïîñë³äîâí³ñòü àïðîêñèìàö³é { }u t xN p N, ( , ) �
$

1

çá³ãàºòüñÿ äî ðîçâ’ÿçêó çàäà÷³ (1), (2) ç ïðàâîþ ÷àñòèíîþ f L Qp � 2 ( ) ó ðîçóì³íí³
îçíà÷åííÿ 1, òîáòî

|| ||,u uN p p H� # 0 , || || ,,
ð
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�

ã
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Ïîêàæåìî, ùî ïîñë³äîâí³ñòü { }u t xp p( , ) �
$

1 º ôóíäàìåíòàëüíîþ ó ïðîñòîð³ H .

²ç ñï³ââ³äíîøåííÿ (19) âèïëèâàº, ùî äëÿ îïåðàòîðà çàäà÷³ (1), (2) ñïðàâ-
äæóºòüñÿ òàêà àïð³îðíà îö³íêà

|| || || ||
ð

( )
u C LuH W Q

�
�

�
ã

.

Çâ³äñè ìàºìî
|| || || ||, ( )

ð

u u C Lu Lup q H p N p W Q
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�
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�C Lu f C Lu f C f fp p W Q q q W Q q p|| || || || || |
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Áåðó÷è äî óâàãè ôóíäàìåíòàëüí³ñòü çá³æíî¿ ïîñë³äîâíîñò³ { }f p p�
$

1 â W Q
ãð

( )�
� ,

îòðèìóºìî ôóíäàìåíòàëüí³ñòü ïîñë³äîâíîñò³ { }up p�
$

1 ó áàíàõîâîìó ïðîñòîð³ H ,

ùî ³ äîâîäèòü òåîðåìó 2.
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Ä.À. Êëþøèí, Ñ.È. Ëÿøêî, Í.È. Ëÿøêî, Å.Ñ. Áîíäàð, À.À. Òèìîøåíêî
ÀÍÀËÎÃ ÌÅÒÎÄÀ ÃÀËÅÐÊÈÍÀ Â ÇÀÄÀ×ÀÕ ÏÅÐÅÍÎÑÀ ËÅÊÀÐÑÒÂ

Â ÁÈÎËÎÃÈ×ÅÑÊÈÕ ÒÊÀÍßÕ

Àííîòàöèÿ. Ïðåäëîæåí àíàëîã ìåòîäà Ãàëåðêèíà äëÿ íà÷àëüíî-êðàåâîé çàäà÷è,
îïèñûâàþùåé ïåðåíîñ ëåêàðñòâ â ñòåíêå àðòåðèè ïðè èñïîëüçîâàíèè ñòåíòà,
ïîêðûòîãî ëåêàðñòâàìè. Ïîñòðîåí ìåòîä ÷èñëåííîãî ðåøåíèÿ ïîñòàâëåííîé íà-
÷àëüíî-êðàåâîé çàäà÷è è äîêàçàíû òåîðåìû î åãî ñõîäèìîñòè ê ðåøåíèþ.

Êëþ÷åâûå ñëîâà: ìåòîä Ãàëåðêèíà, êîíâåêòèâíàÿ äèôôóçèÿ, ïåðåíîñ ëå-
êàðñòâ, ñòåíò.

D.A. Klyushin, S.I. Lyashko, N.I. Lyashko, O.S. Bondar, A.A. Tymoshenko
AN ANALOG OF THE GALERKIN METHOD IN PROBLEMS

OF DRUG TRANSFER IN BIOLOGICAL TISSUES

Abstract. The paper proposes an analog of the Galerkin method for the
initial-boundary problem that describes the transfer of drugs in the artery wall
using a drug-coated stent. The method of numerical solution of the
initial-boundary-value problem is constructed and the theorems on its
convergence to the solution are proved.

Keywords: Galerkin method, convection-diffusion, drug delivery, sten.

Êëþøèí Äìèòðî Àíàòîë³éîâè÷,
äîêòîð ô³ç.-ìàò. íàóê, ïðîôåñîð êàôåäðè Êè¿âñüêîãî íàö³îíàëüíîãî óí³âåðñèòåòó
³ìåí³ Òàðàñà Øåâ÷åíêà, e-mail: dokmed5@gmail.com.

Ëÿøêî Ñåðã³é ²âàíîâè÷,
÷ë.-êîð. ÍÀÍ Óêðàèíû, äîêòîð ô³ç.-ìàò. íàóê, ïðîôåñîð, çàâ³äóâà÷ êàôåäðè Êè¿âñüêîãî
íàö³îíàëüíîãî óí³âåðñèòåòó ³ìåí³ Òàðàñà Øåâ÷åíêà, e-mail: lyashko.serg@gmail.com.

Ëÿøêî Íàòàë³ÿ ²âàí³âíà,
êàíäèäàò òåõí. íàóê, íàóêîâèé ñï³âðîá³òíèê ²íñòèòóòó ê³áåðíåòèêè ³ì. Â.Ì. Ãëóøêîâà
ÍÀÍ Óêðà¿íè, Êè¿â, e-mail: lyashko.natali@gmail.com.

Áîíäàð Îëåíà Ñåðã³¿âíà,
³íæåíåð Êè¿âñüêîãî íàö³îíàëüíîãî óí³âåðñèòåòó ³ìåí³ Òàðàñà Øåâ÷åíêà, e-mail: lyashko.serg@gmail.com.

Òèìîøåíêî Àíäð³é Àíàòîë³éîâè÷,
añèñòåíò êàôåäðè Êè¿âñüêîãî íàö³îíàëüíîãî óí³âåðñèòåòó ³ìåí³ Òàðàñà Øåâ÷åíêà,
e-mail: inna-andry@ukr.net.

ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2021, òîì 57, ¹ 3 29


