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Àíîòàö³ÿ. Ðîçãëÿíóòî çàäà÷ó ñòîõàñòè÷íî¿ îïòèì³çàö³¿, äå âèïàäêîâèì ÷èííèêîì º îä-
íîð³äíå ó âóçüêîìó ðîçóì³íí³ âèïàäêîâå ïîëå ç äèñêðåòíèì ïàðàìåòðîì, ùî çàäîâîëüíÿº
óìîâó ñèëüíîãî ïåðåì³øóâàííÿ. Ïåðâ³ñíà ôóíêö³ÿ êðèòåð³þ çàì³íþºòüñÿ íà åìï³ðè÷íó,
ïîáóäîâàíó çà ñïîñòåðåæåííÿìè ïîëÿ. Çã³äíî ç ðåçóëüòàòàìè ç ôóíêö³îíàëüíîãî àíàë³çó
òà òåîð³¿ âåëèêèõ â³äõèëåíü äîñë³äæåíî âåëèê³ â³äõèëåííÿ åìï³ðè÷íèõ îö³íîê.

Êëþ÷îâ³ ñëîâà: çàäà÷à ñòîõàñòè÷íî¿ îïòèì³çàö³¿, îäíîð³äíå ó âóçüêîìó ðîçóì³íí³ âèïàä-
êîâå ïîëå ç äèñêðåòíèì ïàðàìåòðîì, óìîâà ñèëüíîãî ïåðåì³øóâàííÿ, ïðèíöèï âåëèêèõ
â³äõèëåíü.

ÂÑÒÓÏ

Çà íåîáõ³äíîñò³ ïðèéíÿòòÿ ð³øåíü â óìîâàõ íåâèçíà÷åíîñò³ âèíèêàº çàäà÷à
ñòîõàñòè÷íî¿ îïòèì³çàö³¿. Çàçâè÷àé ì³í³ì³çóºòüñÿ ìàòåìàòè÷íå ñïîä³âàííÿ
äåÿêîãî ïîêàçíèêà ÿêîñò³ êåðóâàííÿ, ùî çàëåæèòü â³ä âèïàäêîâîãî ïàðàìåòðà.

Ó ö³é ðîáîò³ âèêîðèñòîâóþòüñÿ íåïðÿì³ ìåòîäè ðîçâ’ÿçàííÿ çàäà÷ ñòîõàñ-
òè÷íîãî ïðîãðàìóâàííÿ, òîáòî ïî÷àòêîâà ïðîáëåìà àïðîêñèìóºòüñÿ íàáëèæå-
íîþ äåòåðì³íîâàíîþ. Íàé÷àñò³øå âèêîðèñòîâóâàíèì íåïðÿìèì ìåòîäîì ñòî-
õàñòè÷íî¿ îïòèì³çàö³¿ º ìåòîä åìï³ðè÷íèõ ñåðåäí³õ [1–3], äå ïîêàçíèêè ÿêîñò³
êåðóâàííÿ àïðîêñèìóþòüñÿ åìï³ðè÷íèìè îö³íêàìè. Âèíèêàº ïðîáëåìà îö³íþ-
âàííÿ òî÷íîñò³ àïðîêñèìàö³¿ òà äîêàçó çá³æíîñò³ îö³íîê, ÿêùî ê³ëüê³ñòü ñïîñòå-
ðåæåíü çðîñòàº. Ó ðîáîò³ äîñë³äæóþòüñÿ ñïîñòåðåæåííÿ îäíîð³äíîãî ó âóçüêîìó
ðîçóì³íí³ âèïàäêîâîãî ïîëÿ ç äèñêðåòíèì ïàðàìåòðîì. Âèêîðèñòîâóþòüñÿ åðãî-
äè÷í³ òåîðåìè äëÿ âèïàäêîâèõ ïîë³â, òåîðåìè ç ôóíêö³îíàëüíîãî àíàë³çó òà
òåîð³¿ âåëèêèõ â³äõèëåíü.

ÏÎÑÒÀÍÎÂÊÀ ÏÐÎÁËÅÌÈ

Ïðèïóñòèìî, ùî {�( , )t t1 2 , ( , )t t1 2
2�� } — îäíîð³äíå ó âóçüêîìó ðîçóì³íí³

âèïàäêîâå ïîëå ç äèñêðåòíèì ïàðàìåòðîì, çàäàíå íà ïîâíîìó éìîâ³ðí³ñíîìó
ïðîñòîð³ ( , , )� G P , ç³ çíà÷åííÿìè ó äåÿêîìó ìåòðè÷íîìó ïðîñòîð³ ( , )Y � .
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Ðîçãëÿíåìî çàäà÷ó
F x Ef x x X( ) ( , ( , )) min,� � �� 0 0 , (1)

äå X — íåïóñòà êîìïàêòíà ï³äìíîæèíà � , f X Y: � � � — íåïåðåðâíà
ôóíêö³ÿ. Àïðîêñèìóºìî ¿¿ ïðîáëåìîþ
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( ) ( , ( , )) min,� � �
��
�� � , (2)

äå T T1 20 0� �, .
²ç âëàñòèâîñòåé íåïåðåðâíèõ ôóíêö³é âèïëèâàº, ùî ³ñíóº õî÷à á îäèí ðîç-

â’ÿçîê x T T( , )1 2 ïðîáëåìè (2), ÿêèé º âèì³ðíîþ ôóíêö³ºþ �.
Ïðèïóñòèìî, ùî

E f x x Xmax | ( , ( , ))| ,{ }� 0 0 � 	 
.

Òîä³ ôóíêö³ÿ F ( )� íåïåðåðâíà òà çíàéäåòüñÿ õî÷à á îäèí ðîçâ’ÿçîê x0 ïðîáëå-
ìè (1). Ïðèïóñòèìî, ùî â³í ºäèíèé.

Íåõàé ïîëå �( , )t t1 2 çàäîâîëüíÿº óìîâó ñèëüíîãî ïåðåì³øóâàííÿ [4], à ñàìå

³ñíóº òàêà ôóíêö³ÿ a d( ), d � 0 ; a d( )�0, d �
, ùî äëÿ áóäü-ÿêèõ H H1 2
2,  �

sup{ }| ( ) ( ) ( )| ; ( ), ( ) ( ( ))P A B P A P B A H B H a d H H� � � � �� �1 2 1 2 ,

äå
� � �( ) ( , ), ( , ) , ( , )H t t t t H d H H� � �{ }1 2 1 2 1 2

� � � �inf{ }|| ( , ) ( , )|| ; ( , ) , ( , )t t s s t t H s s H1 2 1 2 1 2 1 1 2 2 .

Ïðèïóñòèìî òàêîæ, ùî a d O d d( ) ( ),� � 
� �2 � , äëÿ äåÿêîãî �� 0 òà äëÿ äå-

ÿêîãî � �� 8 /
E f x x X{ }| ( , ( , ))| ,� �0 0 4� 	 
 � .

ßêùî âèêîíàíî íàâåäåí³ âèùå óìîâè [4], òî ç éìîâ³ðí³ñòþ îäèíèöÿ

x T T x F x T T F x T TT T( , ) , ( ( , )) ( ); ,1 2 0 1 2 0 1 21 2
� � �
.

Çàóâàæèìî, ùî â [4] ðîçãëÿäàºòüñÿ âèïàäêîâå ïîëå ç íåïåðåðâíèì ïàðàìåòðîì,
àëå äëÿ äèñêðåòíîãî ïàðàìåòðà òàê³ âëàñòèâîñò³ òèì á³ëüøå ìàþòü ì³ñöå.

Ðîçãëÿíåìî éìîâ³ðí³ñòü âåëèêèõ â³äõèëåíü x T T( , )1 2 â³ä x0 òà â³äõèëåíü
F x T TT T1 2 1 2( ( , )) â³ä F x( )0 .

Çà áóäü-ÿêîãî ô³êñîâàíîãî y ìîæíà ðîçãëÿäàòè f y( , )� ÿê åëåìåíò ïðîñòîðó
íåïåðåðâíèõ ôóíêö³é C X( ). Ïðèïóñòèìî, ùî ³ñíóº òàêà îïóêëà êîìïàêòíà ìíî-
æèíà K C X ( ) , ùî ïðè âñ³õ y Y� ìàòèìåìî f y F K( , ) ( )� � � � . Ðîçãëÿíåìî
F FT T1 2

� ÿê âèïàäêîâ³ åëåìåíòè íà ïðîñòîð³ ( , , )� G P ³ç çíà÷åííÿìè â K.

ÍÅÎÁÕ²ÄÍ² ÐÅÇÓËÜÒÀÒÈ Ç ÔÓÍÊÖ²ÎÍÀËÜÍÎÃÎ ÀÍÀË²ÇÓ

Áóäåìî âèêîðèñòîâóâàòè äåÿê³ òâåðäæåííÿ ç ôóíêö³îíàëüíîãî àíàë³çó.
Îçíà÷åííÿ 1 [5]. Íåõàé ( , || || )V � — ë³í³éíèé íîðìîâàíèé ïðîñò³ð; B x r( , ) —

çàìêíåíà êóëÿ â öüîìó ïðîñòîð³ ç ðàä³óñîì r òà öåíòðîì x ; f V: [ , ]� �
 � 
 —
äåÿêà ôóíêö³ÿ; x f — òî÷êà ì³í³ìóìó ö³º¿ ôóíêö³¿ íà V . Ïîêðàùóâàëüíîþ
ôóíêö³ºþ äëÿ f ó òî÷ö³ x f íàçèâàòèìåìî ìîíîòîííî íåñïàäíó ôóíêö³þ
� �: [ , ) [ , ], ( )0 0 0 0� 
 � � 
 � , äëÿ ÿêî¿ ³ñíóº òàêå r � 0 , ùî äëÿ áóäü-ÿêîãî
x B x rf� ( , ) âèêîíóºòüñÿ íåð³âí³ñòü f x f x x xf f( ) ( ) ( || || )� � �� .

Íåõàé V V0  . Ïîçíà÷èìî � �V Vx x V x x V
0 0

0 0 0( ) , ; ( ) ,� � � �
 � .
Òåîðåìà 1 [5]. Íåõàé ( , || || )V � — ë³í³éíèé íîðìîâàíèé ïðîñò³ð, V V0  çàì-

êíóòî; f g V0 0, : � � — íåïåðåðâí³ ôóíêö³¿. Ïðèïóñòèìî, ùî

� � � �sup{ }| ( ) ( )| ,f x g x x V0 0 0 .
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Óâåäåìî ôóíêö³¿
f g V f f g gV V, : ( , ]; ,� �
 �
 � � � �0 00 0

� � .

Òîä³
| ( ), ( ), |inf{ } inf { }f x x V g x x V� � � � �.

Íåõàé x f — òî÷êà ì³í³ìóìó f íà V ; � — ïîêðàùóâàëüíà ôóíêö³ÿ äëÿ f

ó òî÷ö³ x f ç êîåô³ö³ºíòîì r. ßêùî � äîñòàòíüî ìàëå, òîáòî

� �( || || ) || ||x x x x rf f� � � � �2 ,

òî ìàòèìåìî
� �( || || ) min ( ), ( , )x x x g x x B x rf g g f� � � � �2 arg { }.

Äëÿ îïóêëî¿ òà ñòðîãî çðîñòàþ÷î¿ íà [ , ]0 r ôóíêö³¿ � îòðèìóºìî

� � � �� �� � � � � � �1 12 2( ) || || ( ) min ( ), ( ,r x x x g x x B xf g g farg { r)}.

ÄÎÏÎÌ²ÆÍ² ÒÂÅÐÄÆÅÍÍß Ç ÒÅÎÐ²¯ ÂÅËÈÊÈÕ Â²ÄÕÈËÅÍÜ

Áóäåìî çàñòîñîâóâàòè òâåðäæåííÿ ç òåîð³¿ âåëèêèõ â³äõèëåíü.
Òåîðåìà 2 [6, ñ. 53]. Íåõàé 	 � �( , )1 2 , � �1 2 0, � , — ñóêóïí³ñòü éìîâ³ðí³ñíèõ

ì³ð íà H — çàìêíåí³é îïóêë³é ï³äìíîæèí³ ñåïàðàáåëüíîãî Áàíàõîâîãî ïðîñòî-

ðó J. Ïðèïóñòèìî, ùî äëÿ áóäü-ÿêîãî 
� J * — ñïðÿæåíîìó äî J ïðîñòîðó ³ñíóº

� �( ) lim [ , ]
,

( , )
 � �



� �� �
	 � ��

�

�
��

�

�
��� �
 � 


�1 2
1 20

1 2
1 2

,

äå � 	 
 
 	( ) ln exp , ( )� � �� { }x dx

J

, � �
, x — ñï³ââ³äíîøåííÿ äóàëüíîñò³. Ïîçíà÷èìî

� �* *( ) , ( ), ,q q J q H� � � � � �sup{ }
 
 
 .

Òîä³ �* — íåâ³ä’ºìíà, îïóêëà, íàï³âíåïåðåðâíà çíèçó òà äëÿ áóäü-ÿêî¿ êîì-
ïàêòíî¿ ìíîæèíè A H

lim ln( ( , )( )) ( ),
,

*sup inf{ }
� �

� � 	 � �

1 2 0
1 2 1 2

�
� � �A q q A� .

Çàóâàæèìî, ùî òåîðåìó 2 ñôîðìóëüîâàíî ó [6] äëÿ âèïàäêó, êîëè ñóêóïí³ñòü
éìîâ³ðí³ñíèõ ì³ð çàëåæèòü â³ä îäíîãî ïàðàìåòðà, àëå äîâåäåííÿ â [6] ñïðàâä-
æóºòüñÿ ³ äëÿ äâîõ ïàðàìåòð³â.

Îçíà÷åííÿ 2 [6]. Íåõàé  — ñåïàðàáåëüíèé Áàíàõ³â ïðîñò³ð, {�( , ),t t1 2

( , )t t1 2
2�� } — îäíîð³äíå ó âóçüêîìó ðîçóì³íí³ âèïàäêîâå ïîëå íà ïðîñòîð³

( , , )� G P ç³ çíà÷åííÿìè â  . Äëÿ �� 0 âèïàäêîâ³ âåëè÷èíè  1! !� p , p � 2 , íàçè-
âàþòü �-âèì³ðíî â³ää³ëåíèìè, ÿêùî  j º � �{ }( , ), ( , )t t t t H j1 2 1 2 � -âèì³ðíîþ äëÿ

âñ³õ j p�{ }1, ..., , äå d H H i ji j( , ) ,� "� ; H j pj , , ...,�1 , — Áîðåëåâ³ ìíîæèíè â �
2 ;

d( , )� � — â³äñòàíü ì³æ ìíîæèíàìè.
Îçíà÷åííÿ 3 [6]. Âèïàäêîâå ïîëå ç îçíà÷åííÿ 2 çàäîâîëüíÿº ïåðøó ã³ïîòå-

çó ã³ïåðïåðåì³øóâàííÿ, ÿêùî ³ñíóþòü �0 0� #� { } òà íåçðîñòàëüíà ôóíêö³ÿ
� � �: [ , ){ }� � � 
0 1 òàê³, ùî

lim ( ) ; || || || || ( )
�

� �    � �
�
 �

� �$1 1
1

1� p L j L
j

p

äëÿ âñ³õ p p� � ! !2 0 1, ;� �   �� -âèì³ðíî â³ää³ëåíèõ, äå

|| || ( | | ) / 
L

r r
r E� { } 1 .
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ÎÖ²ÍÊÀ ÂÅËÈÊÈÕ Â²ÄÕÈËÅÍÜ

Ïðèïóñòèìî, ùî X a b� [ , ] � . ßê â³äîìî [7], ( ( )) ( )*C X M X� — ñó-

êóïí³ñòü îáìåæåíèõ çíàêîâèõ ì³ð íà X , à òàêîæ

� � � � ��g Q g x Q dx g C X Q M X

X

, ( ) ( ); ( ), ( ) .

Ìàº ì³ñöå òàêå òâåðäæåííÿ.

Òåîðåìà 3. Íåõàé �( , ), ( , )t t t t1 2 1 2
2�� , — îäíîð³äíå ó âóçüêîìó ðîçóì³íí³

âèïàäêîâå ïîëå ç äèñêðåòíèì ïàðàìåòðîì, ùî çàäîâîëüíÿº ïåðøó ã³ïîòåçó
ã³ïåðïåðåì³øóâàííÿ íà ïðîñòîð³ ( , , )� G P , ç³ çíà÷åííÿìè ó êîìïàêòí³é îïóêë³é
ìíîæèí³ K C X ( ) . Òîä³ äëÿ âñ³õ Q M X� ( ) ³ñíóº ñê³í÷åííà ãðàíèöÿ

�( ) lim ln exp ( , )( ) ( )
,

Q
T T

E t t x Q dx
T T

Xt

T

�
�
 �

�
1 2

2
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1 2
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�
�

t

T

1

1

1

òà äëÿ áóäü-ÿêîãî çàìêíåíîãî A K

lim ln ( , )
,

sup
T T t

T

t

T

T T
P

T T
t t A

1 2 2

2

1

11 1

1 2 1 2
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11�
 ��
�� ��

%
&
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)
*
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+'
� � �inf { }�* ( ),g g A ,

äå � �* ( ) ( ) ( ) ( ), ( )g g x Q dx Q Q M X

X

� � �
%
&
'

('

)
*
'

+'
�sup — íåâ³ä’ºìíà îïóêëà

íàï³âíåïåðåðâíà çíèçó ôóíêö³ÿ.
Äîâåäåííÿ. Çàô³êñóºìî Q M X� ( ) . Íåõàé �0 — êîíñòàíòà ç óìîâè ã³ïåðïå-

ðåì³øóâàííÿ. Ïðèïóñòèìî, ùî � � �� � 	 �0 1 2; , , ,S S T ii i i . Ìàòèìåìî Ti �
� �N S rT i Ti i

, NTi
� � , r ST ii

	 , i �1 2, .

Ïîçíà÷èìî
f E t t x Q dxT T

Xt

T

t

T

1 2

2

2

1

1

1 2
11
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%
&
'
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)
���
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ln exp ( , )( ) ( )� *
'

+'

�

�

�
�

�

�

�
�

,

c g g K g g x x X g C X� � � � �max || || , , || || max | ( )| , , ( ){ } { } . (3)

Óâåäåìî ïîçíà÷åííÿ [7]
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ON LARGE DEVIATIONS OF EMPIRICAL ESTIMATES
IN A STOCHASTIC PROGRAMMING PROBLEM FOR
A HOMOGENEOUS RANDOM FIELD WITH A DISCRETE PARAMETER

Abstract. The authors consider a stochastic optimization problem where a random factor is
a homogeneous, in a strict sense, random field with a discrete parameter satisfying a strong
mixing condition. The first criterion function is approximated by empirical one constructed on
observations of the field. Large deviations of the empirical estimates are analyzed using the
results from functional analysis and large deviations theory.

Keywords: stochastic optimization problem, a homogeneous in a strict sense random field with
a discrete parameter, strong mixing condition, large deviations principle.
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