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Àíîòàö³ÿ. Âèêîíàíî äîñë³äæåííÿ äâîõ êëàñ³â íåë³í³éíèõ ïðîñòîðîâî ðîçïîä³ëåíèõ äè-
íàì³÷íèõ ñèñòåì, äèñêðåòíî ñïîñòåðåæóâàíèõ çà ãðàíè÷íî-ïî÷àòêîâèìè òà ïðîñòîðîâî
ðîçïîä³ëåíèìè çîâí³øíüîäèíàì³÷íèìè çáóðåííÿìè. Äëÿ êîæíî¿ ç íèõ ïîáóäîâàíî
àíàë³òè÷í³ çàëåæíîñò³ ôóíêö³¿ ñòàíó, ÿêà çà ñåðåäíüîêâàäðàòè÷íèì êðèòåð³ºì óçãîä-
æóºòüñÿ ç íàÿâíîþ ³íôîðìàö³ºþ ïðî çîâí³øíüîäèíàì³÷í³ óìîâè ¿õíüîãî ôóíêö³îíóâàííÿ.
Ðîçâ’ÿçîê ïî÷àòêîâî-êðàéîâèõ çàäà÷ äëÿ ðîçãëÿäóâàíèõ ñèñòåì âèçíà÷àºòüñÿ ÷åðåç ìíîæè-
íè âåêòîð³â, ÿê³ çà ñåðåäíüîêâàäðàòè÷íèì êðèòåð³ºì ìîäåëþþòü çàäàíó ïî÷àòêîâî-êðàéî-
âó îáñòàíîâêó, âêëþ÷íî ç ïðîñòîðîâî ðîçïîä³ëåíèìè çîâí³øíüîäèíàì³÷íèìè çáóðåííÿìè.
Íàâåäåíî óìîâè òî÷íîñò³ é îäíîçíà÷íîñò³ îòðèìàíèõ ìàòåìàòè÷íèõ ðåçóëüòàò³â. Ðîçãëÿ-
íóòî âèïàäêè íåîáìåæåíèõ ïðîñòîðîâèõ îáëàñòåé òà óñòàëåíî¿ äèíàì³êè ñèñòåì.

Êëþ÷îâ³ ñëîâà: ïñåâäîðîçâ’ÿçêè, ìàòåìàòè÷íå ìîäåëþâàííÿ äèíàì³÷íèõ ñèñòåì, ïðîñòî-
ðîâî ðîçïîä³ëåí³ äèíàì³÷í³ ñèñòåìè, ñèñòåìè ç íåâèçíà÷åíîñòÿìè, íåêîðåêòí³ ïî÷àòêî-
âî-êðàéîâ³ çàäà÷³.

ÂÑÒÓÏ

Ïðîáëåìè ðîçâ’ÿçàííÿ çàäà÷ ìàòåìàòè÷íî¿ ô³çèêè [1] òà çàäà÷ äîñë³äæåííÿ

ð³çíî¿ ïðèðîäè äèíàì³÷íèõ ñèñòåì [2] â óìîâàõ íåâèçíà÷åíîñò³ ¿õíüîãî

ôóíêö³îíóâàííÿ áóëè, º òà áóäóòü ñêëàäíèìè ³ íå çàâæäè óñï³øíî ðîçâ’ÿçíè-

ìè àíàë³òè÷íî òà ìåòîäàìè îá÷èñëþâàëüíî¿ ìàòåìàòèêè.

Ìåòîäè ë³í³éíî¿ àëãåáðè [3], áóäó÷è ïîøèðåíèìè [4] íà ë³í³éí³ ³íòåãðàëüíî

òà ôóíêö³îíàëüíî ïåðåòâîðþâàëüí³ ñèñòåìè, â ïîºäíàíí³ ³ç çàïðîïîíîâàíèìè

â [5] ï³äõîäàìè äî ìàòåìàòè÷íîãî ìîäåëþâàííÿ ïî÷àòêîâî-êðàéîâèõ çîâí³øíüî-

äèíàì³÷íèõ çáóðåíü íàäàëè çìîãó óñï³øíî ðåàë³çóâàòè [6, 7] ïðèíöèïîâî íîâèé

ï³äõ³ä äî ðîçâ’ÿçàííÿ ïî÷àòêîâî-êðàéîâèõ çàäà÷ äëÿ äîâ³ëüíèõ ïðîñòîðîâî ðîç-

ïîä³ëåíèõ ë³í³éíèõ äèíàì³÷íèõ ñèñòåì, íåêîðåêòíî ñôîðìóëüîâàíèõ çà ê³ëüê³ñòþ

òà ÿê³ñòþ ïî÷àòêîâî-êðàéîâèõ ñïîñòåðåæåíü. Âèêëàäåíà â [6, 7] ìåòîäèêà ìàòåìà-

òè÷íîãî ìîäåëþâàííÿ äèíàì³êè ïðîñòîðîâî ðîçïîä³ëåíèõ ñèñòåì ó âèïàäêó äèñ-

êðåòíî òà íåïåðåðâíî ñïîñòåðåæóâàíèõ ïî÷àòêîâî-êðàéîâèõ çîâí³øíüîäè-

íàì³÷íèõ çáóðþâàëüíèõ ôàêòîð³â ´ðóíòóâàëàñÿ íà çàïðîïîíîâàíîìó â [8] àëãî-

ðèòì³ ïåðåõîäó â³ä äèôåðåíö³àëüíî âèçíà÷åíèõ ìàòåìàòè÷íèõ ìîäåëåé

ôóíêö³îíóâàííÿ ïðîñòîðîâî ðîçïîä³ëåíèõ äèíàì³÷íèõ ñèñòåì äî ¿õíüîãî ³íòåã-

ðàëüíîãî åêâ³âàëåíòà. Âèçíà÷àëüíèì ïðè öüîìó º ÿäðî ³íòåãðàëüíî¿ ôîðìè ìàòå-

ìàòè÷íî¿ ìîäåë³, ÿêà ô³ãóðóº â àëãåáðà¿÷íèõ, ³íòåãðàëüíèõ òà ôóíêö³îíàëüíèõ

ð³âíÿííÿõ, ðîçâ’ÿçóâàëüíèõ â³äíîñíî ìîäåëþâàëüíèõ ôóíêö³é òà âåêòîð³â ¿õí³õ

çíà÷åíü. Çãîäîì íàìè áóëà çàïðîïîíîâàíà [9, 10] ìåòîäèêà ïñåâäîîáåðíåíü äå-

ÿêèõ êëàñ³â íåë³í³éíèõ àëãåáðà¿÷íî ïåðåòâîðþþ÷èõ ñèñòåì, ÿêà â [11, 12] îòðèìà-

ëà ðîçâèíåííÿ íà çàäà÷³ ïîáóäîâè ÿäåð ³íòåãðàëüíèõ åêâ³âàëåíò³â äèôåðåíö³àëüíî

âèçíà÷åíèõ ìàòåìàòè÷íèõ ìîäåëåé ç åëåìåíòàìè íåë³í³éíîñò³. Áóëè ïîáóäîâàí³

òà äîñë³äæåí³ íà òî÷í³ñòü ³ îäíîçíà÷í³ñòü ìíîæèíè ñåðåäíüîêâàäðàòè÷íèõ îáåð-

íåíü êâàäðàòè÷íî íåë³í³éíèõ ìàòåìàòè÷íèõ ìîäåëåé äèíàì³êè ïðîñòîðîâî ðîç-

ïîä³ëåíèõ ñèñòåì ó âèïàäêó äèñêðåòíî òà íåïåðåðâíî âèçíà÷åíèõ çîâí³øíüîäè-

íàì³÷íèõ çáóðåíü. Îñòàííº, òàê ñàìî ÿê â [6, 7], â³äêðèâàº øëÿõ äî ìàòåìàòè÷íîãî

ìîäåëþâàííÿ ãðàíè÷íî-ïî÷àòêîâèõ çîâí³øíüîäèíàì³÷íèõ çáóðåíü òà ïîáóäîâè
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ôóíêö³¿ ñòàíó ïðîñòîðîâî ðîçïîä³ëåíèõ äèíàì³÷íèõ ñèñòåì ç åëåìåíòàìè

íåë³í³éíîñò³, ÿê³ º àêòóàëüíèìè ï³ä ÷àñ äîñë³äæåííÿ êëàñè÷íî â³äîìèõ ïðîñòîðî-

âî ðîçïîä³ëåíèõ äèíàì³÷íèõ ïðîöåñ³â, óòî÷íåíèõ [13, 14] íåë³í³éíèì ÷ëåíîì.

Íèæ÷å áóäóòü ïîáóäîâàí³ ðîçâ’ÿçêè (ÿêùî âîíè º) àáî ñåðåäíüîêâàäðàòè÷í³

íàáëèæåííÿ äî ðîçâ’ÿçê³â ïî÷àòêîâî-êðàéîâèõ çàäà÷ äèíàì³êè êâàäðàòè÷íî

íåë³í³éíèõ ïðîñòîðîâî ðîçïîä³ëåíèõ ñèñòåì, íåïîâíî ñïîñòåðåæóâàíèõ çà äèñ-

êðåòíî âèçíà÷åíèìè çîâí³øíüîäèíàì³÷íèìè çáóðåííÿìè. Ìíîæèíè ìîæëèâèõ

ïñåâäîðîçâ’ÿçê³â ðîçãëÿäóâàíèõ ó ðîáîò³ çàäà÷ áóäóòü äîñë³äæåí³ íà òî÷í³ñòü ³

îäíîçíà÷í³ñòü. Áóäóòü âèçíà÷åí³ îñîáëèâîñò³ îñòàíí³õ â íåîáìåæåíèõ ïðîñòîðî-

âèõ îáëàñòÿõ òà äëÿ óñòàëåíèõ ðåæèì³â ôóíêö³îíóâàííÿ ñèñòåìè.

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×² ÒÀ ²ÄÅÉÍ² ÏÐÈÍÖÈÏÈ ÌÀÒÅÌÀÒÈ×ÍÎÃÎ ÌÎÄÅËÞÂÀÍÍß
ÔÓÍÊÖ²¯ ÑÒÀÍÓ ÑÈÑÒÅÌÈ
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Òàê ñàìî, ÿê ó âèïàäêó äîñë³äæåííÿ ë³í³éíèõ äèíàì³÷íèõ ñèñòåì [6, 7] áó-

äåìî âèìàãàòè, ùîá
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Ï³ä ÷àñ ðîçâ’ÿçàííÿ çàäà÷ (1), (3), (4) òà (2)–(4) áóäåìî âèõîäèòè ç òîãî, ùî

äëÿ âèïàäêó, êîëè ðîçïîä³ëåíå ïðîñòîðîâî-÷àñîâå çáóðåííÿ u s( ) âèçíà÷åíå äèñ-

êðåòíèìè çíà÷åííÿìè u s um m( )
 � , m M�1, , àáî (ùî åêâ³âàëåíòíî) âåêòîðîì

�

u u m Mm� �col( , , )1 ,

ðîçâ’ÿçêàìè (1), (2) àáî íàéêðàùèìè ñåðåäíüîêâàäðàòè÷íèìè íàáëèæåííÿìè

äî íèõ (çà â³äñóòíîñò³ òî÷íîãî ðîçâ’ÿçêó) áóäóòü [11, 12] ôóíêö³¿
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Íå íàâîäÿ÷è âèðàç³â äëÿ ìàòðèö³
~
P , âåêòîðíî¿ òà ìàòðè÷íî¿ ôóíêö³é A s( ) òà

~
( )G s (öå çðîáëåíî â [11]) çàóâàæèìî, ùî ö³ ìàòðèöÿ òà ìàòðè÷í³ ôóíêö³¿ «óëîâ-

ëþþòü» [6, 7] ô³çè÷íó ïðèðîäó äîñë³äæóâàíî¿ ñèñòåìè ³ ðàçîì ç âåêòîðîì
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Çâàæàþ÷è íà òå, ùî íåìàº îñîáëèâèõ îáìåæåíü íà ðîçì³ðí³ñòü âåêòîðà
�

u òà

âèá³ð òî÷îê 
sm , m M�1, , â ÿêèõ âèçíà÷åí³ éîãî êîìïîíåíòè, à òàêîæ âðàõîâóþ-

÷è ïðèðîäó âåêòîðà U , ôóíêö³þ y s( ) ñòàíó äîñë³äæóâàíèõ ñèñòåì çà íàÿâíîñò³

ïî÷àòêîâî-êðàéîâèõ çáóðåíü (3), (4), òàê ñàìî ÿê â [6, 7] ïîäàìî ñóìîþ

y s y s y s y s( ) ( ) ( ) ( )� � �� 0 	 , (9)

â ÿê³é y s� ( ) — âèçíà÷åíèé çã³äíî ç (6), (7) âíåñîê âåêòîðà
�

u âçÿòèõ ó òî÷êàõ 
sm ,

m M�1, , çíà÷åíü ðîçïîä³ëåíîãî ïðîñòîðîâî-÷àñîâîãî çáóðåííÿ u s( ) ó çàãàëüíó

ôóíêö³þ ñòàíó ðîçãëÿäóâàíî¿ ñèñòåìè. Ñêëàäîâèìè y s0 ( ) òà y s	 ( ) âèçíà÷àþòüñÿ

âïëèâè íà ñòàí ñèñòåìè ïî÷àòêîâî-êðàéîâèõ çáóðåíü, çàäàíèõ çã³äíî ç (3) òà (4).

Çàëèøàþ÷èñü ó ìåæàõ âèêëàäåíî¿ â [6 ,7] ìåòîäèêè ìîäåëþâàííÿ äèñêðåò-

íî âèçíà÷åíèõ ïî÷àòêîâî-êðàéîâèõ óìîâ (3), (4) íà ñòàí ñèñòåìè ÷åðåç âåêòîðè

u u m0 0
0� col( ( )� , m M�1 0, ), (10)

u u m	 	
	� col( ( )� , m M�1, )	 (11)
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çíà÷åíü ìîäåëþâàëüíèõ ôóíêö³é u s0 ( ) ( ( , ])s S S� � � ��0
0 0 òà u s	 ( ) (s S� �	

� �( ) [ , ])R TN \ S0 0 , à òàêîæ çâàæàþ÷è íà íåë³í³éí³ñòü ðîçãëÿäóâàíèõ ñèñòåì,

çóïèíèìîñÿ íà îñîáëèâîñòÿõ çàëåæíîñò³ ôóíêö³¿ ñòàíó êîæíî¿ ñèñòåìè â³ä

âåêòîðà
�

u çíà÷åíü çîâí³øíüîäèíàì³÷íèõ çáóðþâàëüíèõ ôàêòîð³â. Âèçíà÷èìî

òàêîæ çàëåæíîñò³ y s0 ( ) òà y s	 ( ) â³ä êîìïîíåíò ìîäåëþâàëüíèõ âåêòîð³â u0 òà

u	 â³äïîâ³äíî. Çðîáèìî öå äëÿ êîæíî¿ ñèñòåìè øëÿõîì àíàë³çó ñêëàäîâî¿

y s� ( ) ðîçâ’ÿçêó (9).

ÌÎÄÅËÞÂÀËÜÍ² ÔÀÊÒÎÐÈ ÊÂÀÄÐÀÒÈ×ÍÎ ÍÅË²Í²ÉÍÈÕ ÄÈÍÀÌ²×ÍÈÕ ÑÈÑÒÅÌ

Ç ðîçâ’ÿçêó (6) ð³âíÿííÿ (1), çâàæàþ÷è íà éîãî ðîçãîðíóòå ïðåäñòàâëåííÿ [11],

çàïèøåìî ñêëàäîâó y s� ( ) â (9) ó òàêîìó âèãëÿä³:

y s a s b� �( ) ( ) /� �, (12)

äå ç óðàõóâàííÿì íàâåäåíèõ âèùå ïîçíà÷åíü

� � �col((
~

)
( )

/P u
m

� 3 2 , m M�1, ), (13)

� � ��col(
~

, , )
( )

P u m M
m

�

1 , (14)


a s P G s P G s m MT
i m i n i m s

i
n i

s s
i m

( ) ( ) ( ) , ,
( ) ( )

� � ��
�
�

�
� 


col 1

�
�

�

�
�
�

�

�
�
�

0

n

, (15)


b s P G s m MT
n i m s

i
n i s s

i

n

m

( ) ( ) , ,
( )

� �
�

�
�
�

�

�
�

�
�

� � 
�
�col 	 1

0
� . (16)

Âèçíà÷åíèé äëÿ s S T�
0

ñòàí y s� ( ) çàëåæèòü â³ä êîîðäèíàò 
sm , m M�1, , çî-

ñåðåäæåííÿ êîìïîíåíò çáóðþâàëüíîãî âåêòîðà
�

u ÷åðåç (äèâ. [11]) âåê-

òîð-ôóíêö³¿ G si ( ), i n� 0, , ìàòðèö³ Pi , i n� 0, , òà
~
P . Ìàþ÷è íàì³ð âèçíà÷èòè

ôóíêö³¿ y s0 ( ) òà y s	 ( ) ÷åðåç êîìïîíåíòè âåêòîð³â u0 òà u	 , ÷åðåç êîîðäèíàòè

� m
0 , m M�1 0, òà � m

	 , m M�1, 	 , êîìïîíåíò öèõ âåêòîð³â, ïåðåâèçíà÷èìî ïåðåäà-

òî÷í³ âåêòîð-ôóíêö³¿ G si ( ), i n� 0, , òà ìàòðèö³ Pi , i n� 0, ,
~
P .

Äëÿ öüîãî íà äîäàòîê äî ðîçãëÿäóâàíèõ âèùå ðÿäê³â-ôóíêö³é G s
k
T ( ),

k n� 0, , ïîçíà÷èìî

G s G s m M
k
T

k m0
0

01( ) ( ( ), , )� � �str � ,
(17)

G s G s m M
k
T

k m	
	

	( ) ( ( ), , )� � �str � 1

ðÿäêè-ôóíêö³¿, âèçíà÷åí³ âèáîðîì òî÷îê � m
0 , m M�1 0, , òà � m

	 , m M�1, 	 , ÿêè-

ìè îá÷èñëþþòüñÿ çíà÷åííÿ u um m0 0
0� ( )� òà u um m	 	

	� ( )� ìîäåëþâàëüíèõ

ôóíêö³é u s0 ( ) òà u s	 ( ) .

Âèáîðîì öèõ òî÷îê âèçíà÷àòèìóòüñÿ é àíàëîãè ðîçãëÿäóâàíèõ ó [11] ìàò-

ðè÷íî¿ ôóíêö³¿
~

( )G s òà ìàòðèöü
~
P ³ Pk , k n� 0, . Ïîçíà÷èìî ¿õ

P G s G s ds

P G s G s ds

k k k
T

k k k
T

0 0 0
�

�

��

��

��

��

�

�

( ) ( ) ,

( ) ( ) ,	 	 	

(18)
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~
( ) ( ( ( ), , ), , ),

~
(

( )
G s P G s i n m M

G s

i m i0 0 0 00 0� � ��diag str

	 ) ( ( ( ), , ), , ),
( )

� � ��diag str P G s i n m M
i m i	 	 	0 1

(19)

~ ~
( )

~
( ) ,

~ ~
( )

~
( ) .

P G s G s ds

P G s G s ds

T

T

0 0 0
�

�

��

��

��

��

�

�	 	 	

(20)

Ç óðàõóâàííÿì (17)–(20) ñêëàäîâ³ y s0 ( ) òà y s	 ( ) âèçíà÷åíî¿ çã³äíî ç (9)

ôóíêö³¿ y s( ) ïîä³áíî äî (12) ïîäàìî ñï³ââ³äíîøåííÿìè

y s a s b0 0 0 0 0( ) ( ) /� � � (21)

òà

y s a s b	 	 	 	 	( ) ( ) /� � � , (22)

â ÿêèõ, òàê ñàìî ÿê â (13)–(16),

� 0 0 0
3 2

01� ��col((
~

) , , ),
( )

/P u m M
m

� 0 0 0 01� ��col(
~

, , ),
( )

P u m M
m

�	 	 	 	� ��col((
~

) , , ),
( )

/P u m M
m

3 2 1 �	 	 	 	� ��col(
~

, , ),
( )

P u m M
m

1


a s P G s P G s m
i m i n i m s

i
n i

s m

0 0 0 0 0 0
( ) ( ) ( ) ,

( ) ( )
� � ��

�
�

�
�

str
�

1 0

0

, M

i

n

�
�

�

�
�
�

�

�
�
� ,

(23)


a s P G s P G s m
i m i n i m s

i
n i

s m

	 	 	 	 	 	
( ) ( ) ( ) ,

( ) ( )
� � ��

�
�

�
�

str
�

1

0

, ,M

i

n

	
�
�

�

�
�
�

�

�
�
�


b P G s m M
n i m s

i
n i

s
i

n

m

0 0 0 0

0
0

1� � �
�

�
�
�

�

�
�

�
�

�
��

�str
( )

( ) , ,
� � ,


b P G s m M
n i m s

i
n i

s
i

n

m

	 	 	 		
� � �

�

�
�
�

�

�
�

�
�

�
��

�str
( )

( ) , ,
�

1

0
�

äëÿ âèçíà÷åíèõ çã³äíî ç (10), (11) âåêòîð³â u0 òà u	 .

ÌÎÄÅËÞÂÀËÜÍ² ÔÀÊÒÎÐÈ ÐÎÇÏÎÄ²ËÅÍÈÕ ÄÈÍÀÌ²×ÍÈÕ ÑÈÑÒÅÌ
Ç ÀÄÈÒÈÂÍÎ ÂÈÇÍÀ×ÅÍÎÞ ÊÂÀÄÐÀÒÈ×ÍÎÞ ÍÅË²Í²ÉÍ²ÑÒÞ

Àíàëîã³÷íî çàïèøåìî â àíàë³òè÷íîìó âèãëÿä³ ñêëàäîâ³ y s� ( ) , y s0 ( ) òà y s	 ( )

ôóíêö³¿ ñòàíó (9), âèõîäÿ÷è ç ðîçâ’ÿçêó (7) ð³âíÿííÿ (2). Ç óðàõóâàííÿì ðîçãîð-

íóòîãî ïðåäñòàâëåííÿ [11] öüîãî ðîçâ’ÿçêó ïîä³áíî äî (12) ñêëàäîâó y s� ( ) ïî-

äàìî ñï³ââ³äíîøåííÿì

y s
a s u

b u
� �( )

( ) ( )

( )

�

�

�

�
, (24)

â ÿêîìó, íà â³äì³íó â³ä (13)–(16),

�( ) ((( ( )
~

, ( )), , ), ,
( )

� � � �

u y u P u y u k n m Mkm m km
� � ��col 2 0 1 ), (25)

a s P G s A s k n m MT
k m k k( ) ((( ( ), ( )), , ), , )

( )
� � � �� 0 1 ,

b k n m MT � � �((( , ), , ), , )0 1 0 1 .

Ç³ ñï³ââ³äíîøåííÿ (24), ÿê ³ âèùå, ìîæíà ä³éòè âèñíîâêó, ùî ïåðåäà÷à ä³¿

çáóðþâàëüíîãî ôàêòîðà
�

u, çîñåðåäæåíîãî â òî÷êàõ 
 �s Sm
T
0

, m M�1, , íà ñòàí

y s( ) ðîçãëÿäóâàíî¿ ñèñòåìè â òî÷ö³ s çä³éñíþºòüñÿ ÷åðåç âåêòîð-ôóíêö³þ a s( ).
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Âåêòîð-ôóíêö³ÿ a s( ) òàê ñàìî âèçíà÷àºòüñÿ âèðàçàìè äëÿ âåêòîð-ôóíêö³¿
~

( )G si ,

i n� 0, , òà ìàòðèöü Pi , i n� 0, ,
~
P .

Äëÿ âèçíà÷åííÿ ñêëàäîâèõ y s0 ( ) òà y s	 ( ) ïðåäñòàâëåííÿ (9) ôóíêö³¿ ñòàíó

y s( ) , ÿêèìè âèçíà÷àºòüñÿ çàëåæí³ñòü ñòàíó ñèñòåìè â³ä ðîçì³ùåíèõ â òî÷êàõ � m
0 ,

m M�1 0, , òà � m
	 , m M�1, 	 , çáóðåíü u0 òà u	 , ó öèõ òî÷êàõ ñë³ä ïåðåâèçíà÷èòè ³

âåêòîð-ôóíêö³¿ G si ( ), i n� 0, , òà ìàòðèö³ Pi , i n� 0, ,
~
P . Ëåãêî áà÷èòè, ùî òàêå ïå-

ðåâèçíà÷åííÿ íå â³äð³çíÿòèìåòüñÿ â³ä âèçíà÷åííÿ, ïîäàíîãî ñï³ââ³äíîøåííÿìè

(17)–(20). Ïðè öüîìó â³äáóâàºòüñÿ çàì³íà ñï³ââ³äíîøåíü (23) íà òàê³:

a s p G s A s i n m M
i m i i0 0 0 0 1( ) ((( ( ), ( )), , ), , ),

( )
� � � ��str

(26)

a s p G s A s i n m M
i m i i	 	 	( ) ((( ( ), ( )), , ), , ).

( )
� � � ��str 0 1

Ç óðàõóâàííÿì (17)–(20) òà (26) ïåðåâèçíà÷èìî ââåäåíó äî ðîçãëÿäó â (25)

âåêòîð-ôóíêö³þ �( )
�

u , çàì³íèâøè ¿¿ íà äâ³ âåêòîð-ôóíêö³¿

� 0 0 0 0 0
2

0 0 1( ) ((( ( )
~

, ( )), , ),
( )

u y u P u y u k n mkm m km
� � ��col , ),

( ) ((( ( )
~

, ( )), ,
( )

M

u y u P u y u k nkm m km

0

2 0�	 	 	 	 	 	� ��col ), , ).m M�1 	

Îñòàííº íàäàº çìîãó çàïèñàòè ñêëàäîâ³ y s0 ( ) òà y s	 ( ) ôóíêö³¿ y s( ) ñòàíó

ñèñòåìè (2) â (9) ó âèãëÿä³

y s
a s u

b u
0

0 0 0

0 0

( )
( ) ( )

( )
�

�

�
, (27)

y s
a s u

b u
	

	 	 	

	 	
( )

( ) ( )

( )
.�

�

�
(28)

Íàãàäàºìî, ùî òóò, ÿê ³ ðàí³øå, u0 òà u	 — âåêòîðè (10), (11) çíà÷åíü ìîäå-

ëþâàëüíèõ ôóíêö³é u s0 ( ), s S� 0 , òà u s	 ( ), s S� 	 , êîìïîíåíòè u um m0
0� ( )� ,

m M�1 0, , òà u u sm m	 	
	� ( ), m M�1, 	 , ÿêèõ âèçíà÷èìî ç óðàõóâàííÿì ïî÷àòêî-

âî-êðàéîâèõ ñïîñòåðåæåíü (3), (4) â³äïîâ³äíî äî êðèòåð³þ (5).

ÐÎÇÂ’ßÇÀÍÍß ÇÀÄÀ×² ÌÎÄÅËÞÂÀÍÍß ÊÂÀÄÐÀÒÈ×ÍÎ
ÍÅË²Í²ÉÍÈÕ ÄÈÍÀÌ²×ÍÈÕ ÑÈÑÒÅÌ

Äëÿ çíàõîäæåííÿ âåêòîð³â u0 òà u	 , ç âèêîðèñòàííÿì ÿêèõ îá÷èñëåíà çã³äíî

ç (9) ôóíêö³ÿ y s( ) ñòàíó ñèñòåìè (1) çàäîâîëüíÿëà á ïî÷àòêîâî-êðàéîâ³

ñï³ââ³äíîøåííÿ (3), (4), ï³äñòàâèìî ïðåäñòàâëåííÿ (9), çàïèñàíå ç óðàõóâàí-

íÿì (12), (21), (22), ó ôîðìóëè (3), (4). Ó ðåçóëüòàò³ îòðèìàºìî:


 
L a s b L a sr t t

x x

r t t

x xl l

0
0 0 0 0 0

0
0

0 0

( ) ( ) / ( ) ( )� � ��
�

�
�

� � �	 	 /

( , , , ),

b Y

l L r R

rl	 	� �

� �

0

0 01 1
(29)


 
L a s b L a s bx
s s

x
s sl l

� �� � � �	 	
	 	 	 		 	

( ) ( ) / ( ) ( ) /� � � �
� �

0 0 0 0 Y

l L R

l�

�

	

	 	( , , , ),� �1 1

(30)

äå


Y Y L y s
rl rl r t t

x xl

0 0 0
0

0

� � � � �
�

( ) ( ) , 
Y Y L y s
l l x

s sl
� � �
	 	 	

	
� � � �

�
( ) ( ) .

Ïîçíà÷èâøè

a a m M
rl rlm
00 00

01� �str ( , , ) , a a m M
l lm� �

		 		
	� �str ( , , )1 ,

a a m M
l lm� �

0 0
01	 	� �str ( , , ), a a m M

rl rlm
	 	

	
0 0 1� �str ( , , ),
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b b m Mm0
0

01� �str ( , , ), b b m Mr m� �str ( , , )	
	1 ,

� �0 0 01� �col( , , )m m M , � �	 	 	� �col( , , )m m M1 ,

� �0 0 01� �col( , , )m m M , � �	 	 	� �col( , , )m m M1 ,

äå

a P L G s P
rlm i m r t

i

n

i t

x x
n i m

l

00
0

0

0

0 0 0
0

� � ��

�
�
�

�
�� ( ) ( )

( ) ( ) 
s
i

n i s
G s

m
� �

�

�
�� 0 0( )

�
,

a P L G s P G
lm i m x

i

n

i s s n i m s
i

l� �
0

0
0

0 0
	 	

	� � ��

�
� �

�� ( ) ( )
( ) ( ) 
n i s

s
m

� �
�
�
�

0 0( )
�

,

a P L G s P
rlm i m r t

i

n

i t

x x
n i m

l

	
	 	 	

0 0

0

0
0

� � ��

�
�
�

�
�� ( ) ( )

( ) ( ) 
s
i

n i s
G s

m
� �

�

�
�� 	 	( )

�
,

a P L G s P G
lm i m x

i

n

i s s n i m s
i

t� �
		

	
	

	 		� � ��

�
� �

�� ( ) ( )
( ) ( )

0


n i s
s

m
� �

�
�
�

	 	( )
�

,

� 0 0 0
3 2

m m
P u� �(
~

)
( )

/ , � 0 0 0m m
P u� �~

( )
,

�	 	 	m m
P u� �(
~

)
( )

/3 2 , �	 	 	m m
P u� �~

( )
,

b P G sm n i m
i

n

s
i

n i
s m

0
0

0

0 0� ��
�

�
� �� ( )

( )
�

, b P G sm n i m
i

n

s
i

n i
s m

	
	 	 	� ��

�

�
� �� ( )

( )

0
�

,

ðîçâ’ÿçóâàëüí³ ð³âíÿííÿ (29), (30) çàïèøåìî ó òàêîìó âèãëÿä³:

a

b

a

b

rlm m

m

M

m m

m

M

rlm
m

M

m

m m

m

00
0

1

0
0

1

0

1

0

0

�

�

�

�

�

�

�
�

�

�
�

	
	

	
	

	

�
�

� � �

1

0
0 01 1

M rl
Y l L r R

	
( , , , ) , (31)

a

b

a

b

lm m

m

M

m m

m

M

lm
m

M

m

m m

m

� �
�

�

�

�

0
0

1

0
0

1

1

0

0

	 		
	

	
	

	

�

�

�
�

�

�
�

�
�

� � �

1

1 1
M l

Y l L R
	

	
	 	�

�( , , , ). (32)

Óâåäåìî äî ðîçãëÿäó âåêòîðè:

� � �1 0 01 1� � �col(( , , ), , )i j i M j M	 	 ,

� � �2 0 0 01 1� � �col(( , , ), , )i j i M j M 	 , (33)

� � �� � �col(( , , ), , )0 01 1i j i M j M	 	

òà ìàòðèö³

A a b i M j M l L r
rli j11
00

0 01 1 1� � � � �col str(( (( , , ), , ), , ),	
	 1 0, )R ,

A a b i M j M l L r
rlj i12
00

0 01 1 1� � � � �col str(( (( , , ), , ), , ),	
	 1 0, )R ,

A a b i M j M l L
li j21

0
01 1 1� � � � �col str(( (( , , ), , ), , ),

�
�	 	

	 	 1, )R	 ,

A a b i M j M l L
lj i22

0
01 1 1� � � � �col str(( (( , , ), , ), , ),

�
�		

	 	 1, )R	 ,
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B Y b b i M j M l L r
rl i j1
0 0

0 01 1 1� � � � �col str(( (( , , ), , ), , ),	
	 1 0, )R ,

B Y b b i M j M l L
l i j2

0
01 1 1� � � � �col str(( (( , , ), , ), , ),

�
�	 	

	 	 1, )R	 ,

ç óðàõóâàííÿì ÿêèõ ç (31), (32) ìàºìî:

A A B11 1 12 2 1� � �� � ,

A A B21 1 22 2 2� � �� � .

Îñòàííº º åêâ³âàëåíòíèì ñèñòåì³ îäíîð³äíèõ ë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü

A� � 0 , (34)

â ÿêèõ

� � � �� col( , , )1 2 , A
A A B

A A B
� �

�
�
�
�

�
�
�11 12 1

21 22 2

.

Ñèñòåìà (34) ìîæå ìàòè íåíóëüîâèé ðîçâ’ÿçîê äëÿ âèïàäêó, êîëè [4]

detA A� � 0 . (35)

Öå íàêëàäàº îáìåæåííÿ íà âèá³ð òî÷îê s
l
0 , l L�1 0, , s

l
	 , l L�1, 	 , ñïîñòåðå-

æåííÿ çà ïî÷àòêîâî-êðàéîâèì ñòàíîì ñèñòåìè òà òî÷îê � m
0 , m M�1 0, , � m

	 ,

m M�1, 	 , â ÿêèõ âèçíà÷àþòüñÿ ìîäåëþâàëüí³ âåêòîðè u0 òà u	 .

Çà âèêîíàííÿ (35) ðîçâ’ÿçêîì (34) áóäå âåêòîð

� 
� � �( )I A A , (36)

çà äîâ³ëüíîãî v R
M M L R� �0 0 02	 ( )

.

Ç óðàõóâàííÿì âèçíà÷åííÿ (33) ç (36) îòðèìóºìî ñèñòåìó íåë³í³éíèõ àëãåá-

ðà¿÷íèõ ð³âíÿíü äëÿ çíàõîäæåííÿ êîìïîíåíò u m0 , m M�1 0, , òà u m	 , m M�1, 	 ,

ìîäåëþâàëüíèõ âåêòîð³â u u0 , 	 â³äïîâ³äíî. Öþ ñèñòåìó äëÿ âèçíà÷åíèõ çã³äíî

ç (20) ìàòðèöü
~
P0 òà

~
P	 ìîæíà çàïèñàòè ó âèãëÿä³ òàêèõ ñï³ââ³äíîøåíü:

((
~

) ) ((
~

) ) ( ( ) )( )
/

( ) ( )P u P u Z A vi j M j i0 0
3 2

10

� �
� ��	 	 , (37)

((
~

) )((
~

) ) ( ( ) )( ) ( )
/

( )P u P u Z A vi j M M M j0 0
3 2

10 0

� �
� � ��	 	 	 i , (38)

äå i M�1 0, , j M�1, 	 .

Ïðîöåäóðà ðîçâ’ÿçàííÿ ñèñòåìè (37), (38) ñïðîñòèòüñÿ, ÿêùî ¿¿ ðîçãëÿäàòè

ÿê ñèñòåìó íåë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü

� �
0
3 2

10i j M j iZ A v/
( )( ( ) )	 � � � ,

� �0
3 2

10 0i j M M M j iZ A v	 	
/

( )( ( ) )� � � �

â³äíîñíî çì³ííèõ

�0 0 0 01m m
P u m M� ��~

, ,
( )

, �	 	 	 	m m
P u m M� ��~

, ,
( )

1 , (39)

Ñï³ââ³äíîøåííÿ (39) äëÿ âèçíà÷åíèõ ó òàêèé ñïîñ³á

� �0 0 01� �col( , , )m m M ,

� �	 	 	� �col( , , )m m M1

íàäàþòü çìîãó çíàéòè çíà÷åííÿ ìîäåëþâàëüíèõ âåêòîð³â u0 òà u	 . Âîíè áó-

äóòü òàêèìè:

u P	 	 	�
~

� , u P0 0 0�
~

� .

Çàóâàæèìî, ùî çíàéäåí³ â òàêèé ñïîñ³á ìîäåëþâàëüí³ âåêòîðè u0 , u	 (çà

óìîâè âèêîíàííÿ (35)) òî÷íî çàäîâîëüíÿòèìóòü ð³âíÿííÿ (34). Öå îçíà÷àº, ùî
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ç ¿õí³ì âèêîðèñòàííÿì y s( ) (ñï³ââ³äíîøåííÿ (9), (12), (21), (22)) òî÷íî çàäîâîëü-

íÿòèìå ñèñòåìó ðîçâ’ÿçóâàëüíèõ ð³âíÿíü (1), (2). Ïîõèáêè ðîçâ’ÿçàííÿ çàäà÷³

â ö³ëîìó âèçíà÷àòèìóòüñÿ [11] ïîõèáêàìè ïåðåõîäó â³ä äèôåðåíö³àëüíî¿ ìî-

äåë³ (1) äî ¿¿ ôóíêö³îíàëüíîãî ïðåäñòàâëåííÿ (6).

ÐÎÇÂ’ßÇÓÂÀËÜÍÀ ÑÈÑÒÅÌÀ Ð²ÂÍßÍÜ ÇÀÄÀ×² ÌÎÄÅËÞÂÀÍÍß ÄÈÍÀÌ²ÊÈ
ÏÐÎÑÒÎÐÎÂÎ ÐÎÇÏÎÄ²ËÅÍÈÕ ÑÈÑÒÅÌ Ç ÀÄÈÒÈÂÍÎ ÂÈÇÍÀ×ÅÍÎÞ ÍÅË²Í²ÉÍ²ÑÒÞ

Ïîâåðíåìîñÿ äî ðîçãëÿäó çàäà÷³ ç³ çíàõîäæåííÿ ôóíêö³¿ y s( ) ñòàíó ñèñòå-

ìè (2), ÿêà á çã³äíî ç (5) çàäîâîëüíÿëà ïî÷àòêîâî-êðàéîâ³ óìîâè (3), (4).

ßê ³ ï³ä ÷àñ ðîçãëÿäó ñèñòåìè (1) áóäåìî âèõîäèòè ç òîãî, ùî âïëèâ ïî÷àò-

êîâî-êðàéîâèõ çáóðåíü Y
rl
0 , l L r R� �1 10 0, , , , òà Y

l�
	 , l L R� �1 1, , ,	 	� íà ñòàí

ñèñòåìè çàäàºòüñÿ âèçíà÷åíèìè â (27), (28) ñêëàäîâèìè y s0 ( ) òà y s	 ( ). Çíà÷åííÿ

êîìïîíåíò u m0 , m M�1 0, , òà u m	 , m M�1, 	 , âåêòîð³â u0 òà u	 , ÿêèìè á çã³äíî

ç (5) ìîäåëþâàëèñÿ ïî÷àòêîâî-êðàéîâ³ çáóðåííÿ Y
rl
0 òà Y

l�
	 , âèçíà÷èìî, ñåðåä-

íüîêâàäðàòè÷íî îáåðòàþ÷è ð³âíÿííÿ (3) òà (4) ç ï³äñòàâëåíîþ òóäè
ôóíêö³ºþ (9). Íåâàæêî áà÷èòè, ùî ð³âíÿííÿ ö³ ìàòèìóòü âèãëÿä


 
L a s u

b u

L a sr t t

x x

r t t

xl

0
0 0 0 0

0 0

0
0

0

( ) ( ) ( )

( )

( ) ( )�

�

��
�

��

�

	
� �

� �

x

rl
l

u

b u
Y

l L r R

0
0

0 01 1

�

�

	 	

	 	

( )

( )

( , , , ),

(40)


 
L a s u

b u

L a sx
s s

x
s sl l

� ��

�

�	 	
	 		 	

( ) ( ) ( )

( )

( ) ( )�
�

�
� �

0 0 0

0 0

( )

( )

( , , , )

u

b u
Y

l L r R

l

	

	 	

	

	 	

� �
�

� �1 1

(41)

äëÿ


Y Y L y s
rl rl r t t

x xl

0 0 0
0

0

� � � � �
�

( ) ( ) , 
Y Y L y s
l l x

s sl
� � �
	 	 	

	
� � � �

�
( ) ( ) .

Ïîçíà÷èâøè

a P L G s L A s
rlkm k m r t k r t k t

x x

00
0

0
0

0
0� � � ��

�
�

[ ( ) ( ), ( ) ( )]
( )

l
0

, (42)

a P L G s L A s
rlkm k m r t k r t k t

x x

	
	 	

0 0 0
0� � � ��

�
�

[ ( ) ( ), ( ) ( )]
( )

l
0

,

a P L G s L A s
lkm k m x k x k s sl� � �

0
0 0

	 	 	
	� � � ��

�[ ( ) ( ), ( ) ( )]
( )

,

a P L G s L A s
lkm k m x k x k s sl� � �

		
	

	
	

	
	� � � ��

�[ ( ) ( ), ( ) ( )]
( )

,

�
km km m km

y u P u y u0
0 0 0

2
0� �col( ( )

~
, ( ))

( )
, (43)

�
km km m km

y u P u y u	
	 	 	 	� �col( ( )

~
, ( ))

( )
2 ,

bkm � ( , )0 1 � �k n0, , � �m M1 0, , � �m M1, 	 ,

çàïèøåìî ñèñòåìó (40), (41) ó òàêîìó âèãëÿä³:

a

b

a
rlkm km

m

M

k

n

km km
m

M

k

n

rlkm k
00 0

10

0

10

0
0

0

�

�

�
��

��

��

��
�

	
m

m

M

k

n

km km
m

M

k

n rl

b

Y

	

	

	

	

��

��

��

��
�10

10

0

�

, (44)

l L r R� �1 10 0, , , ,
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a

b

a
lkm km

m

M

k

n

km km
m

M

k

n

lkm k� �
�

�

�0 0

10

0

10

0

0

	 		

��

��

��

��
�

m
m

M

k

n

km km
m

M

k

n l

b

Y

	

	

	

	

	

��

��

��

��
�10

10

�

�
, (45)

l L R� �1 1, , ,	 	� .

Óâåäåìî äî ðîçãëÿäó âåêòîð:

� � �� � � � �col (((( , , ), , ), , ), , ),
km ij i n j M k n m M0

00 1 0 1	
	

âåêòîðí³ ðÿäêè:

A a b i n j M k n m
rl rlkm ij
00 00 0 1 0 1� � � � �str (((( , , ), , ), , ), ,	 M 0 ),

A a b i n j M k n m
rl rlkm ij
	 	0 0

00 1 0 1� � � � �str (((( , , ), , ), , ), , M 	 ),

A a b i n j M k n m
l lkm ij� �

0 0 0 1 0 1	 	
	� � � � �str (((( , , ), , ), , ), , M 0 ) ,

A a b i n j M k n m
l lkm ij� �

		 		� � � � �str (((( , , ), , ), , ), ,0 1 0 10 M 	 ) ,

B Y b b i n j M k n m M
rl rl km ij
0 0

00 1 0 1� � � � �str (((( , , ), , ), , ), , 	 ) ,

B Y b b i n j M k n m M
l l km ij� �

	 	� � � � �str (((( , , ), , ), , ), ,0 1 0 10 	 )

òà ìàòðèö³:

A A l L r R
rl11
00

0 01 1� � �col(( , , ), , ) , A A l L r R
rl12

0
0 01 1� � �col(( , , ), , )	 ,

A A l L R
l21

0 1 1� � �col(( , , ), , )
�

�	
	 	 , A A l L R

l22 1 1� � �col(( , , ), , )
�

�		
	 	 ,

B B
rl

0 0� col(( , l L r R� �1 10 0, ), , ) , B B l L
l

	 	
	� �col(( , , )

�
1 , � �1, )R	 .

Öå íàäàº çìîãó çàïèñàòè ñèñòåìó (44), (45) ó á³ëüø êîìïàêòíîìó âèãëÿä³, à ñàìå

A� � 0 , (46)

äå � — âåêòîð, âèçíà÷åíèé âèùå, à

A
A A B

A A B
� � �

� �

�

�
�
�

�

�
�
�

11 12
0

21 22
	

.

Çâàæàþ÷è íà òå, ùî êîìïîíåíòè âåêòîð³â �
km
0 òà �

km
	 , ÿê ³ êîðåí³ y ukm ( )0

òà y ukm ( )	 ð³âíÿííÿ (8), â³ä ÿêèõ çàëåæàòü ö³ êîìïîíåíòè, âèðàæàþòüñÿ ÷åðåç

ë³í³éí³ êîìá³íàö³¿

�0 0 0 01m m
P u m M� ��~

, ,
( )

, �	 	 	 	m m
P u m M� ��~

, ,
( )

1 ,

êîìïîíåíò âåêòîð³â u0 òà u	 , äîõîäèìî âèñíîâêó, ùî ñèñòåìà ð³âíÿíü (46) º

ñèñòåìîþ (äîñèòü ñêëàäíîþ) íåë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü â³äíîñíî

çì³ííèõ �0m , m M�1 0, , òà �	m , m M�1, 	 . ×èñåëüíå ðîçâ’ÿçàííÿ ö³º¿ ñèñòåìè

äîçâîëèëî á, ÿê ³ âèùå, îòðèìàòè ñèñòåìè ë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü
~
P u

0 0 0
� � � (47)

òà
~
P u	 	 	

� � � , (48)
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äå

� �0 0� col( m , m M�1 0, ) , (49)

� �	 	� col( m , m M�1, )	 (50)

â³äíîñíî ìîäåëþâàëüíèõ âåêòîð³â u0 òà u	 . Ðîçâ’ÿçàííÿ îñòàíí³õ çàâåðøè-

ëî á ³ ðîçâ’ÿçàííÿ ðîçãëÿäóâàíî¿ çàäà÷³.

Çàóâàæèìî, ùî ïðîöåäóðà ðîçâ’ÿçàííÿ ïî÷àòêîâî-êðàéîâî¿ çàäà÷³ (2)–(5)

ñïðîñòèòüñÿ (à öå î÷åâèäíî), ÿêùî äèíàì³êó ñèñòåìè (2) ðîçãëÿäàòè â óñòàëåíîìó

ðåæèì³, êîëè â³äñóòí³ ïî÷àòêîâ³ óìîâè (3), àáî â íåîáìåæåí³é ïðîñòîðîâ³é îá-

ëàñò³ òà ó âèïàäêó, êîëè ìîæíà çíåõòóâàòè êðàéîâèìè óìîâàìè (4). Çâàæàþ÷è íà

ïåâíó ñàìîñò³éí³ñòü öèõ çàäà÷, îñîáëèâîñò³ ¿õíüîãî ðîçâ’ÿçàííÿ ðîçãëÿíåìî íèæ÷å.

Âèïàäîê íåîáìåæåíî¿ ïðîñòîðîâî¿ îáëàñò³. Ðîçãëÿíåìî çàäà÷ó ïîáóäîâè

ôóíêö³¿ y s( ) ñòàíó ñèñòåìè (2) äëÿ âèïàäêó, êîëè âïëèâàìè êðàéîâèõ çáóðåíü

Y x t�
	 ( , ), � �1, R	 , íà ñòàí ñèñòåìè ìîæíà çíåõòóâàòè.

Ó öüîìó âèïàäêó

y s y s y s( ) ( ) ( )� �� 0 ,

äå y s� ( ) òà y s0 ( ) âèçíà÷àþòüñÿ çã³äíî ç (24) òà (27). Ðîçâ’ÿçóâàëüíó ñèñòåìó

äëÿ çíàõîäæåííÿ ìîäåëþâàëüíîãî âåêòîðà u0 òàêîãî, ùîá


L y s Yr t t

x x
rl

l

L

r

R

l

0
0

0

2

11 0

00

( ) ( ) mi� �
�

�

�
��

�

�

�
��

��
���

�� n
( )y s

,

îòðèìàºìî ç (44). Âîíà äëÿ âèçíà÷åíèõ çã³äíî ç (42) òà (43) a
rlkm
00 òà �

km
0 áóäå

òàêîþ:

a Y b r R l L
rlkm km rl

m

M

k

n

km km
00 0 0

10

0
0 0

0

1 1� �� � �
��
�� ( , , , ).

m

M

k

n

��
��

10

0

(51)

Ñèñòåìó (51) ìîæíà ðîçãëÿäàòè ÿê íåë³í³éíó àëãåáðà¿÷íó â³äíîñíî âèçíà÷å-

íîãî â (49) âåêòîðà �0 , îñê³ëüêè

�
� �

�km

km m

km

y

y

0 0 0
2

0

�
�

�
�
�

�

�
�
�

( )

( )
, (52)

y bkm km km km m
( )� � � �0

2 2
0
21

2
4� � ��

��
�
 !

(53)

äëÿ âèçíà÷åíèõ â (8) � km � const òà


b P G skm k m s
n k

k
s sm

� �� �

� 
( )
( ) .

×èñåëüíå ðîçâ’ÿçàííÿ (51) â³äíîñíî êîìïîíåíò �0m , m M�1 0, , âåêòîðà �0

íàäàñòü çìîãó çã³äíî ç (47) çíàéòè ìîäåëþâàëüíèé âåêòîð u0 .

Ñï³ââ³äíîøåííÿ (51) ìîæíà ðîçãëÿäàòè ³ ÿê ñèñòåìó îäíîð³äíèõ ë³í³éíèõ

àëãåáðà¿÷íèõ ð³âíÿíü

A0 0 0� � (54)

â³äíîñíî âåêòîðà

� �0
0

00 1� � �col(( , , ), , )
km

k n m M

äëÿ

A a Y b
rlkm rl km0
00 0� �col str( ((( ), k n m M l L r R� � � �0 1 1 10 0 0, ), , ), , , , ) .
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Çà óìîâè, êîëè detA AT
0 0 0� , ðîçâ’ÿçêîì (54) áóäå

� 
 
 
0 0 0 0 0 0
10� � � �� �

A A R
M n( )

.

Ç óðàõóâàííÿì (52) òà (53) ìàºìî, ùî åëåìåíòè �0m , m M�1 0, , âåêòîðà �0

ïðàâèõ ÷àñòèí ñèñòåìè (47) âèçíà÷àòèìóòüñÿ ñï³ââ³äíîøåííÿì

� � �m m m
m M0

0 1
0

01� �( , ) ,

äå

� �m km
k n0

2
0 0� ��

�
�

�
�
�col , , , � �

m km
k n

1
0

1
0 0� �col( , , )

äëÿ

col( , )� � �
km km km1
0

2
0 0� ,

çâ³äêè ç òî÷í³ñòþ

� � � � � � �
�

m m m m m
T

m m
T

m
m

P2 0
0 1

0 2
1

0
1

0
1

0 0

0

� � � �min || || ( ) ( ) (Pm m
0

1
0)� �

äëÿ
Pm m m

T0 0 0� � �( )

çíàõîäèìî �0m , m M�1 0, , à ç óðàõóâàííÿì (49) òà (47) ìàºìî

� � � � �0
0 0 1 0

1
0

01� ��col((( ) ) ( ) , , )m
T

m m
T

m
m M ,

u P0 0 0�
~

.�

Âèïàäîê óñòàëåíî¿ äèíàì³êè. Ðîçãëÿíåìî çàäà÷ó ïîáóäîâè ôóíêö³¿ y s( )

ñòàíó ñèñòåìè (2) äëÿ âèïàäêó, êîëè äèíàì³êà ñèñòåìè º ìàëî çàëåæíîþ â³ä ¿¿

ïî÷àòêîâîãî ñòàíó ³ âïëèâîì ïî÷àòêîâî âèçíà÷åíèõ çáóðþâàëüíèõ ôàêòîð³â

Y xr
0 ( ), r R�1 0, , ìîæíà çíåõòóâàòè.

Ó öüîìó âèïàäêó

y s y s y s( ) ( ) ( )� �� 	

çà âèçíà÷åíèõ çã³äíî ç (24) òà (28) ñêëàäîâèõ y s� ( ) òà y s	 ( ) . Àíàëîã³÷íî

ðîçãëÿíóòîìó âèùå ìàºìî, ùî êîìïîíåíòè �
km
	 , k n� 0, , m M�1, 	 , âåêòîðà

�	 	( )u âèçíà÷àòèìóòüñÿ ñèñòåìîþ ð³âíÿíü

a Y b R l L
lkm km l

m

M

k

n

km km
m

� �
� � �		 	 	 	

	 	
	

� � �
��
��

10

1 1( , , , )

��
��

10

M

k

n 	
(55)

äëÿ çàäàíèõ çã³äíî ç (42), (43) �
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ÂÈÑÍÎÂÊÈ

Ðîçâ’ÿçàíî çàäà÷³ äîñë³äæåííÿ äèíàì³êè äâîõ íåë³í³éíèõ ïðîñòîðîâî ðîçïîä³ëå-

íèõ ñèñòåì, îäíà ç ÿêèõ âèçíà÷àºòüñÿ ë³í³éíîþ ìàòåìàòè÷íîþ ìîäåëëþ, äîïîâ-

íåíîþ êâàäðàòè÷íî íåë³í³éíèì ÷ëåíîì, à äðóãà º êâàäðàòè÷íî íåë³í³éíîþ áåç

ë³í³éíîãî ÷ëåíà. Çàäà÷³ ðîçâ’ÿçàíî äëÿ äèñêðåòíî çàäàíèõ çíà÷åíü ãðàíè÷íî-ïî-

÷àòêîâèõ òà ïðîñòîðîâî ðîçïîä³ëåíèõ çîâí³øíüîäèíàì³÷íèõ çáóðþâàëüíèõ ôàê-

òîð³â. Êðèòåð³é ïîáóäîâè ôóíêö³¿ ñòàíó òàêèõ ïðîñòîðîâî ðîçïîä³ëåíèõ ñèñòåì

âèìàãàº íàéêðàùîãî ñåðåäíüîêâàäðàòè÷íîãî óçãîäæåííÿ éîãî ³ç çàäàíîþ ³íôîð-

ìàö³ºþ ïðî çîâí³øíüîäèíàì³÷í³ óìîâè ôóíêö³îíóâàííÿ ñèñòåìè. Âèêîíàííÿ

öèõ âèìîã äîñÿãàºòüñÿ íà åòàï³ ïåðåõîäó â³ä äèôåðåíö³àëüíî¿ ôîðìè ìàòåìà-

òè÷íî¿ ìîäåë³ ñèñòåìè äî ¿¿ ³íòåãðàëüíîãî åêâ³âàëåíòà, âèêîíàíîãî íàìè â [11],

òà ó âèïàäêó ïñåâäîîáåðíåííÿ íåïðîñòèõ ðîçâ’ÿçóâàëüíèõ ð³âíÿíü, ÿê³ âèçíà÷à-

þòüñÿ ïî÷àòêîâî-êðàéîâèìè óìîâàìè ôóíêö³îíóâàííÿ ñèñòåìè. Â îáîõ âèïàä-

êàõ âåëèêîþ ì³ðîþ âèêîðèñòàíî ðåçóëüòàòè ïñåâäîîáåðíåííÿ [9, 10] äèñêðåòíî

ïåðåòâîðþâàëüíèõ àëãåáðà¿÷íèõ íåë³í³éíèõ ñèñòåì.

Ðåçóëüòàòîì öüîãî íàóêîâîãî äîñë³äæåííÿ º ðîçðàõóíêîâ³ ôîðìóëè äëÿ âèç-

íà÷åííÿ âåêòîð³â äèñêðåòíèõ çíà÷åíü ôóíêö³é, ÿê³ çà ñåðåäíüîêâàäðàòè÷íèì

êðèòåð³ºì ìîäåëþþòü äèñêðåòíî âèçíà÷åí³ ãðàíè÷íî-ïî÷àòêîâ³ ñïîñòåðåæåííÿ

çà ñèñòåìîþ, òà àíàë³òè÷í³ çàëåæíîñò³ â³äïîâ³äíî¿ ¿ì ôóíêö³¿ ñòàíó ñèñòåìè.
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Îòðèìàí³ ðåçóëüòàòè ìàòåìàòè÷íîãî ìîäåëþâàííÿ ðîçâ’ÿçê³â ðîçãëÿíóòèõ

òóò (ó çàãàëüíîìó âèïàäêó íåêîðåêòíî ñôîðìóëüîâàíèõ) ïî÷àòêîâî-êðàéîâèõ çà-

äà÷ º ïðîçîðèìè ³ äîñòóïíèìè äëÿ ïðàêòè÷íî¿ ðåàë³çàö³¿ ï³ä ÷àñ äîñë³äæåííÿ

íåë³í³éíî óòî÷íåíèõ ïðîñòîðîâî ðîçïîä³ëåíèõ äèíàì³÷íèõ ïðîöåñ³â, ÷îãî íå

ìîæíà äîñÿãòè ìåòîäàìè êëàñè÷íî¿ òà îá÷èñëþâàëüíî¿ ìàòåìàòèêè.
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V.A. Stoyan
MATHEMATICAL MODELING OF QUADRATICALLY NONLINEAR
SPATIALLY DISTRIBUTED SYSTEMS.
I. THE CASE OF DISCRETE DEFINITE INITIAL-BOUNDARY
EXTERNAL-DYNAMIC DISTUBANCES

Abstract. Two classes of nonlinear spatially distributed dynamic systems discretely observed
according to the initial-boundary and spatially distributed external-dynamic disturbances are analyzed.
For each of them, analytical dependences are constructed for the state function, which agrees,
according to the root-mean square criterion, with the available information on external-dynamic
conditions of their operation. Solution of the initialboundary-value problems for the systems under
study is defined in terms of a set of vectors, which, according to the root-mean square criterion,
model the given initial-boundary environment, including the spatially distributed external-dynamic
disturbances. Conditions of the accuracy and uniqueness of the obtained mathematical results are
presented. The cases of unrestricted spatial domains and systems’ stable dynamics are considered.

Keywords: pseudo-solutions, mathematical modeling of dynamical systems, spatially distributed
dynamical systems, systems with non-definitions, incorrect initial-boundary problems.
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