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Àíîòàö³ÿ. Ðîçãëÿíóòî ïèòàííÿ ³ñíóâàííÿ ðîçâ’ÿçêó çàäà÷³ Êîø³ â êëàñ³ íåë³í³éíèõ ñòîõàñòè÷-
íèõ äèôåðåíö³àëüíî-ð³çíèöåâèõ ð³âíÿíü íåéòðàëüíîãî òèïó â ÷àñòèííèõ ïîõ³äíèõ ç óðàõóâàí-
íÿì âèïàäêîâèõ çîâí³øí³õ çáóðåíü, íåçàëåæíèõ â³ä Â³íåðîâîãî ïðîöåñó. Îäåðæàíî äîñòàòí³
óìîâè íà êîåô³ö³ºíòè íåë³í³éíîãî ñòîõàñòè÷íîãî äèôåðåíö³àëüíî-ð³çíèöåâîãî ð³âíÿííÿ íåé-
òðàëüíîãî òèïó, ÿê³ ãàðàíòóþòü ³ñíóâàííÿ ç ³ìîâ³ðí³ñòþ îäèíèöÿ éîãî ðîçâ’ÿçêó.

Êëþ÷îâ³ ñëîâà: ñòîõàñòè÷í³ äèôåðåíö³àëüí³ ð³âíÿííÿ íåéòðàëüíîãî òèïó â ÷àñòèííèõ
ïîõ³äíèõ, ³ñíóâàííÿ ðîçâ’ÿçêó ç ³ìîâ³ðí³ñòþ îäèíèöÿ, çàäà÷à Êîø³.

ÂÑÒÓÏ

Ïèòàííÿ ³ñíóâàííÿ òà ºäèíîñò³ ðîçâ’ÿçêó ñòîõàñòè÷íèõ äèôåðåíö³àëüíèõ ð³â-
íÿíü ç äåÿêèìè ïî÷àòêîâèìè òà ãðàíè÷íèìè óìîâàìè â ð³çíèõ ôóíêö³îíàëüíèõ
ïðîñòîðàõ, çîêðåìà ð³âíÿíü ó ÷àñòèííèõ ïîõ³äíèõ, äîñë³äæóâàëè áàãàòî àâ-
òîð³â [1–7]. Ó ïðàöÿõ [8, 9] îäåðæàíî òåîðåìó ³ñíóâàííÿ òà ºäèíîñò³ ðîçâ’ÿçêó
çàäà÷³ Êîø³ äëÿ ñòîõàñòè÷íîãî äèôåðåíö³àëüíîãî ð³âíÿííÿ ðåàêö³¿–äèôóç³¿ íåé-
òðàëüíîãî òèïó. Ó ö³é ñòàòò³ ðîçãëÿíóòî ïèòàííÿ ³ñíóâàííÿ ðîçâ’ÿçêó çàäà÷³
Êîø³ â êëàñ³ íåë³í³éíèõ äèôóç³éíèõ ñòîõàñòè÷íèõ äèôåðåíö³àëüíî-ð³çíèöåâèõ
ð³âíÿíü íåéòðàëüíîãî òèïó â ÷àñòèííèõ ïîõ³äíèõ ç óðàõóâàííÿì âèïàäêîâèõ
çîâí³øí³õ çáóðåíü, íåçàëåæíèõ â³ä Â³íåðîâîãî ïðîöåñó, ³ ïðîäîâæåíî äîñë³ä-
æåííÿ, ðîçïî÷àò³ â ðîáîòàõ [8–10].

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×²

Íåõàé íà éìîâ³ðí³ñíîìó áàçèñ³ ( , , , , , )� F F t tt{ }� 0 0 P çàäàíî íåë³í³éíå äè-

ôóç³éíå ñòîõàñòè÷íå äèôåðåíö³àëüíî-ð³çíèöåâå ð³âíÿííÿ íåéòðàëüíîãî òèïó

(ÍÄÑÄÐÐÍÒ) â ÷àñòèííèõ ïîõ³äíèõ ï³ä ä³ºþ âèïàäêîâèõ çîâí³øí³õ çáóðåíü,

íåçàëåæíèõ â³ä Â³íåðîâîãî ïðîöåñó,
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w t x( , ) — L r
2 ( )R -âèì³ðíèé Q-Â³íåðîâèé ïðîöåñ [12]; ~( , ) ( , )� �A t A t� �

� E{ }� 2 ( , )A t — öåíòðîâàíà Ïóàññîíîâà ì³ðà [1], � :[ , ]0 1 1T r� � �R R R ³

b T r r: [ , ]0 1� � �R R R , c T r:[ , ]0 1 1� � �R R R — äåÿê³ êîíêðåòí³ ôóíêö³¿,

ÿê³ áóäóòü âèçíà÷åí³ ï³ä ÷àñ äîñë³äæåííÿ; � �: [ , ]� � �0 1R Rr — ôóíêö³ÿ

ïî÷àòêîâèõ äàíèõ.

ÏÐÎ ÏÎÏÅÐÅÄÍ² ÐÅÇÓËÜÒÀÒÈ ÒÀ ÎÑÍÎÂÍ² ÎÇÍÀ×ÅÍÍß

Íàâåäåìî äåê³ëüêà òâåðäæåíü ç ïðàöü [6–9].

Ëåìà 1 [7, c. 188]. Îïåðàòîð

S t L Lr r( ): ( ) ( )2 2R R� (4)

ãåíåðóº ðîçâ’ÿçîê îäíîð³äíî¿ çàäà÷³ Êîø³ äëÿ ð³âíÿííÿ òåïëîïðîâ³äíîñò³ ([8, ëå-

ìà 1]) ç ³ìîâ³ðí³ñòþ îäèíèöÿ
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º âèïàäêîâèé Ëàïëàñ³àí � x ( )� (3). Íàï³âãðóïà S t( ) º ñòèñêàëüíîþ, òîáòî
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Óâåäåìî ïðîñò³ð Áàíàõà B 2,T âñ³õ L r
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Îçíà÷åííÿ 1. Íåïåðåðâíó âèïàäêîâó ôóíêö³þ u u t x T r� � � �( , , ): [ , ]� � R

� � �� D T1 ([ , ])� íàçèâàòèìåìî ì’ÿêèì ðîçâ’ÿçêîì çàäà÷³ (1), (2), ÿêùî âèêîíó-

þòüñÿ óìîâè:

1) u º FT -âèì³ðíîþ äëÿ ìàéæå âñ³õ t T� �[ , ]� òà ô³êñîâàíèõ x r�R , ��� ;
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Ëåìà 2 [9]. Ìàòåìàòè÷íå ñïîä³âàííÿ â³ä êâàäðàòà u t x( , , )� (äèâ. (13)) º íîðìîþ.

ÎÑÍÎÂÍÅ ÒÂÅÐÄÆÅÍÍß

Áóäåìî íàäàë³ ââàæàòè, ùî éìîâ³ðí³ñíèé áàçèñ ( , , , , )� F F t tt{ }� 0 P ïîáóäî-

âàíî [1, 2, 11–13] äëÿ çàäà÷³ (1), (2), ÿêà º ïðåäìåòîì äîñë³äæåííÿ ö³º¿ ñòàòò³.

Íåõàé äëÿ çàäà÷³ (1), (2) âèêîíàíî óìîâè:

1) êîåô³ö³ºíòè � �� ( , , )t u x òà c t u x z( , , , ) º:

— âèì³ðíèìè çà âñ³ìà àðãóìåíòàìè;

— çàäîâîëüíÿþòü óìîâó Ë³ïøèöÿ çà äðóãèì àðãóìåíòîì

| ( , , ) ( , , ) | | ( , , , ) ( , , , ) | ( )� � 
 
t u x t x c t u x z c t x z dz� � ��
Z

� � L u| – |


äëÿ � �t T[ , ]0 , u, 
 �R1, x r�R ;

2) ïî÷àòêîâà ôóíêö³ÿ � �( , , )t x º:

— F0-âèì³ðíîþ â³äíîñíî àðãóìåíòà t T�[ , ]0 ;
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3) ôóíêö³¿ b b t x y� ( , , ) òà c t x y z( , , , ) çàäîâîëüíÿþòü óìîâè:
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äëÿ � � � �t T[ , ] [ , )0 0 , { }x y r, � R , äå ôóíêö³ÿ %:[ , ] [ , )0 0T r r� � � �R R çà-
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; (18)

4) äëÿ ôóíêö³¿ %( , , )t x y âèêîíóºòüñÿ àíàëîã óìîâè Ë³ïøèöÿ çà äðóãèì àðãó-

ìåíòîì

| ( , , ) ( , , ) | ( , , , ) | |% %t x z t x z t z x x x� � �0 0 0� � ,

äå äëÿ êîæíî¿ òî÷êè x r
0 �R ³ñíóº ¿¿ îê³ë B x� ( )0 òà íåâ³ä’ºìíà ôóíêö³ÿ

� � �� ( , , , )t z x0 äëÿ � �t T[ , ]0 , | |x x� �0 � , z r�R ,

sup ( , , , ) ( )
0

0 2
� �
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rt x L� � R , �� �R . (19)

Ó öüîìó ðàç³ çàäà÷à (1), (2) äëÿ íåë³í³éíîãî ñòîõàñòè÷íîãî äèôåðåíö³àëü-

íî-ð³çíèöåâîãî ð³âíÿííÿ íåéòðàëüíîãî òèïó (ÍÑÄÐÐÍÒ) ìàº ºäèíèé ì’ÿêèé ðîç-

â’ÿçîê u u t x T� �( , , ) ,� B 2 ç ³ìîâ³ðí³ñòþ îäèíèöÿ äëÿ � �t T[ , ]0 , ÿêùî

sup ( , , )
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2
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4� �
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b t x y dxdy K
rr RR

. (20)

ÄÎÂÅÄÅÍÍß ÎÑÍÎÂÍÎÃÎ ÒÂÅÐÄÆÅÍÍß

Äîâåäåííÿ ðîç³á’ºìî íà åòàïè, ùî ðîçãëÿäàþòüñÿ â òåîðåì³ Áàíàõà [11, 12], ÿêó

çàñòîñóºìî äëÿ âñòàíîâëåííÿ ç ³ìîâ³ðí³ñòþ îäèíèöÿ ºäèíîãî ðîçâ’ÿçêó çàäà÷³

(1), (2) (çàäà÷³ Êîø³). Áóäåìî âèêîðèñòîâóâàòè ìåòîäèêó, íàâåäåíó â ïðàöÿõ [8, 9].

Ïðîâåäåìî äîâåäåííÿ ìåòîäîì êðîê³â. Ñïî÷àòêó îäåðæèìî íåâ³äîìó ôóíêö³þ íà

â³äð³çêó [ , ]0 � . Îòðèìàíó íåâ³äîìó ôóíêö³þ ïðîäîâæèìî — íà ïåðøîìó â³äð³çêó

çà ïî÷àòêîâó ôóíêö³þ ïðèéìåìî çíàéäåíó íåâ³äîìó ôóíêö³þ ³ ïîâòîðþºìî äî-

âåäåííÿ äëÿ çíàõîäæåííÿ ðîçâ’ÿçêó íà äðóãîìó â³äð³çêó ³ ò.ä.

Ðîçãëÿíåìî îïåðàòîð S T T: , ,B B2 2� , ÿêèé ä³º äëÿ t T�[ , ]0 , x y r, �R çà

ïðàâèëîì:
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( ) (21)

äëÿ ïî÷àòêîâèõ äàíèõ (2). Äîâåäåìî, ùî öåé îïåðàòîð º ñòèñêàëüíèì.

Ñïî÷àòêó òðåáà äîâåñòè, ùî Su T�B 2, äëÿ � �u TB 2, . Äëÿ öüîãî îö³íèìî

ï’ÿòü íîðì | | ( ) | | sup | | ( ) | |
, ( )

I s I sj j
LT

rB 2 2

2 2� E
R

, j � 0 1 2 3 4, , , , .

Çàñòîñóºìî íåð³âí³ñòü (7) ëåìè 1, íåð³âí³ñòü Êîø³–Øâàðöà [2] òà óìîâè

(14), (20) ³ îòðèìàºìî îö³íêó äëÿ ñóïðåìóìà ìàòåìàòè÷íîãî ñïîä³âàííÿ I s0 ( )

ç âèðàçó äëÿ îïåðàòîðà ( )( )Su t (äèâ. (21)), à ñàìå

| | ( ) | | sup | | ( ) | |
, ( )

I s I s
t

d

s t L
0

2

0
0

2

2 2
B

� �
� �

E
R

� � � �
� �

� �sup ( , )( ( ) ( , , ) ( , ) )
0

0 0
s t

K s x y b y z z dz dy
r r

E

R R

� � � �

� � ��� c y z z z dz dy
r rL

( , , , ) ( , ) )

( )

0 1 1 1

2

2

� �

RZ R

� � � ��3 0 3 0
2

2

2

2

E E
R

R R

| | ( ) | | ( , , ) ( , )
( )

( )

� � �
L

L

r

r r

b x z z dz

� � ���3 0 1 1 1

2

2

E

RZ R

c x z z z dz dz
r rL

( , , , ) ( , ) ( )

( )

� � �

� � �
�

�

�
�

	



� �3 0 3 0

2

2E E
R

R R

| | ( ) | | ( , , ) ( , )
( )

� � �
L r

r r

b x z z dz �
�

�

2

dx

� � ����3 0 1 1

2
E

RRZ

( ( , , , ) ( , ) ( ))c x z z z dz dz dx
rr

� � �

� �
�

�

�
�

	




�
���3 0 3 0

2

2 2 2E E
R

RR

| | ( ) | | ( , , )
( )

� �
L r

rr

b x z dzdx

R r

z dz� � �( , )�

�
�

�

�
�

	




�
�

����3 02
1 1

2c x z z dz dx dz z d
rr

( , , , ) ( ) ( , )�

RRZ

E � � z
rR
� �

� �
�

�

�
�

	




�
���3 0 3 0

2

2 2E E
R

RR

| | ( ) | | ( , , ) | |
( )

�
L r

rr

b x z dzdx � �( ) | |
( )

� �
L r

2

2

R

� � ����3 02
1 1

2

2

c x z z dz dz dx
rr

rL
RRZ

R
E( , , , ) ( ) | | ( ) | |

( )
� � � C � � .

Çàñòîñóºìî íåð³âí³ñòü Êîø³–Øâàðöà [2] òà ïðèïóùåííÿ (14), (20) äëÿ

îö³íþâàííÿ ñóïðåìóìó ìàòåìàòè÷íîãî ñïîä³âàííÿ I s1 ( ), à ñàìå

| | ( ) | | sup | | ( ) | | sup
, ( )

I s I s
t

r

s t L s t
1

2

0
1

2

02 2
B

� �
� � � �

E E
R

R R
r r

b s x y u s dy

L

� � �( , , ) ( )

( )

�

2

2

� �
�

�

�
�

	




�
�

�
� �

� �sup ( , , ) ( , )
0

2

s t r r

b s x y u s y dy dxE

R R

�
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�
�

�

�
�

	




�
�

�
� �

�� �sup ( , , ) ( , )
0

2 2

s t

b s x y dydx u s y d
rr rRR R

E � y �

�
�

�

�
�

	




�
�

�
� �

��sup ( , , ) | | ( ) | |
(0

2

2s t L
b s x y dydx u s

rr RR

E �
R r )

2 �

� � �
� � � �

��sup | | ( ) | | sup ( , ,
( )0

2

0

2

2s t L s t

u s b s x y
r

rr

E
R

RR

� )dydx .

Ïîò³ì ñïðàöüîâóº î÷åâèäíà íåð³âí³ñòü íà ïåðøîìó êðîö³ â³äð³çêà [ , ]0 � äëÿ

ðîçâ’ÿçêó u t( ) ð³âíÿííÿ (1) çà óìîâè t T�[ , ]0 :

E E
R R

| | ( ) | | sup | | ( ) | | sup
( ) ( )

u s u s
L s Lr r

� � � �
� �

� �
� �2 2

2

0

2

� �
� �

s t L
u s

r
E

R
| | ( ) | |

( )
�

2

2

� � � �
� � � � � � � �

sup | | ( ) | | sup (
( )� � � �

�
s L s t

u s u s
r

0

2

02

E E ||
R

�) | |
( )L r

2

2

R
. (22)

Ç óðàõóâàííÿì (22) ç ïîïåðåäíüî¿ íåð³âíîñò³ îòðèìóºìî îö³íêó

| | ( ) | | sup ( , , )
,

I s b s x y dydx
t

rrs t
1

2

0

2

2B
�
�

�

�
�

	




�
�

� �
��

RR

sup | | ( ) | |
( )� � � �

�

�
�� � �

� �

�
s L

u s
r

0

2

2

E
R

� �
	



�� �

� � � �
sup | | ( ) | |

( )0

2

2s t L
u s

r

� �

�E
R

�
�

�

�
�

	




�
�

� � � � �
��sup ( , , ) sup | | (

0

2

0s t s

b s x y dydx u
rr RR

E
�

s u s
L s t Lr r

) | | sup | | ( ) | |
( ) ( )2 2

2

0

2

R R
E�

�

�
��

	



�� �

� � ��

�
�

�

�
�

	




�
�

� � � � �
��sup ( , , ) sup | | (

0

2

0s t s

b s x y dydx
rr RR

E
�

� s u s
L s t Lr r

) | | sup | | ( ) | |
( ) ( )2 2

2

0

2

R R
E�

�

�
��

	



�� �

� � ��

�
�

�

�
�

	




�
�

� � � � �
��sup ( , , ) sup | | (

0

2

0s t s

b s x y dydx
rr RR

E
�

� s
L r

) | |
( )2

2

R
�

�

�
��

�
	



�� � � �

� �
sup | | ( ) | |

( )0

2
1

2s t L
u s C

r
E

R
.

Â àíàëîã³÷íèé ñïîñ³á îá÷èñëþºòüñÿ ñóïðåìóì ìàòåìàòè÷íîãî ñïîä³âàííÿ

êâàäðàòa ³íòåãðàëà I s2 ( ) ó ïðîñòîð³ B 2,T ç â³äïîâ³äíèìè íîðìàìè

| | ( ) | | sup | | ( ) | |
, ( )

I s I s
t

r

s t L
2

2

0
2

2

2 2
B

� �
� �

E
R

� � � �
�

� �
� � �sup ( , ) ( , , ) ( , )

0 0s t

s

x K s x y b l y z u l z dz
r r

E

R R

� � �

�

�
�

	




�
�

�

�

�
��

	




�
��

�dl d

L r

�

2

2

( )R

� � � �
� �

� � � �sup ( , ) ( , , ) ( , )
0 0s t

s

x
r r r

K s l x y b l y z u l zE

R R R

� � dz dy dl dx
�

�

�
�

	




�
�

�

�

�
��

	




�
��

�

�

�
�
�

	




�
�
�

�

2

� � � �
� �

� � � �sup ( , ) ( , , ) ( ,
0 0s t

s

xs K s x y b l y z u l z
r r r

E

R R R

� � � )dz dy dl dx
�

�

�
�

	




�
�

�

�

�
�

	




�
�

�

�

�
�
�

	




�
�
�

�

2

t s� �( ), (23)
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äå

� �( ) sup ( , ) ( , , ) (s K s x y b l y z u l
s t

s

x
r r r

� � � �
� �

� � � �
0 0

E

R R R

� �, ) .z dz dy dl dx
�

�

�
�

	




�
�

�

�

�
�

	




�
�

�

�

�
�
�

	




�
�
�

2

(24)

Çì³íþþ÷è ïîðÿäîê ³íòåãðóâàííÿ ó âèðàç³ äëÿ �( )s (äèâ. (24)), ìàòèìåìî

îö³íêó äëÿ I s2 ( ) ó ïðîñòîð³ B 2,T :

| | ( ) | | ( )
,

I s t s
t

2
2

2B
� � ��

� � � � �
� �

� � � �t K s x y b l y z u l
s t

s

x
r r r

sup ( , ) ( , , ) ( ,
0 0

E

R R R

� � � z dz dy dx dl)
�

�

�
�

	




�
�

�

�

�
��

	




�
��

�

�

�
�
�

	




�
�
�

�

2

� �

�

�
�

� �
�� �Ct D b l x y u l z dz dxdl

s t

s

x
r r

sup ( , , ) ( , )
0 0

2

2

E

R R

�

 
�

!

"
�

#
�
�

� �

�

�
�

 
�

!

"
�

#
�

�� �C t D b l x z u l z dz dxdl
r r

t

xE

R R0

2

2

( , , ) ( , )� . (25)

Â îö³íêàõ (17), (25)

$ �  x x xr
( )

1
�

T ; Dx

x x x x

x x x x

r

r r r

2

2 2

2 2

1 1 1

1

�

 

 

�

�

�
�
�
�

	




�
�
�
�

�

� � �

�

, (26)

äå | | | |� — â³äïîâ³äíà ìàòðè÷íà íîðìà.

Äàë³ âèêîðèñòîâóºìî ëåìó 1 [8, ëåìà 4]. ßêùî óìîâè ö³º¿ ëåìè äëÿ

u l x K s l x y b l y z u l z dz d
r r

( , ) ( , ) ( , , ) ( , )� � � �
�

�

�
�

	




�
�� �

R R

� y,

(27)

g l x b l y z u l z dz
r

( , ) ( , , ) ( , )� ��
R

�

âèêîíóþòüñÿ, òî îïåðàòîð S ( )� º ñòèñêàëüíèì (äèâ. (7)).

Ïåðåâ³ðèìî óìîâè ëåìè 1, òîáòî äîâåäåìî, ùî:

1) ç ³ìîâ³ðí³ñòþ îäèíèöÿ äëÿ êîæíîãî l t�[ , ]0 ìàòèìåìî

b l z u l z dz L
r

r( , , ) ( , ) ( )

R

R� � � �� 1 ; (28)

2) áóäóòü âèêîíóâàòèñÿ òàê³ âêëþ÷åííÿ:

| | ( )$ �x
rg L2 R , | | | | ( )D g Lx

r2
2� R . (29)

Ïåðåâ³ðèìî óìîâó 1). Ñïðàâåäëèâ³ñòü (28) âèïëèâàº ç óìîâ Êîø³–Øâàðöà,

óìîâ 2) îñíîâíîãî òâåðäæåííÿ òà íåð³âíîñò³ (20) ç³ ñòàëîþ K5 :

E

R Rr r

b l x z u l z dz dx� � �
�

�
�

 �

!

"
�

#�
�( , , ) ( , )�

�
�

�

�
��

	




�
��

� �� � �
R R R

E
r r r

b l x z dz dx u l z dz2 2( , , ) ( , )�
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�
�

�

�
��

	




�
��� � � �

� �sup ( , , ) sup | |
0

2

0l t l tr r

b l x z dz dx u

R R

E ( ) | |
( )

l
L r

� ��
2

2

R

�
�

�

�
��

	




�
��� � � � �

� �sup ( , , ) sup | |
0

2

0l t lr r

b l x z dzdx

R R

E
�

�( ) | |
( )

l
L r

2

2

R

�

�
�
� �

�
	



��

� �
sup | | ( ) | |

( )

/

0

2
1 2

2l t L
u l

r
E

R
.

Îòæå, ç ³ìîâ³ðí³ñòþ îäèíèöÿ óìîâà 1) âèêîíóºòüñÿ:

R Rr r

b l x z u l z dz dx C� � � � � �( , , ) ( , )� 1 .

Óìîâó (29) äîâåäåìî äëÿ | |$ xg . Äëÿ | | | |D gx
2 ì³ðêóâàòèìåìî àíàëîã³÷íî.

Ñïî÷àòêó äîâåäåìî äèôåðåíö³éîâí³ñòü g l x( , ) (äèâ. (27)) ó òî÷ö³ x x r� �0 R .

Íåõàé B x� ( )0 º îêîëîì òî÷êè x r
0 �R . Ç óìîâ (17) òà (19) âèïëèâàº

| ( , , ) ( , ) | ( , , ) | ( , ) |$ � � � �xb t x z u t z t x z u t z� � �

� � � � �( ( , , ) ( , , ) ( , , ))| ( , ) |� � � �t x z t x z t x z u t z0 0

� � � � �(| ( , , ) ( , , ) | ( , , ))| ( , ) |� � � �t x z t x z t x z u t z0 0

� � � � �( ( , , , ) | | ( , , ))| ( , ) |� � � �t z x x x t x z u t z0 0 0

� � �( ( , , , ) ( , , ))| ( , ) |�� � � �t z x t x z u t z0 0 .

Ïåðåâ³ðèìî âêëþ÷åííÿ

( ( , , , ) ( , , )) | ( , ) | ( )�� � � �t x t x u t L r� � � � � �0 0 1 R . (30)

Çàñòîñóºìî íåð³âí³ñòü Êîø³–Øâàðöà òà óìîâè (17), (18), (20)

E

R

( ( , , , ) ( , , ))| ( , ) |
r

t z x t x z u t z dz� � � ��� � � �1 0 1 0 1

� � �� �� � � � �E E

R Rr r

t z x u t z dz t x z u t( , , , ) | ( , ) | ( , , ) | (1 0 1 1 0 1 � ��, )|z dz

� �
�

�

�
��

	




�
��� �� � � �2

1 0
2

1 0

R Rr r

t z x dz t x z dz( , , , ) ( , , ) sup
0

1
2

1
2� �

� �
t t L

u t
r

E
R

| | ( ) | |
( )

�

� �
�

�

�
��

	




�
��� �� � � �2

1 0
2

1 0

R Rr r

t z x dz t x z dz( , , , ) ( , , ) sup
� � �

�

�

�
�

�
�

�
t L

t
r

1
20

1
2E

R
| | ( ) | |

( )

�
	




�
�

� �
� �
sup | | ( ) | |

( )

/

0
1

2

1 2

1
2t t L

u t
r

E
R

.

Âíàñë³äîê öüîãî ç ³ìîâ³ðí³ñòþ îäèíèöÿ îäåðæèìî

( ( , , , ) ( , , )) | ( , ) |

R r

t z x t x u t z dz� � � � ��� � � � �1 0 1 0 1 .

Çâ³äñè çã³äíî ç ëîêàëüíîþ òåîðåìîþ ïðî äèôåðåíö³éîâí³ñòü ³íòåãðàëà çà ïà-

ðàìåòðîì äëÿ ôóíêö³¿ (27) ³ñíóº ãðàä³ºíò $x g [2] òà âèêîíóºòüñÿ ð³âí³ñòü

$ � � $ �� �x xb t x z u t z dz b t x z u t z dz
r r

( , , ) ( , ) ( , , ) ( , )

R R

� � . (31)
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Çàëèøèëîñü äîâåñòè, ùî

$ � � ��x
rb t z u t z dz L

r

( , , ) ( , ) ( )

R

R� 2 . (32)

Âðàõîâóþ÷è (31), (17), íåð³âí³ñòü Êîø³–Øâàðöà, óìîâè (18) òà (14), îòðè-

ìàºìî ñï³ââ³äíîøåííÿ

E

R Rr r

x b t x z u t z dz dx� �$ � �( , , ) ( , )�

2

� $ �
�

�

�
�

	




�
�

� $� � � �E E

R R R Rr r r r

x xb t x z u t z dz dx( , , ) ( , ) |�

2
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�

�
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�� � ��E

R R RRr r rr

Z t x z u t z dz dx Z t( , , ) | ( , ) | (�

2

2 , , ) ( )x z dzdx u t dt
r

�

�
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��E
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�
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��sup ( , , ) | | ( ) | |
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2
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1t t L
Z t x z dzdx u t

rr RR
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2

( )R r
�

�
�

�
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�
�

� � � � �
��sup ( , , ) sup |

0

2
1

01 1t t t

Z t x z dzdx
rr RR

E
�

| ( ) | | sup | | ( ) | |
( ) ( )

� t u t
L

t t
Lr r1

2

0
1

2

2
1

2R R
E�

�

�

�
�

	




�
�� �
� � .

Çâ³äñè îòðèìóºìî

R Rr r

x b t x z u t z dz dx� �$ � � �( , , ) ( , )1 1

2

� .

Îñòàòî÷íî ç (25) ìàòèìåìî îö³íêó

| | ( ) | | ( , , ) ( , )
,

I s Ct D b t x z u t z dz
t

r r

t

x2
2

0

2
1 1

2B
� ��� �E

R R

�

2

1dxdt �

� �
�

�

�
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�
��� �Ct D b t x z u t z dz

r r

t

xE

R R0

2
1 1| | ( , , ) | | | ( , ) |�

2

1dxdt �

�
�

�

�
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�� ��Ct Z t x z dzdx u t

t

L
rr0

2
1 1

2
RR

R
E( , , ) | | ( ) | |

(
�

r
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)

2
1 �
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�

�
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��Ct Z t x z dzdx

t t trr

2

0

2
1

1 1

sup ( , , ) sup

RR � 0
1

2

2

E
R

| | ( ) | |
( )

� t
L r

�

�

�
�

�

�
	




�
�
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� �
sup | | ( ) | | .

( )0
1

2
2

1
2t t L

u t C
r

E
R

(33)

Îòðèìàºìî îö³íêó äëÿ I s3 ( ). Íàäàë³ ï³ä | | | |� áóäåìî ðîçóì³òè | | | |
( )

�
L r

2

2

R
.

Ç óðàõóâàííÿì íåð³âíîñò³ Êîø³–Øâàðöà, òåîðåìè Ôóá³í³ [2] òà óìîâ (7), (14)
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Îö³íþâàííÿ ³íòåãðàëà I s4 ( ), ùî ì³ñòèòü ³íòåãðàë çà Ïóàññîíîâîþ ì³ðîþ,

âèêîíóºòüñÿ àíàëîã³÷íî äî I s2 ( ), îñê³ëüêè ³íòåãðàë Ñêîðîõîäà ìàº àíàëîã³÷í³ äî

³íòåãðàëà Â³íåðà–²òî â³äïîâ³äí³ âëàñòèâîñò³. Îòæå, | | ( ) | |
,

I s C
t

4
2

4
2B
� � � .
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Îñê³ëüêè Ft -âèì³ðí³ñòü ( )( ),u t î÷åâèäíà, ìîæíà ä³éòè âèñíîâêó, ùî , çàäàíèé.
Äîâåäåìî, ùî îïåðàòîð , ìàº ºäèíó ñòèñêàëüíó ô³êñîâàíó òî÷êó. Ä³éñíî,

ç óðàõóâàííÿì ÷îòèðüîõ îòðèìàíèõ íåð³âíîñòåé äëÿ îö³íîê I si ( ), i �1 2 3 4, , , , òà

âëàñòèâîñò³ ë³í³éíîñò³ r-âèì³ðíîãî ³íòåãðàëà ìàòèìåìî äëÿ ð³çíèö³
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äëÿ { }u t, .,
 � B 2

Â³äïîâ³äíî äî (20) K5 1 4� / , òîáòî ïåðøèé äîäàíîê ó âèðàç³ äëÿ � ( )t

(äèâ. (40)) ìåíøèé îäèíèö³. Ñòîñîâíî íàñòóïíèõ òðüîõ äîäàíê³â çàóâàæèìî, ùî

çà ðàõóíîê âèáîðó t T1 0�[ , ] ¿õíÿ ñóìà ìîæå äîð³âíþâàòè 3 16/ . Îòæå,

� ( ) ( , )t1 0 1� . Öå îçíà÷àº, ùî îïåðàòîð ,, âèçíà÷åíèé ó ïðîñòîð³ Áàíàõà B 2 1, t ,

º ñòèñêàëüíèì. Îòæå, çã³äíî ç òåîðåìîþ Áàíàõà [2] ïðî ñòèñêàëüíå â³äîáðàæåí-

íÿ îïåðàòîð , ìàº ºäèíó ô³êñîâàíó òî÷êó — ì’ÿêèé ðîçâ’ÿçîê u t�B 2 1, çà-

äà÷³ (1), (2) íà â³äð³çêó [ , ]0 1t . Öþ ïðîöåäóðó ïîâòîðèìî ñê³í÷åííó ê³ëüê³ñòü

ðàç³â íà äîäàòíèõ ìàëèõ ³íòåðâàëàõ [ , ]t t1 2 , [ , ], , [ , ]t t t tn n2 3 2 1- � � , [ , ]t Tn�1 , ÿê³
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ïðè ï³äñóìîâóâàíí³ äàþòü â³äð³çîê [ , ]0 T , äå ðîçâ’ÿçóºòüñÿ çàäà÷à (1), (2). Ó ðå-

çóëüòàò³ ðîçâ’ÿçîê îòðèìóºòüñÿ ÿê îá’ºäíàííÿ ðîçâ’ÿçê³â íà öèõ ìàëèõ ³íòåðâà-

ëàõ. Îòæå, îñíîâíå òâåðäæåííÿ äîâåäåíî.
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âîíà äîâîäèòü ³ñíóâàííÿ «ì’ÿêîãî ðîçâ’ÿçêó» ÍÑÄÐÐÍÒ. Â îêðåìèõ âèïàäêàõ

ïîä³áí³ ð³âíÿííÿ º ìàòåìàòè÷íèìè ìîäåëÿìè ðåàëüíèõ ïðîöåñ³â, äîñë³äæåííÿ

ÿêèõ ïëàíóºòüñÿ ó ïîäàëüøîìó.

ÑÏÈÑÎÊ Ë²ÒÅÐÀÒÓÐÈ

1. Ãèõìàí È.È., Ñêîðîõîä À.Â. Ñòîõàñòè÷åñêèå äèôôåðåíöèàëüíûå óðàâíåíèÿ è èõ ïðèìå-

íåíèå. Êèåâ: Íàóê. äóìêà, 1980. 612 ñ.

2. Ãèõìàí È.È. Ñòîõàñòè÷åñêèå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè.

Êà÷åñòâåííûå ìåòîäû èññëåäîâàíèÿ íåëèíåéíûõ óðàâíåíèé è íåëèíåéíûõ êîëåáàíèé:

Ñá. íàó÷. òð. Êèåâ: Èí-ò ìàòåìàòèêè ÀÍ ÓÑÑÐ, 1981. Ñ. 25–59.

3. Ïåðóí Ã.Ì., ßñèíñêèé Â.Ê. Î ñòàáèëèçàöèè ðåøåíèé çàäà÷è Äèðèõëå ñ ðàçðûâíûìè òðàåê-

òîðèÿìè è îïåðàòîðîì Áåññåëÿ. Êèáåðíåòèêà è âû÷èñë. òåõíèêà. 1991. Âûï. 83. C. 19–25.

4. Ïåðóí Ã.Ì., ßñèíñêèé Â.Ê. Èññëåäîâàíèå çàäà÷è Êîøè äëÿ ñòîõàñòè÷åñêèõ óðàâíåíèé

â ÷àñòíûõ ïðîèçâîäíûõ. Óêð. ìàò. æóðí. 1993. Ò. 45, ¹ 9. C. 1773–1781.

5. Ñâåðäàí Ì.Ë., ßñèíñêàÿ Ë.È., ßñèíñêèé Â.Ê. Ñòàáèëèçàöèÿ ðåøåíèé ñòîõàñòè÷åñêèõ

ëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïðè íàëè÷èè ïóàññîíîâñêèõ âîçìóùåíèé.

Êèáåðíåòèêà è âû÷èñë. òåõíèêà. 1988. Âûï. 81. Ñ. 7–12.

6. Tessitore G., Zabczyk J. Invariant measures for stochastic heat equations. Probability and

Mathematical Statistics. 1998. Vol. 18. P. 271–287.

7. Zabczyk J., Da Prato G. Ergodicity for infinite dimensional systems. Dynamic systems and

applications. Cambridge University Press, 1996. 449 p.

8. Ñòàíæèöêèé À.Í., Öóêàíîâà À.Î. Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è

Êîøè äëÿ ñòîõàñòè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ðåàêöèè-äèôôóçèè íåéòðàëü-

íîãî òèïà. Íåëiíiéíi êîëèâàííÿ. 2016. Ò. 3, ¹ 3. Ñ. 408–430.

9. Tsukanova A.O. On existence and uniqueness of mild solution to the Cauchy problem for one

neutral stochastic differential equation of reaction-diffusion type in hilbert space. Áóêîâèí-

ñüêèé ìàòåìàòè÷íèé æóðíàë. 2016. Ò. 4, ¹ 3–4. C. 179–189.

10. ßñèíñüêèé Â.Ê., Þð÷åíêî ².Â. Ïðî ³ñíóâàííÿ ðîçâ’ÿçêó çàäà÷³ Êîø³ äëÿ íåë³í³éíîãî äè-

ôóç³éíîãî ñòîõàñòè÷íîãî äèôåðåíö³àëüíî-ð³çíèöåâîãî ð³âíÿííÿ íåéòðàëüíîãî òèïó

â ÷àñòèííèõ ïîõ³äíèõ ç óðàõóâàííÿì âèïàäêîâèõ çîâí³øí³õ çáóðåíü. Ñèñòåìí³ äîñë³ä-

æåííÿ òà ³íôîðìàö³éí³ òåõíîëîã³¿. 2017. ¹ 2. Ñ. 103–114.

11. Àíäðååâà Å.À., Êîëìàíîâñêèé Â.Á., Øàéõåò Ë.Å. Óïðàâëåíèå ñèñòåìàìè ñ ïîñëåäåéñòâèåì.

Ìîñêâà: Íàóêà, 1992. 333 ñ.

12. Áèëëèíãñëè Ï. Ñõîäèìîñòü âåðîÿòíîñòíûõ ìåð. Ìîñêâà: Íàóêà, 1977. 352 ñ.

13. Êîëìîãîðîâ À.Í., Ôîìèí Ñ.Â. Ýëåìåíòû òåîðèè ôóíêöèé è ôóíêöèîíàëüíîãî àíàëèçà.

Ìîñêâà: Íàóêà, 1976. 541 ñ.

V.K. Yasynskyy, I.V. Yurchenko
ON EXISTENCE OF SOLUTION OF THE CAUCHY PROBLEM FOR NONLINEAR
STOCHASTIC PARTIAL DIFFERENTIAL-DIFFERENCE EQUATIONS OF NEUTRAL TYPE

Abstract. The authors consider the existence of the solution of the Cauchy problem in the class
of nonlinear stochastic partial differential-difference equations of neutral type, with regard for
random external perturbations independent of the Wiener process. Sufficient conditions are
obtained for the coefficients of the nonlinear stochastic differential-difference equations of neutral
type that guarantee the existence of the solution with probability one.

Keywords: stochastic partial differential equations of neutral type, existence of the solution
with probability one, Cauchy problem.
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