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ÐÎÇÐ²ÄÆÅÍÅ ÇÁÀËÀÍÑÎÂÀÍÅ ÊÎÌÏÎÍÓÂÀÍÍß ÅË²ÏÑÎ¯Ä²Â1

Àíîòàö³ÿ. Ðîçãëÿíóòî çàäà÷ó ãåíåðóâàííÿ ñôåðî¿äíèõ ïîðîæíèí ó òðèâèì³ðí³é îáëàñò³,
ùî ìàº ñêëàäíó ãåîìåòð³þ ç óðàõóâàííÿì îáìåæåíü íà «ðîçð³äæåí³ñòü» ðîçì³ùåííÿ ïî-
ðîæíèí òà óìîâè ð³âíîâàãè. Çàäà÷ó çâåäåíî äî îïòèì³çàö³éíî¿ çàäà÷³ êîìïîíóâàííÿ
åë³ïñî¿ä³â îáåðòàííÿ â îïóêëîìó êîíòåéíåð³ (öèë³íäð³ àáî êóáî¿ä³) ç óðàõóâàííÿì çîí çà-
áîðîíè, îáìåæåíü íà äîïóñòèì³ â³äñòàí³ ì³æ åë³ïñî¿äàìè òà óìîâ áàëàíñó ç ìåòîþ ìàê-
ñèì³çàö³¿ ì³í³ìàëüíî¿ â³äñòàí³ ì³æ êîæíîþ ïàðîþ åë³ïñî¿ä³â òà åë³ïñî¿äîì ³ ìåæåþ êîí-
òåéíåðà. Âèçíà÷åíî ïñåâäîíîðìàë³çîâàí³ êâàç³-phi-ôóíêö³¿ äëÿ àíàë³òè÷íîãî îïèñó îáìå-
æåíü ðîçì³ùåííÿ. Ïîáóäîâàíî ìàòåìàòè÷íó ìîäåëü ó âèãëÿä³ çàäà÷³ íåë³í³éíîãî
ïðîãðàìóâàííÿ. Çàïðîïîíîâàíî ìåòîä ðîçâ’ÿçàííÿ ³ç ñòðàòåã³ºþ ìóëüòèñòàðòó, àëãîðèòìè
ïîøóêó äîïóñòèìèõ òà ëîêàëüíî-îïòèìàëüíèõ ðîçâ’ÿçê³â. Íàâåäåíî ðåçóëüòàòè îá÷èñëþ-
âàëüíèõ åêñïåðèìåíò³â.

Êëþ÷îâ³ ñëîâà: ðîçð³äæåíå êîìïîíóâàííÿ, åë³ïñî¿ä îáåðòàííÿ (ñôåðî¿ä), êâàç³-phi-
ôóíêö³ÿ, íåë³í³éíå ïðîãðàìóâàííÿ, r-àëãîðèòì Øîðà.

ÂÑÒÓÏ

Çàäà÷à ïàêóâàííÿ (êîìïîíóâàííÿ) åë³ïñî¿ä³â º ïðåäìåòîì ³íòåíñèâíèõ òåîðå-

òè÷íèõ ³ ïðàêòè÷íèõ äîñë³äæåíü. Íåçâàæàþ÷è íà òå, ùî ó áàãàòüîõ ðîáîòàõ

ðîçãëÿäàëàñü çàäà÷à ïàêóâàííÿ êóëü (äèâ., íàïðèêëàä, [1–3]), çàäà÷³ ïàêóâàííÿ

åë³ïñî¿ä³â ïðèä³ëÿëîñü á³ëüøå óâàãè ò³ëüêè â îñòàíí³ ê³ëüêà ðîê³â. Öÿ çàäà÷à

âèíèêàº ó áàãàòüîõ ïðàêòè÷íèõ çàñòîñóâàííÿõ, òàêèõ ÿê ðîçðîáëåííÿ âèñî-

êîì³öíèõ êåðàì³÷íèõ ìàòåð³àë³â, âèðîùóâàííÿ êðèñòàë³â, ìîäåëþâàííÿ ñòðóê-

òóðè ð³äèí, êðèñòàë³â ³ ñêëà, ìîäåëþâàííÿ ðóõó ³ ïðåñóâàííÿ ñèïó÷èõ ðå÷î-

âèí, ó òåðìîäèíàì³ö³ â ïðîöåñ³ ìîäåëþâàííÿ ïåðåõîäó ð³äèí ó êðèñòàë³÷íó
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ôîðìó, ó íàíîòåõíîëîã³ÿõ, õ³ì³÷í³é ïðîìèñëîâîñò³, ñó÷àñí³é á³îëîã³¿ ï³ä ÷àñ

ìîäåëþâàííÿ ðîçì³ùåííÿ õðîìîñîì â ÿäðàõ êë³òèí ëþäèíè, â ÿäåðí³é ìåäè-

öèí³ äëÿ âèðîáíèöòâà ë³ê³â, â àäèòèâíèõ òåõíîëîã³ÿõ äëÿ îïòèì³çàö³¿ ãåîìåòð³¿

ïðîìèñëîâèõ âèðîá³â, à òàêîæ ó ðîáîòîòåõí³ö³ â ïðîöåñ³ ìîäåëþâàííÿ ðóõó

³ âçàºìîä³¿ ÷àñòèí ðîáîò³â òà ó áàãàòüîõ ³íøèõ ãàëóçÿõ íàóêè ³ òåõí³êè. Ó [4]

îá´ðóíòîâàíî ìåòîä êîìï’þòåðíîãî ìîäåëþâàííÿ, óçàãàëüíþâàëüíèé àëãîðèòì

«force-biased», çà äîïîìîãîþ ÿêîãî ñòàòèñòè÷íî äîñë³äæóºòüñÿ ãåîìåòðè÷íà

ñòðóêòóðà äîâ³ëüíîãî ïàêóâàííÿ ñôåðî¿ä³â. Ó [5] ðîçãëÿíóòî çàäà÷ó ìîäåëþ-

âàííÿ êîë³ç³¿ ðóõó (ç³òêíåííÿ) åë³ïñî¿ä³â. Ìîäåëþâàííÿ â³äíîøåííÿ íåïåðåòè-

íó ïàðè åë³ïñî¿ä³â îïèñàíî â [6], äå ðîçãëÿäàþòü àïðîêñèìàö³þ åë³ïñî¿äà ïå-

ðåòèíîì äâîõ êóëü äëÿ çàáåçïå÷åííÿ íåïåðåòèíó ïàðè àïðîêñèìîâàíèõ

îá’ºêò³â. Ó [7] íàâåäåíî çàäà÷ó ïîñë³äîâíîãî ïàêóâàííÿ åë³ïñî¿ä³â ç âèêîðèñ-

òàííÿì âàð³àö³éíèõ ìåòîä³â.

Àíàë³ç çàçíà÷åíèõ ïóáë³êàö³é ïîêàçàâ, ùî ëèøå â äåê³ëüêîõ ðîáîòàõ çàäà÷³ ïàêó-

âàííÿ åë³ïñî¿ä³â ó ïðÿìîêóòíèé êîíòåéíåð ôîðìóëþþòü ÿê çàäà÷³ íåë³í³éíîãî ïðîãðà-

ìóâàííÿ (NLP) ³ âèêîðèñòîâóþòü îïòèì³çàö³éí³ àëãîðèòìè äëÿ ¿õíüîãî ðîçâ’ÿçàííÿ.

Çàäà÷ó ðîçì³ùåííÿ çàäàíîãî íàáîðó åë³ïñ³â ó ïðÿìîêóòíîìó êîíòåéíåð³

ì³í³ìàëüíî¿ ïëîù³ ðîçãëÿíóòî â [8]. Çàïðîïîíîâàíà ìîäåëü íåë³í³éíîãî ïðîãðà-

ìóâàííÿ âèêîðèñòîâóº êâàç³-phi-ôóíêö³¿, ÿê³ º ðîçøèðåííÿì êëàñó phi-ôóíêö³é,

ùî øèðîêî çàñòîñîâóºòüñÿ äëÿ ìîäåëþâàííÿ áàãàòüîõ çàäà÷ êîìïîíóâàííÿ (äèâ.,

íàïðèêëàä, [10–13] ³ ïîñèëàííÿ â íèõ). Ó [14] çàïðîïîíîâàíî îðèã³íàëüíèé ï³äõ³ä

äî ðîçâ’ÿçàííÿ çàäà÷³ ïàêóâàííÿ åë³ïñî¿ä³â ó êîíòåéíåð-ïàðàëåëåï³ïåä ì³í³ìàëü-

íîãî îá’ºìó. Ó [15] íàâåäåíî ìîäåë³ íåë³í³éíîãî ïðîãðàìóâàííÿ òà àëãîðèòìè ïà-

êóâàííÿ åë³ïñî¿ä³â ó n-âèì³ðíîìó ïðîñòîð³.

Ó öüîìó äîñë³äæåíí³ ðîçãëÿäàºòüñÿ ñïåö³àëüíà çàäà÷à êîìïîíóâàííÿ

åë³ïñî¿ä³â, ùî ìàº çàñòîñóâàííÿ â àäèòèâíîìó âèðîáíèöòâ³ [16] äëÿ ñòâîðåííÿ

åë³ïòè÷íèõ ïîðîæíèí ó äåòàëÿõ ç ìåòîþ çìåíøåííÿ ìàñè. Öå äàº çìîãó ñêîðîòè-

òè îáñÿã äðóêîâàíîãî ìàòåð³àëó òà ÷àñ 3D-äðóêó [17].

Ó ö³é ðîáîò³ ðîçãëÿíóòî çàäà÷ó êîìïîíóâàííÿ åë³ïñî¿ä³â îáåðòàííÿ çàäàíèõ

ðîçì³ð³â ³ç çì³ííèìè ïàðàìåòðàìè ðîçì³ùåííÿ â îïóêë³é îáëàñò³ ç çîíàìè çàáîðîíè,

ùî ìàþòü ôîðìó öèë³íäðà, ñôåðè òà áàãàòîãðàííèêà, çà óìîâè áàëàíñó (ì³í³ìàëüíî-

ãî â³äõèëåííÿ öåíòðà âàãè ñèñòåìè â³ä çàäàíî¿ òî÷êè) äëÿ ìàêñèì³çàö³¿ ì³í³ìàëüíî¿

â³äñòàí³ ì³æ êîæíîþ ïàðîþ åë³ïñî¿ä³â òà åë³ïñî¿äîì ³ ìåæåþ êîíòåéíåðà.

Íîâèçíà ï³äõîäó ïîëÿãàº ó ñòâîðåíí³ çàñîá³â ìàòåìàòè÷íîãî ìîäåëþâàííÿ

òà ìåòîä³â ðîçâ’ÿçàííÿ çàäà÷³ «ðîçð³äæåíîãî» êîìïîíóâàííÿ åë³ïñî¿ä³â îáåðòàí-

íÿ, ÿê³ ´ðóíòóþòüñÿ íà ³äå¿ ç [18] äëÿ ãåíåðóâàííÿ ñôåðè÷íèõ ïîðîæíèí, ìåòîä³

phi-ôóíêö³é [8, 13, 19] òà r-àëãîðèòì³ Øîðà [20, 21] .

ÌÀÒÅÌÀÒÈ×ÍÀ ÌÎÄÅËÜ

Äëÿ àíàë³òè÷íîãî îïèñó ãåîìåòðè÷íèõ îáìåæåíü âèêîðèñòàíî êîíöåïö³þ ïñåâ-

äîíîðìàë³çîâàíî¿ êâàç³-phi-ôóíêö³¿ (adjusted quasi-phi-function) [8].

Íåõàé � — îïóêëà îáëàñòü (ó ïîäàëüøîìó êîíòåéíåð), ùî ìàº ôîðìó êóáî¿äà

äîâæèíè l, øèðèíè w ³ âèñîòè h, àáî êðóãîâîãî öèë³íäðà ðàä³óñà r ³ âèñîòè h, à � l ,

l Jn� , — çîíè çàáîðîíè, ùî ìîæóòü ìàòè ôîðìó ñôåðè, êóáî¿äà àáî êðóãîâîãî

öèë³íäðà (ó ïîäàëüøîìó çîíè çàáîðîíè). Âèçíà÷èìî îáëàñòü ðîçì³ùåííÿ ÿê

H � � �\ , äå � ��
�l

n
l1� , l J nn� � { }1, ,� , int ( \ )� � � �. Îá’ºêòè � ³ � l , l Jn� ,

ìàþòü ô³êñîâàí³ ïàðàìåòðè ðîçì³ùåííÿ u0 , u x y zl l l l l� ( , , , )� , l Jn� , ó íåðóõîì³é

ñèñòåì³ êîîðäèíàò, äå (x y zl l l, , ) º â³äîìèì âåêòîðîì òðàíñëÿö³¿ òà �l º âåêòîðîì

â³äîìèõ ïàðàìåòð³â îáåðòàííÿ (òðè êóòè Åéëåðà) çîíè çàáîðîíè � l .
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Çàäàíî ìíîæèíó åë³ïñî¿ä³â îáåðòàííÿ (ñôåðî¿ä³â) E Rq 	 3 , q I N� � {1,�

� , N }. Êîæåí åë³ïñî¿ä Eq çàäàíèé ðîçì³ðàìè ï³âîñåé ai , bi ³ c bi i� . Åë³ïñî¿äè Eq ,
q I N� , ìîæóòü íåïåðåðâíî òðàíñëþâàòèñÿ òà îáåðòàòèñÿ. Ïîçíà÷èìî

� q q q qx y z� ( , , ) âåêòîð òðàíñëÿö³¿, à �q q q� ( , )� �1 2 — âåêòîð ïàðàìåòð³â îáåðòàííÿ

åë³ïñî¿äà Eq , äå � i
1, � i

2 — êóòè Åéëåðà, q I N� . Öåíòð êîæíîãî åë³ïñî¿äà çá³ãàºòüñÿ

ç ïî÷àòêîì éîãî ëîêàëüíî¿ ñèñòåìè êîîðäèíàò. Âåêòîð u âèçíà÷àº ðîçì³ùåííÿ

åë³ïñî¿ä³â Eq , q I N� , â Åâêë³äîâîìó ïðîñòîð³ R 3 , äå u u uN� ( , , )1 � .

Ïîëîæåííÿ åë³ïñî¿äà Eq , ùî ðóõàºòüñÿ ó ïðîñòîð³ R 3 , îïèñóºòüñÿ òàê:

E u p R p M p p Eq q q q q q q q( ) : ( )� � � 
 � � �{ }3 0 0 0� � , äå M q( )� — ìàòðèöÿ ïîâî-

ðîòó ìàº âèãëÿä

M q

q q q q q

q( )

cos cos sin cos sin

sin cos� �

�  

�

� � � � �

� �

1 2 1 1 2

1
q q q q

q q

2 1 1 2

2 20

cos sin sin

sin cos

� � �

� �

 �



�

�

�
�
�
�

�

�

�
�
�
�

.

Êîæåí åë³ïñî¿ä Eq ìàº âàãó mq , q I N� , òîä³ ÿê êîæíà çîíà çàáîðîíè � l ìàº

âàãó ml
0

, l Jn� . Âàãà îáëàñò³ � ñòàíîâèòü m0 .

Ââàæàºòüñÿ, ùî öåíòð òÿæ³ííÿ åë³ïñî¿äà Eq ðîçì³ùåíèé ó òî÷ö³ � q (ïî÷àòîê

ëîêàëüíî¿ ñèñòåìè êîîðäèíàò), à öåíòð òÿæ³ííÿ îáëàñò³ ðîçì³ùåííÿ — ó çàäàí³é

òî÷ö³. Öåíòð òÿæ³ííÿ � c c c cx y z� ( , , ) ñèñòåìè åë³ïòè÷íèõ ïîðîæíèí, ðîçì³ùåíèõ

óñåðåäèí³ îáëàñò³, îá÷èñëþþòü ó òàêèé ñïîñ³á:

x
m

M
x

m

M
x

m

M
xc

q
q

q

N l

l

n

l( )� �  
� �
� �0

0

1

0

1

, y
m

M
y

m

M
y

m

M
yc

q
q

q

N l

l

n

l( )� �  
� �
� �0

0

1

0

1

,

(1)
z

m

M
z

m

M
z

m

M
zc

q
q

q

N l

l

n

l( )� �  
� �
� �0

0

1

0

1

,

äå M m m mq

q

N
l

l

n

�  
� �
� �0

1
0

1

.

Äîïóñòèìå â³äõèëåííÿ öåíòðó òÿæ³ííÿ � c c c cx y z� ( , , ) â³ä çàäàíî¿ òî÷êè

âèçíà÷àþòü ñèñòåìîþ íåð³âíîñòåé

 � �� �0 0xc ,  � �� �0 0yc ,  � �� �0 0zc , (2)

äå �0 0� .

Óâåäåìî íîâèé çì³ííèé ïàðàìåòð �, ÿêèé âèçíà÷àòèìåìî òàê:

� � � �� � � � �min , ( , ) , , , , , }{ qg q N ql N nq g q I q I l J� ,

äå � qg q q g g
t E u t E u

qE u E u t
q q q g g g

� �
� �

dist ( ( ), ( )) min | |
( ), ( )

 tg | | — Åâêë³äîâà â³äñòàíü

ì³æ ïàðîþ åë³ïñî¿ä³â: E uq q( ) òà E ug g( ) , ( , )q g �� , � � �{( , ) | ,q g q I N

g I q gN� �, }; � ql q q l l
t E u t u

qE u u t
q q q l l l

� �
� �

dist ( ( ), ( )) min | |
( ), ( )

�
�

 tl | | — Åâê-

ë³äîâà â³äñòàíü ì³æ åë³ïñî¿äîì E uq q( ) òà çîíîþ çàáîðîíè � l lu( )), q I N� ,

l Jn� ; � q q q
t E u t

qE u t t
q q q

� � �

� � �
dist ( ( ), ) min | | | |

( ),
�

�
— Åâêë³äîâà â³äñòàíü ì³æ

åë³ïñî¿äîì E uq q( ) òà îá’ºêòîì � �� � R 3 \ int , q I N� .
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Çàäà÷ó ðîçð³äæåíîãî çáàëàíñîâàíîãî êîìïîíóâàííÿ åë³ïñî¿ä³â E uq q( ),

q I N� , ó ìåæàõ îáëàñò³ H ìîæíà ñôîðìóëþâàòè ÿê çàäà÷ó ãåíåðóâàííÿ ñòðóêòó-

ðè åë³ïòè÷íèõ ïîðîæíèí, ÿêùî âîíà ìàêñèì³çóº � çà óìîâ

dist ( ( ), ( ))E u E uq q g g � �, ( , )q g �� , (3)

dist ( ( ), ) , ,E u q Iq q N�� � �� (4)

dist ( ( ), ( )) , ,E u u q I l Jq q l l N n� � � �� . (5)

Äëÿ àíàë³òè÷íîãî îïèñó óìîâ (3)–(5) áóäåìî çàñòîñîâóâàòè ïñåâäîíîð-

ìàë³çîâàí³ êâàç³-phi-ôóíêö³¿ ç³ çì³ííèì ïàðàìåòðîì � � 0.

Íåõàé çàäàíî åë³ïñî¿äè îáåðòàííÿ E uq q( ) ³ E ug g( ). Âèçíà÷èìî ïñåâäîíîð-

ìàë³çîâàí³ êâàç³-phi-ôóíêö³¿ äëÿ àíàë³òè÷íîãî îïèñó îáìåæåííÿ (3).

Ôóíêö³ÿ âèãëÿäó

� � �   � ��
�qg q g qg qg q g g g qgu u n Q M n( , , , ) ( ) | | ( )� � � � �T T T1 | | 

 � � | | ( ) | |Q M nq q qg
1 � �T (6)

º ïñåâäîíîðìàë³çîâàíîþ êâàç³-phi-ôóíêö³ºþ åë³ïñî¿ä³â E uq q( ) ³ E ug g( ), äå

M

a

b

c

q

q

q

q

�

�

�

�
�
�

�

�

�
�
�

0 0

0 0

0 0

, M

a

b

c

g

g

g

g

�

�

�

�
�
�

�

�

�
�
�

0 0

0 0

0 0

,

� q q q qx y z� ( , , ), � g g g gx y z� ( , , ), � � �qg qg qg� ( , )1 2 .

Çíà÷åííÿ nqg òà �qg
1 , �qg

2 îá÷èñëþþòü ó òàêèé ñïîñ³á. Ç êîæíîþ ïàðîþ åë³ïñî¿ä³â

àñîö³þºòüñÿ ïëîùèíà Lqg qg qg qg qgx y z x y z� � 
 � 
 � 
 �{ }( , , ) : � � 	 
 0 . Âåêòîð íîð-

ìàë³ äî ïëîùèíè Lqg âèçíà÷àºòüñÿ ÿê n Qqg qg qg qg qg� �( , , ) ( )( , , )� � 	 � 1 0 0 T , äå

Q Q Qqg qg qg( ) ( ) ( )� � �� �2
2

1
1 , � � �qg qg qg� �cos cos1 2 , � � �qg qg qg� �cos sin1 2 , 	 qg �

� sin �qg
1 , à � �qg qg

1 2, — êóòè îáåðòàííÿ ïëîùèíè Lqg íàâêîëî îñåé OY òà OZ.

Òàêèì ÷èíîì, Lqg qg qg qg qg qgp x y z n p( , , ) ( , , ) :� � 
 
1 2 0� � � 
 �{ }T .

Âèçíà÷èìî ïñåâäîíîðìàë³çîâàí³ êâàç³-phi-ôóíêö³¿ äëÿ àíàë³òè÷íîãî îïèñó

îáìåæåííÿ (4).

Íåõàé E u( ) — åë³ïñî¿ä îáåðòàííÿ ç³ çì³ííèìè ïàðàìåòðàìè

u x y z� ( , , , , )� �1 2 , à � � B — ïðÿìîêóòíèé ïàðàëåëåï³ïåä çàäàíî¿ äîâæèíè l,

øèðèíè w ³ âèñîòè h. Òîä³ E1 áóäå åë³ïñîì, ÿêèé º ïðîºêö³ºþ åë³ïñî¿äà E u( ) íà

ïëîùèíó �1, E2 — åë³ïñîì, ÿêèé º ïðîºêö³ºþ åë³ïñî¿äà E u( ) íà îñíîâó � 2 êîí-

òåéíåðà B. Òîä³ ôóíêö³ÿ

� �E u u u
*

( , ) min ( ), ( )� � � �� { }1 2
(7)

º ïñåâäîíîðìàë³çîâàíîþ êâàç³-ðhi-ôóíêö³ºþ äëÿ åë³ïñî¿äà E ³ îá’ºêòà

�� � �
3 \ int B , äå

�1 1 1( ) min ,u z a h z a�   { }, �2
1 4

( ) min ( )
, ,

u f u
k

k�
� �

,

f u x a1 ( ) �  � , f u y b2 ( ) �  � , f u l x a3 ( ) �   � , f u w y b4 ( ) �   � ,

a b a b� � 
 
2
2

2
2

2
2 2

1( )cos � , b b a b� � 
 
2
2

2
2

2
2 2

1( )sin � ,
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�2 ( )u — ðhi-ôóíêö³ÿ äëÿ åë³ïñà, ÿêèé º ïðîºêö³ºþ åë³ïñî¿äà E íà îñíîâó � 2

êóáî¿äà B ³ îá’ºêòà � �2
2

2
� � � \ int (� 2 — ïðÿìîêóòíèê (ðèñ. 1, à)).

Íåõàé E u( ) — åë³ïñî¿ä îáåðòàííÿ ç³ çì³ííèìè ïàðàìåòðàìè u x y z� ( , , , , )� �1 2 ,

à � � C — öèë³íäð çàäàíî¿ âèñîòè h ³ ðàä³óñà r, òîä³ ôóíêö³ÿ

� �E u u u
�

� ( , ) min ( ), ( )� � � �{ }1 2 (8)

º ïñåâäîíîðìàë³çîâàíîþ êâàç³-ðhi-ôóíêö³ºþ äëÿ åë³ïñî¿äà E ³ îá’ºêòà � * , ÿêùî

�1 1 1( ) min ,u z a h z a�   { }, � 2 ( )u � � �E
u2 2

�

( ) — ðhi-ôóíêö³¿ äëÿ åë³ïñà E u2 ( )

³ îá’ºêòà � �2
2

2
� � � \ int , � 2 — êîëî ðàä³óñà r ç öåíòðîì ó òî÷ö³ (0, 0) (ðèñ. 1, á).

Ïñåâäîíîðìàë³çîâàí³ êâàç³-phi-ôóíêö³¿ äëÿ àíàë³òè÷íîãî îïèñó îáìåæåí-

íÿ (5) íàâåäåíî â [22, 23].

Ìàòåìàòè÷íó ìîäåëü çàäà÷³ ðîçð³äæåíîãî êîìïîíóâàííÿ åë³ïñî¿ä³â ñôîðìó-

ëþºìî ÿê çàäà÷ó íåïåðåðâíî¿ îïòèì³çàö³¿

max � s.t. ( , , )u W� � � , (9)

W u u u q gqg q g qg� � � �{( , , ) : ( , , , ) , ( , )� � � �
�
� �0 ,

�
� � � ��ql q l ql N nu u q I l J( , , , ) , ,� � 0 ,

�
� � � � ��q q q Nu q I( , , ) , , ( ) ,� � � �0 0 0� }, (10)

äå u u uN� ( , , )1 � , � � � �� � � � �( , ( , ) , , , , , )qg ql N n q Nq g q I l J q I� — âåêòîð
äîïîì³æíèõ çì³ííèõ äëÿ ïñåâäîíîðìàë³çîâàíèõ êâàç³-phi-ôóíêö³é�

��qg q g qgu u( , , , )� � , ( , )q g ��,
�

��ql q l qlu u( , , , )� � , q I N� , l J n� , òà
�

��q q qu( , , )� � ,

q I N� , âèãëÿäó (6)–(8); íåð³âí³ñòü
�

� ��qg q g qgu u( , , , )� � 0 îïèñóº óìîâè ðîç-

ì³ùåííÿ åë³ïñî¿ä³â E uq q( ) ³ E ug g( ) íà äîïóñòèì³é â³äñòàí³, q g I N� � ;

íåð³âí³ñòü
�

� ��ql q l qlu u( , , , )� � 0 — óìîâè ðîçì³ùåííÿ îá’ºêò³â E uq q( ) òà

� l lu( ) íà äîïóñòèì³é â³äñòàí³, q I N� , l Jn� ; íåð³âí³ñòü
�

� ��q qu( , )� 0 — óìîâè

âêëþ÷åííÿ îá’ºêòà E uq q( ) ó êîíòåéíåð �, i I n� , ç óðàõóâàííÿì äîïóñòèìî¿

â³äñòàí³; íåð³âí³ñòü �( ) min , , ,� � � � �� 
  
 
  
 �{ }x x y yc c c c
0 0 0 0 0 — óìîâè

áàëàíñó (1), (2).
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Ðèñ. 1. ²ëþñòðàö³ÿ äî ïîáóäîâè ïñåâäîíîðìàë³çîâàíî¿ êâàç³-ðhi-ôóíêö³¿ äëÿ åë³ïñî¿äà E òà îá’ºêòà �� :
� — êóáî¿ä (à); � — öèë³íäð (á)

�1

�2

E1

E2

E E

E2

E1

�1

�2

2 1a h

à á



Îáëàñòü äîïóñòèìèõ ðîçâ’ÿçê³â W âèçíà÷àºòüñÿ ñèñòåìîþ íåð³âíîñòåé ³ç íå-

ãëàäêèìè ôóíêö³ÿìè, ÿê³ ìîæíà çâåñòè äî ñèñòåìè íåð³âíîñòåé ³ç äèôåðåíö³éîâàíè-

ìè ôóíêö³ÿìè, ùî ôîðìóþòü îêðåìó ïñåâäîíîðìàë³çîâàíó êâàç³-phi-ôóíêö³þ ³ç (10).

Ìîäåëü (9), (10) º áàãàòîåêñòðåìàëüíîþ çàäà÷åþ íåë³í³éíîãî ïðîãðàìóâàí-

íÿ, ÿêà â³äïîâ³äàº ðîçãëÿíóò³é ðàí³øå çàäà÷³ ðîçð³äæåíîãî çáàëàíñîâàíîãî êîì-

ïîíóâàííÿ åë³ïñî¿ä³â.

Ó çàäà÷³ ô³ãóðóþòü  �� 
 
 
1 6n Nn| | îñíîâíèõ çì³ííèõ, äå n — ê³ëüê³ñòü

çîí çàáîðîíè � l lu( ), l I n� , | |� — ê³ëüê³ñòü äîïîì³æíèõ çì³ííèõ ó ïñåâäîíîð-

ìàë³çîâàíèõ êâàç³-phi-ôóíêö³ÿõ. Çàäà÷à (9), (10) ì³ñòèòü O N( )2 íåë³í³éíèõ

íåð³âíîñòåé òà O Nn( ) çì³ííèõ, ÿê³ º äîïîì³æíèìè çì³ííèìè ó ïñåâäîíîðìàë³çî-

âàíèõ êâàç³-phi-ôóíêö³ÿõ â (10).

Äëÿ ñòðàòåã³¿ ðîçâ’ÿçàííÿ çàäà÷³ (9), (10) çàïëàíîâàíî òðè îñíîâí³ åòàïè.

Åòàï 1. Ñòâîðåííÿ ìíîæèíè äîïóñòèìèõ ñòàðòîâèõ òî÷îê äëÿ çàäà÷³ (9), (10).

Åòàï 2. Ïîáóäîâà ìíîæèíè ëîêàëüíèõ ìàêñèìóì³â äëÿ çàäà÷³ (9), (10), ïî÷è-

íàþ÷è ç êîæíî¿ äîïóñòèìî¿ òî÷êè, îòðèìàíî¿ íà åòàï³ 1.

Åòàï 3. Âèá³ð íàéêðàùîãî ëîêàëüíîãî ìàêñèìóìó ³ç ìíîæèíè ëîêàëüíèõ

ìàêñèìóì³â, çíàéäåíèõ íà åòàï³ 2.

ÏÎØÓÊ ÄÎÏÓÑÒÈÌÈÕ ÒÀ ËÎÊÀËÜÍÎ-ÎÏÒÈÌÀËÜÍÈÕ ÐÎÇÂ’ßÇÊ²Â

Ìåòîä ïîøóêó äîïóñòèìèõ ñòàðòîâèõ òî÷îê äëÿ çàäà÷³ (9), (10) âêëþ÷àº òàê³

êðîêè.

Êðîê 1. Ãåíåðóâàííÿ â îáëàñò³ � N âèïàäêîâèõ òî÷îê � �
1
0 0( ) ( ), ,�

N
òàêèõ, ùî

� �
1
0 0( ) ( ), ,�

N
��. Ôîðìóâàííÿ òî÷êè ( , ) (( , , ), ( , , ))( ) ( ) ( )� � � � � �0

1
0 0

1� � �
N n , äå

� l , l Jn� , — ô³êñîâàí³ âåêòîðè òðàíñëÿö³¿ çîí çàáîðîíè � l , l Jn� .

Êðîê 2. Ïîøóê çáàëàíñîâàíîãî êîìïîíóâàííÿ N çâàæåíèõ òî÷îê (âèðîäæå-

íèõ åë³ïñî¿ä³â òà çîí çàáîðîíè) ó ìåæàõ îáëàñò³ H ç ðîçâ’ÿçàííÿì çàäà÷³

íåë³í³éíîãî ïðîãðàìóâàííÿ

min � s.t. ( , )� � � 	 
V R N3 1, (11)

V q Iq N� � � �{ }( , ) : ( ) , , ( , )� � � � � �0 0� , (12)

äå � � �� ( , , )1 � N . Òî÷êó � ( )0 ðîçãëÿäàþòü ÿê ñòàðòîâó äîïóñòèìó òî÷êó äëÿ

çàäà÷³ (11), (12).

Ç íåð³âíîñò³ � �q ( ) � 0 âèïëèâàº, ùî � q �� �\ . Çíàõîäèìî òî÷êó

( , ) ( , , , )( ) ( ) ( ) ( ) ( )� � � � �1 1
1
1 1 1� �

N
ëîêàëüíîãî åêñòðåìóìó çàäà÷³ (11), (12).

Êðîê 3. Âèçíà÷åííÿ ñòàðòîâèõ çíà÷åíü çì³ííèõ �qg , �ql , �q äëÿ êîæíî¿ ïñåâäî-

íîðìàë³çîâàíî¿ êâàç³-phi-ôóíêö³¿
�

��qg q g qgu u( , , , )� � , ( , )q g ��, ��ql q l qlu u( , , , )� � ,

q I l JN n� �, . Ö³ çì³íí³ ðîçãëÿäàþòü ÿê ïàðàìåòðè ðîçä³ëüíèõ ïëîùèí ì³æ êîæíîþ

ïàðîþ çâàæåíèõ òî÷îê: � q
( )1 ³ � l , q I N� , l Jn� . Âèçíà÷åííÿ âåêòîðà � ( )1 �

� �( , ( , )( )�qg q g1 � , �
ql
( )1 , �q

( )1 , q I N� , l Jn� , q I N� ).

Êðîê 4. Ãåíåðóâàííÿ N âèïàäêîâèõ âåêòîð³â êóòîâèõ ïàðàìåòð³â �( )1 . Ôîð-

ìóâàííÿ òî÷êè ( , )( ) ( )u 1 1� , äå u ( ) ( ) ( )( , )1 1 1� � � .

Êðîê 5. Ïîøóê ïî÷àòêîâèõ ðîçì³ð³â åë³ïñî¿ä³â îáåðòàííÿ çà äîïîìîãîþ ðîç-

â’ÿçàííÿ òàêî¿ çàäà÷³ íåë³í³éíîãî ïðîãðàìóâàííÿ:

max � s.t. ( , , )u � � �� , (13)
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� � �� � � �{( , , ) : ( , , , ) , ( , )u u u q gqg q g qg� � � �
�

0 ,

�
� � � ��ql q l ql N nu u q I l J( , , , ) , ,� � 0 ,

�
� � � � � ��q q q Nu q I( , , ) , , ( ) , ,� � � � �0 0 0 0� }, (14)

ïî÷èíàþ÷è ç òî÷êè ( , , )( ) ( )u 1 1 0� � � .

Ó çàäà÷³ (13), (14) çì³ííà � º êîåô³ö³ºíòîì ãîìîòåò³¿ åë³ïñî¿ä³â Eq , q I N� ,

à òàêîæ çîí çàáîðîíè �� l lu( ), l Jn� ,
�

��qg q g qgu u( , , , )� � º ïñåâäîíîðìàë³çîâà-

íîþ êâàç³-phi-ôóíêö³ºþ äëÿ �E uq q( ) ³ �E ug g( ), ( , )q g �� ,
�

� ��ql q l qlu u( , , , )� � 0

º ïñåâäîíîðìàë³çîâàíîþ êâàç³-phi-ôóíêö³ºþ îá’ºêò³â �E uq q( ) ³ �� l lu( ), q I N� ,

l Jn� ,
�
 ��q q qu( , , )� � º ïñåâäîíîðìàë³çîâàíîþ êâàç³-phi-ôóíêö³ºþ îá’ºêò³â

�E uq q( ) ³ �� .

Çíàõîäèìî òî÷êó ( , , )( ) ( ) ( )u 2 2 2 1� � � ãëîáàëüíîãî ìàêñèìóìó çàäà÷³ (13), (14).

ßêùî � ( )2 1� , òîä³ ïåðåõîäèìî äî êðîêó 1. Çàäà÷à (13), (14) ðåàë³çóº

«çá³ëüøåííÿ» çâàæåíèõ òî÷îê � �
1
1 1( ) ( ), ,�

N
, u un1, ,� (âèðîäæåí³ îá’ºêòè, � � 0)

äî ïî÷àòêîâèõ ðîçì³ð³â îá’ºêò³â Eq , q I N� , òà � l lu( ), l Jn� , � �1, ùî íå ïåðåòè-

íàþòüñÿ òà ðîçì³ùåí³ óñåðåäèí³ îáëàñò³ H çà óìîâè áàëàíñó ñèñòåìè.

Êðîê 6. Îá÷èñëåííÿ ïî÷àòêîâîãî çíà÷åííÿ � äëÿ çàäà÷³ (9), (10)

� �( ) ( ) ( ) ( )min ( , , ) , ( , )2 2 2 2 0� � � �{
�
� �qg q g qgu u q g ,

� �
� � � � �� �ql q l ql N n q q qu u g I l J u( , , ) , , , ( ,( ) ( ) ( ) (2 2 2 20� � ) ), q I N� }.

Êðîê 7. Ôîðìóâàííÿ òî÷êè ( , , )( ) ( ) ( )u 2 2 2� � ÿê äîïóñòèìîãî ðîçâ’ÿçêó çà-

äà÷³ (9), (10). Öÿ òî÷êà ìîæå áóòè âèêîðèñòàíà ÿê ñòàðòîâà òî÷êà äëÿ ïîäàëüøî¿

ëîêàëüíî¿ îïòèì³çàö³¿ ç çàñòîñóâàííÿì ãëîáàëüíîãî àáî ëîêàëüíîãî NLP-solver

(íàïðèêëàä, IPOPT).

Âèõ³äí³ äàí³, ÿê³ â³äïîâ³äàþòü ëîêàëüí³é òî÷ö³ ì³í³ìóìó çàäà÷³ (9), (10), º òà-

êèìè: �� — îïòèì³çîâàíå çíà÷åííÿ ö³ëüîâî¿ ôóíêö³¿; u u uN
� � �� ( , , )1 � — âåêòîð

ïàðàìåòð³â ðîçì³ùåííÿ åë³ïñî¿ä³â Eq , q I N� , äå u x y zq q q q q
� � � � �� ( , , , )� .

Äëÿ ïîøóêó ëîêàëüíî îïòèìàëüíèõ ðîçâ’ÿçê³â çàäà÷³ (9), (10) ìîæíà âèêî-

ðèñòàòè r-àëãîðèòì Øîðà [20, 21] çà ò³ºþ æ ñõåìîþ, ùî ì³ñòèòüñÿ â [18] äëÿ êîì-

ïîíóâàííÿ ñôåðè÷íèõ ïîðîæíèí.
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Ðèñ. 2. Ïîáóäîâà äîïóñòèìèõ ñòàðòîâèõ òî÷îê (êðîê 5)



Çà äîïîìîãîþ ìåòîäó íåãëàäêèõ øòðàôíèõ ôóíêö³é çàäà÷à (9), (10) çâîäèòü-

ñÿ äî çàäà÷³ áåçóìîâíî¿ ìàêñèì³çàö³¿ íåãëàäêî¿ ôóíêö³¿

max ( , , ) ( , , )
( , , )u W

Pf u u
� �

� � � � �
�

� 
{ }� , (15)

äå íåãëàäêà øòðàôíà ôóíêö³ÿ �P u( , , )� � ìàº âèãëÿä:

�P i i

i

u P F u P F u P F u P( , , ) ( , , ) ( , ) ( ) ma� � � � ��    
�
� 3 3 4 4

1

2

5 x ,{ }0  � . (16)

Òóò P P P P P P� { 1 2 3 4 5, , , , }, äå Pk , k �1 2 3 4 5, , , , , — äîäàòí³ øòðàôí³

êîåôö³ºíòè, à ôóíêö³¿ F ui ( , , )� � , i �1 2, , F u3 ( , )� , F u4 ( ) âèçíà÷àþòüñÿ ó òàêèé

ñïîñ³á:

F u u u

q g

qg q g qg1 0( , , ) max , ( , , , )

( , )

� � � ��  �
�

�
�

�{ }
�

, (17)

F u u u

q I l J

ql q l ql

N n

2 0( , , ) max , ( , , , )

,

� � � ��  �
� �

� { }
�
� , (18)

F u u

q I

q q q

N

3 0( , ) max , ( , , )� � ��  �
�
� { }

�
� , (19)

F4 0( ) max , ( )� �� { }� . (20)

Øòðàôí³ êîåô³ö³ºíòè P P P P P P� { 1 2 3 4 5, , , , } ìàþòü òàêå çíà÷åííÿ äëÿ îáìå-

æåíü (10). Êîåô³ö³ºíòè P1, P2 , P3 ³ P4 â³äïîâ³äàþòü çà «ñóìàðíå ïîðóøåííÿ» ïåð-

øî¿, äðóãî¿, òðåòüî¿ òà ÷åòâåðòî¿ ãðóï îáìåæåíü ³ç (10) â³äïîâ³äíî. Êîåô³ö³ºíò P5

äàº çìîãó âðàõîâóâàòè íåâ³ä’ºìí³ñòü çì³ííî¿ �.

Çíàõîäæåííÿ ëîêàëüíîãî ìàêñèìóìó çàäà÷³ (9), (10) ìîæíà çàì³íèòè íà ïî-

øóê ëîêàëüíîãî ìàêñèìóìó çàäà÷³ (15), ÿêà º çàäà÷åþ áåçóìîâíî¿ ìàêñèì³çàö³¿

áàãàòîåêñòðåìàëüíî¿ íåãëàäêî¿ ôóíêö³¿ f u( , , )� � , äå øòðàôíà ôóíêö³ÿ �P u( , , )� �

îá÷èñëþºòüñÿ çà ôîðìóëàìè (16)–(20). ßêùî äëÿ äåÿêèõ äîäàòíèõ çíà÷åíü øòðàô-

íèõ êîåô³ö³ºíò³â P P P P P P� { 1 2 3 4 5, , , , } ëîêàëüíîìó ìàêñèìóìó ôóíêö³¿ f u( , , )� �

â³äïîâ³äàº ð³âíå íóëþ çíà÷åííÿ øòðàôíî¿ ôóíêö³¿ �P u( , , )� � , òî â³í áóäå ëîêàëü-

íèì ìàêñèìóìîì çàäà÷³ (9), (10). Âèá³ð øòðàôíèõ êîåô³ö³ºíò³â P1, P2 , P3 , P4 äàº

çìîãó âðàõîâóâàòè òî÷í³ñòü âèêîíàííÿ ÷îòèðüîõ ãðóï îáìåæåíü ³ç (10).

ÐÅÇÓËÜÒÀÒÈ ÎÁ×ÈÑËÞÂÀËÜÍÈÕ ÅÊÑÏÅÐÈÌÅÍÒ²Â

Ðîçãëÿíåìî íèçêó òåñòîâèõ ïðèêëàä³â, ùî äåìîíñòðóþòü ðîáîòó ðîçðîáëåíèõ

ïðîãðàìíèõ ìîäóë³â, ÿê³ ðåàë³çóþòü àëãîðèòì ðîçâ’ÿçàííÿ çàäà÷³ (9), (10) äëÿ

åë³ïñî¿ä³â ³ç óðàõóâàííÿì çîí çàáîðîíè. Óñ³ åêñïåðèìåíòè âèêîíàíî íà êîì-

ï’þòåð³ AMD FX(tm)-6100, 3.30 GHz ìîâîþ ïðîãðàìóâàííÿ C ++, Windows 7.

Äëÿ ëîêàëüíî¿ îïòèì³çàö³¿ âèêîðèñòàíî IPOPT (https://github.com/coin-or/Ipopt).

Â óñ³õ ïðèêëàäàõ åë³ïñî¿äè ìàþòü ðîçì³ðè a �10, b � 6, c � 6. Áàãàòîñòàðòîâèé

çàïóñê ïðîãðàìè âèêîíàíî 10 ðàç³â äëÿ êîæíîãî ïðèêëàäó.

Ïðèêëàä 1. Ìàºìî N � 30, Eq , q �1 30, ,� , åë³ïñî¿ä³â, îáëàñòü — êóáî¿ä � ,

l � 60, w � 60, h � 60. Íà ðèñ. 3, à íàâåäåíî ðîçð³äæåíå ðîçì³ùåííÿ åë³ïñî¿ä³â ó êó-

áî¿ä³ � , ùî â³äïîâ³äàº òî÷ö³ ëîêàëüíîãî ìàêñèìóìó ( , , )� � �� � � , �� � 3.4591.

Ïðèêëàä 2. Ìàºìî N �12, Eq , q �1 12, ,� , åë³ïñî¿ä³â, îáëàñòü — êóáî¿ä � ,

l � 60, w � 60, h � 70.

Çîíà çàáîðîíè �1 — îïóêëèé áàãàòîãðàííèê ç âåðøèíàìè {(0, 0, 0), (5, 0, 0),

(0, 60, 0), (5, 60, 0,), (0, 0, 60), (15, 0, 60), (0, 60, 60), (15, 60, 60)}, �2 — îïóêëèé

áàãàòîãðàííèê ç âåðøèíàìè {(0, 0, 0), (0, 5, 0), (60, 0, 0), (60, 5, 0), (0, 0, 60),
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(0, 15, 60), (60, 0, 60), (60, 15, 60)}, �3 — îïóêëèé áàãàòîãðàííèê ç âåðøèíàìè

{(55, 0, 0), (60, 0, 0), (55, 60, 0), (60, 60, 0), (45, 0, 60), (60, 0, 60), (45, 60, 60),

(60, 60, 60)}, �4 — îïóêëèé áàãàòîãðàííèê ç âåðøèíàìè {(0, 55, 0), (0, 60, 0), (60,

55, 0), (60, 60, 0), (0, 45, 60), (0, 60, 60), (60, 45, 60), (60, 60, 60)}, �5 — îïóêëèé

áàãàòîãðàííèê ç âåðøèíàìè {(0, 0, 60), (0, 60, 60), (60, 0, 60), (60, 60, 60), (0, 0, 70),

(0, 60, 70), (60, 0, 70), (60, 60, 70)}.

Íà ðèñ. 3, á íàâåäåíî ðîçð³äæåíå çáàëàíñîâàíå ðîçì³ùåííÿ åë³ïñî¿ä³â ó îá-

ëàñò³ � � � � � �\ ( )1 2 3 4 5! ! ! ! , ùî â³äïîâ³äàº òî÷ö³ ëîêàëüíîãî ìàêñèìóìó

( , , )� � �� � � , �� � 2.6233.

Ïðèêëàä 3. Ìàºìî N �15, Eq , q �1 15, ,� , åë³ïñî¿ä³â, îáëàñòü — êóá � ,

l � 60, w � 60, h � 60.
Çîíè çàáîðîíè � l , l �1 2 3, , , — öèë³íäðè rl � 4, hl � 60. Öåíòðè îñíîâ

öèë³íäð³â ðîçì³ùåí³ ó öåíòð³ ãðàíåé � . Íà ðèñ. 4, à íàâåäåíî ðîçð³äæåíå çáàëàí-

ñîâàíå ðîçì³ùåííÿ åë³ïñî¿ä³â ó ñêëàäåí³é îáëàñò³ � � � �\ ( )1 2 3! ! , ùî

â³äïîâ³äàº òî÷ö³ ëîêàëüíîãî ìàêñèìóìó ( , , )� � �� � � , � * � 4.7946.

Ïðèêëàä 4. Ìàºìî N �18, Eq , q �1 18, ,� , åë³ïñî¿ä³â, îáëàñòü — öèë³íäð � ,

r � 30, h � 60.
Íà ðèñ. 4, á íàâåäåíî ðîçð³äæåíå çáàëàíñîâàíå ðîçì³ùåííÿ åë³ïñî¿ä³â ó ñêëà-

äåí³é îáëàñò³ � , ùî â³äïîâ³äàº òî÷ö³ ëîêàëüíîãî ìàêñèìóìó ( , , )� � �� � � ,

�� � 4.625992.
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Ðèñ. 3. Ðîçð³äæåíå çáàëàíñîâàíå ðîçì³ùåííÿ åë³ïñî¿ä³â, ùî â³äïîâ³äàº ëîêàëüíîìó ìàêñèìóìó ��

ó êóáî¿ä³ � (à) ³ â îáëàñò³ � �\ 1 (á)

à á

Ðèñ. 4. Ðîçð³äæåíå çáàëàíñîâàíå ðîçì³ùåííÿ åë³ïñî¿ä³â, ùî â³äïîâ³äàº ëîêàëüíîìó ìàêñèìóìó ��

â îáëàñò³ � � � �\ ( )1 2 3! ! (à) òà ó öèë³íäð³ � (á)

à á



Ïðèêëàä 5. Ìàºìî N �18, Eq , q �1 18, ,� , åë³ïñî¿ä³â, îáëàñòü — öèë³íäð � ,

r � 30, h � 60, �1 — êóëÿ ðàä³óñà rl �15 ó öåíòð³ � . Íà ðèñ. 5, à íàâåäåíî
ðîçð³äæåíå çáàëàíñîâàíå ðîçì³ùåííÿ åë³ïñî¿ä³â â îáëàñò³ � �\ 1, ùî â³äïîâ³äàº

òî÷ö³ ëîêàëüíîãî ìàêñèìóìó ( , , )� � �� � � , �� � 2.288322.

Ïðèêëàä 6. Ìàºìî N �18, Eq , q �1 18, ,� , åë³ïñî¿ä³â, îáëàñòü — öèë³íäð � ,

r � 30, h � 90, �1, �2 — êóë³ ðàä³óñà r � 30 ç öåíòðàìè â öåíòðàõ äâîõ îñíîâ
öèë³íäðà �. Íà ðèñ. 5, á íàâåäåíî ðîçð³äæåíå çáàëàíñîâàíå ðîçì³ùåííÿ åë³ïñî¿ä³â

â îáëàñò³ � � �\ 1 2! , ùî â³äïîâ³äàº òî÷ö³ ëîêàëüíîãî ìàêñèìóìó ( , , )� � �� � � ,

�� � 2.349449.

ÂÈÑÍÎÂÊÈ

Äîñë³äæåíî çàäà÷ó êîìïîíóâàííÿ åë³ïñî¿ä³â îáåðòàííÿ çàäàíèõ ðîçì³ð³â ³ç

çì³ííèìè ïàðàìåòðàìè ðîçì³ùåííÿ â îïóêëîìó êîíòåéíåð³ ³ç çîíàìè çàáîðîíè

ç óðàõóâàííÿì îáìåæåíü íà «ðîçð³äæåí³ñòü» ðîçì³ùåííÿ îá’ºêò³â òà óìîâ áà-

ëàíñó, ùî ìàº çàñòîñóâàííÿ â àäèòèâíèõ òåõíîëîã³ÿõ äëÿ îïòèì³çàö³¿ òîïîëîã³¿

ïðîìèñëîâèõ ïðîäóêò³â. Äëÿ àíàë³òè÷íîãî îïèñó ãåîìåòðè÷íèõ îáìåæåíü âèçíà-

÷åíî ïñåâäîíîðìàë³çîâàí³ êâàç³-phi-ôóíêö³¿. Ïîáóäîâàíî ìàòåìàòè÷íó ìîäåëü

ó âèãëÿä³ çàäà÷³ íåë³í³éíîãî ïðîãðàìóâàííÿ. Çàïðîïîíîâàíî ñòðàòåã³þ òà ìåòîäè

ïîøóêó äîïóñòèìèõ ñòàðòîâèõ òî÷îê òà ëîêàëüíî-îïòèìàëüíèõ ðîçâ’ÿçê³â.

ÑÏÈÑÎÊ Ë²ÒÅÐÀÒÓÐÈ

1. Ungson Y., Burtseva L., Garcia-Curiel E., Valdez-Salas B., Flores-Rios B.L., Werner F.,

Petranovskii V. Filling of irregular channels with round cross-section: Modeling aspects to study the

properties of porous materials. Materials. 2018. Vol. 11, N 10. P. 1901.

2. Stoyan, Y., Yaskov G., Romanova T., Litvinchev I., Yakovlev S., Cantu' J.M.V. Optimized packing

multidimensional hyperspheres: A unified approach. Mathematical Biosciences and Engineering.

2020. Vol. 17, Iss. 6. P. 6601–6630. http://doi.org/10.3934/mbe.2020344.

3. Blyuss O., Koriashkina L., Kiseleva Å., Molchanov R. Optimal placement of irradiation sources in

the planning of radiotherapy: Mathematical models and methods of solving. Computational and

Mathematical Methods in Medicine. 2015. Vol. 2015. Article ID 142987. http://doi.org/10.1155/

2015/142987.

4. Bezrukov A., Stoyan D. Simulation and statistical snalysis of random packings of ellipsoids. Particle

& Particle Systems Characterization. 2007. Vol. 23. P. 388–398.

5. Choi Y.-K., Chang J.-W., Wang W., Kim M.-S., Elber G. Continuous collision detection for ellipsoids.

IEEE Transactions on Visualziation and Computer Graphics. 2009. Vol. 15(2). P. 311–324.

6. Baule A., Mari R., Bo L., Portal L., Makse H.A. Mean-field theory of random close packings of

axisymmetric particles. Nature Communications. 2013. Vol. 2194. P. 1–11.

7. Pedro G. Lind. Sequential random packings of spheres and ellipsoids. AIP Conference Proceedings.

2009. Vol. 1145. P. 219.

34 ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2021, òîì 57, ¹ 6

Ðèñ. 5. Ðîçð³äæåíå çáàëàíñîâàíå ðîçì³ùåííÿ åë³ïñî¿ä³â, ùî â³äïîâ³äàº ëîêàëüíîìó ìàêñèìóìó ��

â îáëàñòÿõ � �\ 1 (à) ³ � � �\ ( )1 2! (á)

à á



8. Stoyan Y., Pankratov A., Romanova T. Quasi-phi-functions and optimal packing of ellipses. Journal

of Global Optimization. 2016. Vol. 65. P. 283–307. https://doi.org/10.1007/s10898-015-0331-2.

9. Romanova T.E., Stetsyuk P.I., Chugay A.M., Shekhovtsov S.B. Parallel computing technologies for

solving optimization problems of geometric design. Cybernetics and Systems Analysis. 2019.

Vol. 55, N 6. P. 894–904. https://doi.org/10.1007/s10559-019-00199-4.

10. Romanova T., Stoyan Y., Pankratov A., Litvinchev I., Avramov K., Chernobryvko M., Yanchevskyi I.,

Mozgova I., Bennell J. Optimal layout of ellipses and its application for additive manufacturing.

International Journal of Production Research. 2021. Vol. 59, Iss. 2. P. 560–575. https://doi.org/

10.1080/00207543.2019.1697836.

11. Grebennik I.V., Kovalenko A.A., Romanova T.E., Urniaieva I.A., Shekhovtsov S.B. Combinatorial

configurations in balance layout optimization problems. Cybernetics and Systems Analysis. 2018.

Vol. 54, N 2. P. 221–231. https://doi.org/10.1007/s10559-018-0023-2.

12. Romanova T., Pankratov A., Litvinchev I., Plankovskyy S., Tsegelnyk Y., Shypul O. Sparsest packing of

two-dimensional objects. International Journal of Production Research. 2020. https://doi.org/10.1080/

00207543.2020.1755471.

13. Romanova T., Litvinchev I., Pankratov A. Packing ellipsoids in an optimized cylinder. European

Journal of Operational Research. 2020. Vol. 285, Iss. 2. P. 429–443. https://doi.org/10.1016/

j.ejor.2020.01.051.

14. Kallrath J. Packing ellipsoids into volume-minimizing rectangular boxes. Journal of Global

Optimization. 2017. Vol. 67. Iss. 1–2. P. 151–185. https://doi.org/10.1007/s10898-015-0348-6.

15. Birgin E.G., Lobato R.D., Mart�nez J.M. Packing ellipsoids by nonlinear optimization. Journal of

Global Optimization. 2016. Vol. 65, Iss. 4. P. 709–743. https://doi.org/10.1007/s10898-015-0395-z .

16. Gardan J. Additive manufacturing technologies: State of the art and trends. Int. J. Prod. Res. 2016.

54(10): 3118.

17. Lee M., Fang Q., Cho Y., Ryu J., Liu L., Kim D.S. Support-free hollowing for 3D-printing via

Voronoi diagram of ellipses. Computer-Aided Design. 2018. 101: 23.

18. Ñòîÿí Þ.Ã., Ðîìàíîâà Ò.ª., Ïàíêðàòîâ Î.Â., Ñòåöþê Ï.²., Ñòîÿí Þ.ª. Ðîçð³äæåíå çáàëàíñîâà-

íå ðîçì³ùåííÿ ñôåðè÷íèõ ïîðîæíèí ó òðèâèì³ðíèõ îáëàñòÿõ. Ê³áåðíåòèêà òà ñèñòåìíèé

àíàë³ç. 2021. Ò. 57, ¹ 4. Ñ. 44–55.

19. Ñòåöþê Ï.²., Ðîìàíîâà Ò.ª., Ñóáîòà ².Î. NLP-çàäà÷à óïàêîâêè ãîìîòåòè÷íèõ åë³ïñ³â ó ïðÿìî-

êóòíèé êîíòåéíåð. Òåîð³ÿ îïòèìàëüíèõ ð³øåíü. 2014. Ñ. 139–146.

20. Stetsyuk P.I. Shor’s r-algorithms: theory and practice. In: Optimization Methods and Applications:

In Honor of the 80th Birthday of Ivan V. Sergienko. Butenko S., Pardalos P.M., Shylo V. (Eds).

Springer International Publishing, 2017. P. 495–520.

21. Ñòåöþê Ï.È. Òåîðèÿ è ïðîãðàììíûå ðåàëèçàöèè r-àëãîðèòìîâ Øîðà. Êèáåðíåòèêà è ñèñòåì-

íûé àíàëèç. 2017. Ò. 53, ¹ 5. Ñ. 43–57.

22. Pankratov A., Romanova T., Litvinchev I. Packing oblique 3D-objects. Mathematics. 2020. 8(7).

1130. https://doi.org/10.3390/math8071130

23. Romanova T., Bennell J., Stoyan Y., Pankratov A. Packing of concave polyhedra with continuous rotations

using nonlinear optimization. European Journal of Operational Research. 2018. Vol. 268. P. 37–53.

Y.G. Stoyan, T.E. Romanova, O.V. Pankratov, P.I. Stetsyuk, S.V. Maximov
SPARSE BALANCED LAYOUT OF ELLIPSOIDS

Abstract. The authors consider the problem of generating spheroidal voids in a three- dimensional
domain of complex geometry, taking into account the constraints on the “sparseness” of the
placement of voids subject to the system balance. The problem is reduced to the optimized layout
of ellipsoids of revolution in a convex container (cylinder or cuboid), taking into account the
prohibited zones, constraints on the allowable distances between objects, and the balancing
condition. The problem is aimed to maximize the minimum distance between each pair of
ellipsoids and each ellipsoid and the boundary of the container. Adjusted quasi-phi-functions for
analytical description of the placement constraints are defined. A mathematical model is
constructed in the form of a nonlinear programming problem. A solution method is proposed that
uses the multistart strategy in combination with smart algorithms to search for feasible and locally
optimal solutions. The results of computational experiments are presented.

Keywords: sparse layout, ellipsoids of revolution, phi-function, nonlinear programming, r-algorithm.
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