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Àíîòàö³ÿ. Âèêîíàíî äîñë³äæåííÿ äâîõ êëàñ³â íåë³í³éíèõ ïðîñòîðîâî ðîçïîä³ëåíèõ äè-
íàì³÷íèõ ñèñòåì, íåïåðåðâíî ñïîñòåðåæóâàíèõ çà ãðàíè÷íî-ïî÷àòêîâèìè òà ïðîñòîðîâî
ðîçïîä³ëåíèìè çîâí³øíüîäèíàì³÷íèìè çáóðåííÿìè. Äëÿ êîæíî¿ ç íèõ ïîáóäîâàíî àíà-
ë³òè÷í³ çàëåæíîñò³ ôóíêö³¿ ñòàíó, ÿêà çà ñåðåäíüîêâàäðàòè÷íèì êðèòåð³ºì óçãîäæóºòüñÿ
ç íàÿâíîþ ³íôîðìàö³ºþ ïðî çîâí³øíüîäèíàì³÷í³ óìîâè ¿õíüîãî ôóíêö³îíóâàííÿ. Ðîçâ’ÿ-
çîê ïî÷àòêîâî-êðàéîâèõ çàäà÷ äëÿ ðîçãëÿäóâàíèõ ñèñòåì âèçíà÷àºòüñÿ ÷åðåç ìíîæèíè
âåêòîð³â, ÿê³ çà ñåðåäíüîêâàäðàòè÷íèì êðèòåð³ºì ìîäåëþþòü çàäàíèé ïî÷àòêîâî-êðàéîâèé
ñòàí ðàçîì ç ïðîñòîðîâî ðîçïîä³ëåíèìè çîâí³øíüîäèíàì³÷íèìè çáóðåííÿìè. Íàâåäåíî
óìîâè òî÷íîñò³ ³ îäíîçíà÷íîñò³ îòðèìàíèõ ìàòåìàòè÷íèõ ðåçóëüòàò³â. Ðîçãëÿíóòî âèïàäêè
íåîáìåæåíèõ ïðîñòîðîâèõ îáëàñòåé òà óñòàëåíî¿ äèíàì³êè ñèñòåì.

Êëþ÷îâ³ ñëîâà: ïñåâäîðîçâ’ÿçêè, ìàòåìàòè÷íå ìîäåëþâàííÿ äèíàì³÷íèõ ñèñòåì, ïðîñòî-
ðîâî ðîçïîä³ëåí³ äèíàì³÷í³ ñèñòåìè, ñèñòåìè ç íåâèçíà÷åíîñòÿìè, íåêîðåêòí³ ïî÷àòêî-
âî-êðàéîâ³ çàäà÷³.

ÂÑÒÓÏ

Ñòàòòÿ ïðîäîâæóº íàóêîâ³ äîñë³äæåííÿ àâòîðà ç ìàòåìàòè÷íîãî ìîäåëþâàííÿ
íåêîðåêòíî ñôîðìóëüîâàíèõ ïî÷àòêîâî-êðàéîâèõ çàäà÷ ìàòåìàòè÷íî¿ ô³çèêè
äëÿ äåÿêèõ êëàñ³â íåë³í³éíèõ ïðîñòîðîâî ðîçïîä³ëåíèõ äèíàì³÷íèõ ñèñòåì,
âèêîíàíèõ íèì â ðîáîò³ [1]. ßê ³ â [1], ïðåäìåòîì äîñë³äæåííÿ º ïðîöåñè ³
ÿâèùà ç êâàäðàòè÷íî íåë³í³éíîþ ìàòåìàòè÷íîþ ìîäåëëþ ¿õíüîãî ôóíêö³îíó-
âàííÿ òà îáìåæåíîþ ê³ëüê³ñòþ ãðàíè÷íî-ïî÷àòêîâèõ ñïîñòåðåæåíü çà íèìè.
ßêùî â [1] äèôåðåíö³àëüíî âèçíà÷åí³ ìàòåìàòè÷í³ ìîäåë³ äèíàì³êè òàêèõ
ïðîöåñ³â ³ ÿâèù âèâ÷àëèñÿ çà äèñêðåòíî çàäàíî¿ ³íôîðìàö³¿ ùîäî íàÿâíèõ
çîâí³øíüîäèíàì³÷íèõ çáóðåíü, òî â ö³é ïóáë³êàö³¿ ïî÷àòêîâî-êðàéîâ³ ñïîñòå-
ðåæåííÿ çà íèìè âèçíà÷àþòüñÿ íåïåðåðâíî â îáëàñò³ ¿õíüîãî ôóíêö³îíóâàííÿ.
Çàäà÷³ ïîáóäîâè ôóíêö³¿ ñòàíó òàêèõ ñèñòåì º ñêëàäíèìè [2, 3] âíàñë³äîê
¿õíüî¿ íåêîðåêòíîñò³ ³ íå çàâæäè ðîçâ’ÿçíèìè ìåòîäàìè àíàë³òè÷íî¿ òà
îá÷èñëþâàëüíî¿ ìàòåìàòèêè.

Âèêëàäåí³ â ö³é ðîáîò³ íàóêîâ³ äîñë³äæåííÿ ´ðóíòóþòüñÿ íà çàïðîïîíî-
âàí³é â [4, 5] ìåòîäèö³ ìàòåìàòè÷íîãî ìîäåëþâàííÿ íàÿâíèõ ïî÷àòêîâî-êðàéî-
âèõ ñïîñòåðåæåíü çà ñèñòåìîþ íåçàëåæíî â³ä ê³ëüêîñò³ òà ÿêîñò³ îñòàíí³õ. Áóäå
ïîáóäîâàíî òà äîñë³äæåíî íà ñåðåäíüîêâàäðàòè÷íó òî÷í³ñòü òà îäíîçíà÷í³ñòü
ìíîæèíè ìîäåëþâàëüíèõ ôàêòîð³â. ¯õ áóäå çàñòîñîâàíî äî äîñë³äæåííÿ
ôóíêö³é ñòàíó ñèñòåìè. Öå ñòàëî ìîæëèâèì ï³ñëÿ âèêîíàíîãî â [6, 7] ïåðåõîäó
(çà ñåðåäíüîêâàäðàòè÷íèì êðèòåð³ºì) â³ä äèôåðåíö³àëüíî çàäàíî¿ ìàòåìàòè÷íî¿
ìîäåë³ ñèñòåìè äî ¿¿ ³íòåãðàëüíîãî åêâ³âàëåíòó òà ç âèêîðèñòàííÿì çàïðîïîíî-
âàíèõ â [8] ìåòîä³â ïñåâäîîáåðíåííÿ ë³í³éíèõ àëãåáðà¿÷íèõ, ³íòåãðàëüíèõ
³ ôóíêö³îíàëüíèõ ðîçâ’ÿçóâàëüíèõ ð³âíÿíü â³äíîñíî çîâí³øíüî âèçíà÷åíèõ ìî-
äåëþâàëüíèõ ôàêòîð³â.

Îòðèìàí³ â ðîáîò³ ðîçâ’ÿçêè (ÿêùî âîíè ³ñíóþòü) àáî ñåðåäíüîêâàäðàòè÷í³
íàáëèæåííÿ äî ðîçâ’ÿçê³â ðîçãëÿäóâàíèõ ïî÷àòêîâî-êðàéîâèõ çàäà÷ äèíàì³êè
êâàäðàòè÷íî íåë³í³éíèõ ïðîñòîðîâî ðîçïîä³ëåíèõ ñèñòåì, íåïîâíî ñïîñòåðåæó-
âàíèõ çà íåïåðåðâíî âèçíà÷åíèìè çîâí³øíüîäèíàì³÷íèìè çáóðåííÿìè,
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â ïîºäíàíí³ ç ðåçóëüòàòàìè äîñë³äæåíü òàêèõ ñèñòåì ï³ä ÷àñ äèñêðåòíî âèçíà÷å-
íèõ ñïîñòåðåæåíü çà íèìè [1], íåçâàæàþ÷è íà ñêëàäí³ñòü ïðîáëåìè, âèÿâèëèñÿ
ïðîñòèìè ³ äîñòóïíèìè äëÿ ïðàêòè÷íî¿ ðåàë³çàö³¿ ó äîñë³äæåííÿõ íåë³í³éíî
óòî÷íåíèõ ìîäåëåé êëàñè÷íî â³äîìèõ ïðîñòîðîâî ðîçïîä³ëåíèõ äèíàì³÷íèõ
ñèñòåì [9, 10]. Âàðòóþòü óâàãè âèçíà÷åí³ â ðîáîò³ îñîáëèâîñò³ âèêîðèñòàííÿ
îòðèìàíèõ ðîçâ’ÿçê³â ó íåîáìåæåíèõ ïðîñòîðîâèõ îáëàñòÿõ òà äëÿ óñòàëåíèõ
ðåæèì³â ôóíêö³îíóâàííÿ ñèñòåìè.

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×² ÒÀ ²ÄÅÉÍ² ÏÐÈÍÖÈÏÈ ÌÀÒÅÌÀÒÈ×ÍÎÃÎ
ÌÎÄÅËÞÂÀÍÍß ÔÓÍÊÖ²¯ ÑÒÀÍÓ ÑÈÑÒÅÌÈ

Ïðîäîâæèìî ðîçïî÷àò³ â [1] äîñë³äæåííÿ ðîçïîä³ëåíîãî â ïðîñòîðîâî-÷àñîâ³é
îáëàñò³

S s x t x x x x S t TT
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äèíàì³÷íîãî (t — ÷àñîâà êîîðäèíàòà) ïðîöåñó, ôóíêö³ÿ y s( ) ñòàíó ÿêîãî
âèçíà÷àºòüñÿ îäíèì ³ç äâîõ ð³âíÿíü âèãëÿäó
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Òóò u s( ) — ïðîñòîðîâî ðîçïîä³ëåíå çîâí³øíüîäèíàì³÷íå çáóðåííÿ, � �s
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Òàê ñàìî, ÿê ó âèïàäêó äîñë³äæåííÿ ë³í³éíèõ [4, 5] òà íåë³í³éíèõ [6, 7] äè-
íàì³÷íèõ ñèñòåì, âèìàãàòèìåìî, ùîá
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ßê ³ âèùå, ôóíêö³þ y s( ) ñòàíó ñèñòåì (1), (3), (4) òà (2)–(4) ïîäàìî ó âè-
ãëÿä³ ñóìè
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 0 � , (6)

ñêëàäîâ³ y s
 ( ) , y s0 ( ) , y s� ( ) ÿêî¿ âèçíà÷àþòü âïëèâ ïðîñòîðîâî-÷àñîâèõ çáó-
ðåíü u s( ), ïî÷àòêîâèõ òà êðàéîâèõ óìîâ (3) òà (4) â³äïîâ³äíî. Áóäåìî âèõîäè-
òè ç òîãî, ùî îòðèìàí³ â [4, 5] ðîçâ’ÿçêè ð³âíÿíü (1) òà (2) äàþòü çìîãó çàïè-
ñàòè ôóíêö³îíàëüí³ çàëåæíîñò³ y s
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ôóíêö³ÿ u s( ) ðîçïîä³ëåíèõ çîâí³øíüîäèíàì³÷íèõ çáóðåíü âèçíà÷åíà âåêòîðîì
�

u u s s S m Mm m
T� � � � �col(( ( ), ), , )
0

1 ¿¿ çíà÷åíü. ßê ³ â [4, 5], ö³ çàëåæíîñò³ äëÿ

ñèñòåìè (1) çàïèøåìî ñï³ââ³äíîøåííÿìè:

y s a s b
 �( ) ( ) /� �, (7)

ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2021, òîì 57, ¹ 6 73



� � ��col((
~

) , , )
( )

/P u m M
m

� 3 2 1 ,

� � ��col(
~

, , )
( )

P u m M
m

�

1 ,

	a s P G s P G s m M
i m i n i m s

i
n i

s s
i m

T col( ) ( ) ( ) , ,
( ) ( )

� � ��
�

�
�

� �
1

�
�

�

�

�
�

�

�

�
�

0

n

,

	b P G s m M
n i m s

i
n i s s

i

n

m

T col� � �
�

�

�
�

�

�

�
��

�
� � �

�
� ( )

( ) , ,1

0

.

Çàóâàæèìî, ùî òóò ³ äàë³ P
k m( )
� ,

~
Pm

� — â³äïîâäíî m-ðÿäîê òà m-ñòîâïåöü

ìàòðèöü, ïñåâäîîáåðíåíèõ äî ìàòðèöü:

P G s G s dsk k k
�

�


�



 ( ) ( )T ,
~ ~

( )
~

( )P G s G s ds�
�


�



 T , (8)

â ÿêèõ
A s a G s s dsk k k( ) ( )� � � �

�


�



 ,

~
( ) ( ( ), , ), , )

( )
G s P G s k n m M

k m k� � ��diag(str 0 1 , (9)

G s G s s m M
k k m
T str( ) ( ( ), , )� � � �1 (10)

äëÿ
L a a as s

n
s
n

n( )� � � � � � ��
0 1

1
� ,

G s s
L i

e dk N
k

i s s( )
( )

( )� � �
�

�




� �


�1

2

1
1� �

��

òà (i — óÿâíà îäèíèöÿ)

� � � � � � � �� � � �( , ) , ...1 1� N Nd d d dT ,

� � ��( ) ( ) ( )s s x x t t

k

N

k k� � � � � � � �
�
�

1

.

Äëÿ ñèñòåìè (2)
y s

a s u

b u

 �( )

( ) ( )

( )

�

�

�

�
, (11)

äå íà â³äì³íó â³ä (7)

�( ) ((( ( )
~

, ( )), , ), ,
( )

� � � �

u y u P u y u k n m Mkm m km
� � ��col 2 0 1 ) ,

a s P G s A s k n m M

b

k m k k
T

T

col( ) ((( ( ), ( )), , ), , ),

(

( )
� � � �

�

� 0 1

(( , ), , ), , ).01 0 1k n m M� �

Â³äïîâ³äíî äî (5) íåîáõ³äíî çìîäåëþâàòè âïëèâ ïî÷àòêîâî-êðàéîâèõ çáó-
ðåíü (3), (4) íà ñòàí y s( ) ðîçãëÿäóâàíèõ ñèñòåì äëÿ s S T�

0
. ßê ³ âèùå, ðîçãëÿíåìî

âåêòîðè
u u m Mm0 0

0
01� �col ( ( ), , )	 ,

u u m Mm� �
�

�� �col ( ( ), , )	 1

çíà÷åíü u m0
0( )	 ( , )m M�1 0 òà u m�

�( )	 ( , )m M�1 � , âèçíà÷åíèõ â îáëàñòÿõ

74 ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2021, òîì 57, ¹ 6
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0 0� � �
( , ] òà S R S TN� � �( \ ) [ , ]0 0 ìîäåëþâàëüíèõ ôóíêö³é u s0 ( ) òà

u s� ( ). Âèêîðèñòîâóþ÷è âåêòîðè u0 òà u� , âèçíà÷èìî ñêëàäîâ³ y s0 ( ) òà y s� ( )
ðîçâ’ÿçêó (6). Ïðè öüîìó
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P G s G s ds

P G s G s ds

k k k

k k k

0 0 0
�

�

�


�


�


�








( ) ( ) ,

( ) ( ) ,

T

T
� � �

~
( ) ( ( ( ), , ), , ),

~
(

( )
G s P G s i n m M

G s

i m i0 0 0 00 0� � ��diag str

� ) ( ( ( ), , ), , ),
( )

� � ��diag str P G s i n m M
i m i� � �0 1

~ ~
( )

~
( ) ,

~ ~
( )

~
( ) .

P G s G s ds

P G s G s ds

0 0 0
�

�

�


�


�


�








T

T
� � �
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Çàäà÷³ çíàõîäæåííÿ âåêòîð³â u0 òà u� ðîçãëÿíåìî îêðåìî äëÿ êâàäðàòè÷íî
íåë³í³éíî¿ äèíàì³÷íî¿ ñèñòåìè (1) òà ë³í³éíî¿ äèíàì³÷íî¿ ñèñòåìè (2), â ÿê³ öÿ
êâàäðàòè÷íà íåë³í³éí³ñòü âõîäèòü àäèòèâíî. Äëÿ êîæíî¿ ³ç öèõ ñèñòåì çàïèøåìî
ðîçâ’ÿçóâàëüí³ â³äíîñíî u0 òà u� ð³âíÿííÿ, ÿê³ ñåðåäíüîêâàäðàòè÷íî îáåðíåìî
äëÿ òèõ âèïàäê³â, äå öå ìîæëèâî.

ÐÎÇÂ’ßÇÀÍÍß ÇÀÄÀ×² ÌÀÒÅÌÀÒÈ×ÍÎÃÎ ÌÎÄÅËÞÂÀÍÍß ÑÒÀÍÓ ÊÂÀÄÐÀÒÈ×ÍÎ
ÍÅË²Í²ÉÍÈÕ ÄÈÍÀÌ²×ÍÈÕ ÑÈÑÒÅÌ

Ðîçãëÿíåìî ïðîáëåìè ðîçâ’ÿçàííÿ çàäà÷³ (5) äëÿ ñèñòåìè (1). ßê ³ â [4, 5],
ââàæàòèìåìî, ùî ôóíêö³ÿ y s( ) ñòàíó ðîçãëÿäóâàíî¿ ñèñòåìè ïðåäñòàâëåíà
ñï³ââ³äíîøåííÿì (6), ñêëàäîâ³ y s
 ( ) , y s0 ( ) òà y s� ( ) ÿêîãî ñï³ââ³äíîøåííÿìè
(7), (11) âèçíà÷àþòüñÿ ÷åðåç âåêòîðè

�

u, u0 òà u� çíà÷åíü ïðîñòîðîâî ðîç-
ïîä³ëåíèõ çîâí³øíüîäèíàì³÷íèõ çáóðåíü u s( ) ( )s S T�

0
òà ôóíêö³é u s0 ( )

( )s S� 0 ³ u s� ( ) ( )s S� � , ÿêèìè çã³äíî ç (5) ìîäåëþþòüñÿ ïî÷àòêîâî-êðàéîâ³

çáóðåííÿ (3) òà (4) â³äïîâ³äíî.
Çä³éñíèìî ï³äñòàíîâêó (6) â (3) òà (4) ³ ç óðàõóâàííÿì (7), (11) îòðèìàºìî

ñï³ââ³äíîøåííÿ

	 	L a s u

b u

L a s ur t
t

r t
t

0
0

0
0 0

0 0 0

0

0
( ) ( ) ( )

( )

( ) ( ) (�
�

�
� �

�

�

�� � � )

( )
( )

b u
Y xr

� � ��
� 0

( , , )x S r R� �0 01 , (14)

L a s u

b u

L a s u

b

x x� ��

�

�

�

� �
� � �

� �

( ) ( ) ( )

( )

( ) ( ) ( )

(

�
�

�0 0 0

0 0 0 u
Y s

�

�

)
( )� �

( [ , ], , )s T R� � �� �0 1� , (15)

äå çà àíàëîã³ºþ ç âèçíà÷åíèìè âèùå
~

,
~

P P0 � , a s0 ( ) , a s� ( ) , b0 , b�

� 0 0 0 0
3 2

01( ) ((
~

) , , )
( )

/u P u m M
m

� ��col ,

� � � � � �( ) ((
~

) , , )
( )

/u P u m M
m

� ��col 3 2 1 ,

	Y x Y x L y s r Rr r r t
t

0 0 0

0
01( ) ( ) ( ) ( ) ( , )� � � �


�
,

Y s Y s L y s Rx� � � �� � �
�( ) ( ) ( ) ( ) ( , )� � � �
 1 .

Ïîçíà÷èìî

� �0 0 0
3 2

0 0 0 01m m m m
P u P u m M� � �� �(
~

) ,
~

( , )
( )

/
( )

òà
� �� � � � � � �m m m m

P u P u m M� � �� �(
~

) ,
~

( , )
( )

/
( )

3 2 1

êîìïîíåíòè øóêàíèõ çã³äíî ç (14), (15) âåêòîð³â � 0 0( )u , � 0 òà � � �( )u , � � , à

a x P L G s Prm i m r

i

n

t i

t

n i m s
00

0
0

0

0

0

( ) ( ) ( )
( ) ( )

� �
�

�
� ��

� �
�

�� 	i
n i

s
G s

m

�
�

0 0
( )

	
,

a s P L G s P Gm i m
i

n

x i n i m s
i

n i� �
0

0
0

0 0
� �( ) ( ) ( )

( ) ( )
� � ��

�
�

�
�� 	( )s

s m�	0
,
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a x P L G s Prm i m r

i

n

t i

t

n i m s
�

� �
0 0

0 0

( ) ( ) ( )
( ) ( )

� �
�

�
� ��

� �
�

�� 	i
n i

s
G s

m

�
�

� �
( )

	
,

a s P L G s P Gm i m
i

n

x i n i m s
i

n i� �
��

�
�

� �( ) ( ) ( )
( ) ( )

� � ��

�
�

�
��

0

	( )s
s m�	�

,

äå 	 m S0 0� ( , )m M�1 0 òà 	 m S� �� ( , )m M�1 � — òî÷êè âèçíà÷åííÿ êîìïî-

íåíò u m0 òà u m� âåêòîð³â u0 òà u� , ïîçíà÷èìî êîìïîíåíòè âåêòîð³â

a x a x m M

a s a s

r rm

m

00 00
0

0 0

1( ) ( ( ), , ),

( ) ( ( ),

� �

�

str

str� �
� � m M�1 0, ),

a x a x m M

a s a s

r rm

m

� �
�

�� ��

0 0 1( ) ( ( ), , ),

( ) ( ( ),

� �

�

str

str� � m M�1, )�

äëÿ r R�1 0, , � �1, R� òà x S s T� � �0 0, [ , ]� .

Îñòàííº äàº çìîãó ðîçâ’ÿçóâàëüí³ ð³âíÿííÿ (14) òà (15) çàïèñàòè ó âèãëÿä³

a x

b

a x

b

rm

m

M

m

m

m

M

m

rm

m

M

m

m

00

1

0

0

1

0

0

1

0

0

( ) ( )

�

�

�
�

�

�
�

�

�

��
�

�

�

m

M

m

rY x x S r R

�
�

� � �

1

0
0 01

�

��

( ) ( , , ) , (16)

a s

b

a s

b

m

m

M

m

m

m

M

m

m

m

M

m

m

� ��

�

�0

1

0

0

1

0

1

0

0

� ��
�

�

�

( ) ( )

�

�

�
�

�

�
�

m

M

m

Y s

�
�

�

1

�

�

�

�

� ( ) (17)

( [ , ], , )s T R� � �� �0 1�

çà âèçíà÷åíèõ âèùå b m Mm
0

01( , )� òà b m Mm
�

�( , )�1 .

Ïîçíà÷èìî

A x a x b i M j M r Rri j11
00

0 01 1 1( ) ( (( ( ) , , ), , ), ,� � � �col str �
� ) ,

A x a x b i M j M r Rrj i12
0 0

0 01 1 1( ) ( (( ( ) , , ), , ), ,� � � �col str �
� ) ,

A s a s b i M j M Ri j21
0

01 1 1( ) ( (( ( ) , , ), , ), ,� � � �col str � �� �
� � ) ,

A s a s b i M j M Rj i22
0

01 1 1( ) ( (( ( ) , , ), , ), ,� � � �col str � ���
� � ) ,

B x Y x b b i M j M r Rr i j1
0 0

0 01 1 1( ) ( (( ( ) , , ), , ), ,� � � �col str �
� ) ,

B s Y s b b i M j M Ri j2
0

01 1 1( ) ( (( ( ) , , ), , ), ,� � � �col str � �� �
� � )

ìàòðè÷í³ ôóíêö³¿ ³ ç (16) òà (17) îòðèìàºìî ñèñòåìó ë³í³éíèõ ôóíêö³îíàëüíèõ
ð³âíÿíü

A x A x B x11 1 12 2 1( ) ( ) ( )� � �� � , (18)

A s A s B s21 1 22 2 2( ) ( ) ( )� � �� � (19)

â³äíîñíî âåêòîð³â �1, � 2 òà �.
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Îá’ºäíàºìî îñòàíí³ ó âåêòîð

� � � �� col( , , )1 2 (20)

³ çàïèøåìî ñèñòåìó (18), (19) ó âèãëÿä³

A x x S

A s s T

1
0

2

0

0 0

( ) , ,

( ) , [ , ],

�

�

� �
� � �� (21)

äå
A x A x A x B x1 11 12 1( ) ( ( ), ( ), ( ))� str ,

A s A s A s B s2 21 22 2( ) ( ( ), ( ), ( ))� str .

Çà óìîâè, êîëè det P � 0 [8], äå P A x A x dx A s A s ds

TS

� �
�


 1 1 2 2

0

� �

�

( ) ( ) ( ) ( )

[ , ]

,

ðîçâ’ÿçîê ñèñòåìè (21) âèçíà÷àòèìåòüñÿ ñï³ââ³äíîøåííÿì

� 
 
� � �PP (22)

çà äîâ³ëüíîãî M M L R0 0 02� ( )� — âèì³ðíîãî âåêòîðà 
.
Ç óðàõóâàííÿì âèçíà÷åííÿ (20) âåêòîðà � ç (22) îòðèìàºìî ñèñòåìó

íåë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü äëÿ çíàõîäæåííÿ ìîäåëþâàëüíèõ âåêòîð³â u0
òà u� :

(( ) ) (( ) ) ( ( ) )( )
/

( ) ( )P u P u Z Pi i M j i0 0
3 2

10

� �
� ��� � 
 ,

(( ) )(( ) ) ( ( ) )( ) ( )
/

( )P u P u Z Pi j M M M j i0 0
3 2

10 0

� �
� � ��� � �




àáî, ùî åêâ³âàëåíòíî,
� � 


0
3 2

10i j M j iZ P/
( )( ( ) )� � � � ,

� � 
0
3 2

10 0i j M M M j iZ P� �
/

( )( ( ) )� � � �

äëÿ
�0 0 0 01m mP u m M� ��(

~
) ( , )( )

òà
�� � � �m mP u m M� ��(

~
) ( , )( ) 1 .

Öå îçíà÷àº, ùî âåêòîðè u0 òà u� âèçíà÷àþòüñÿ ñï³ââ³äíîøåííÿìè u P0 0 0�
~

�

òà u P� � ��
~

� , â ÿêèõ

� �0 0 01� �col ( , , )m m M , � �� � �� �col ( , , )m m M1 .

ÐÎÇÂ’ßÇÀÍÍß ÇÀÄÀ×² ÌÀÒÅÌÀÒÈ×ÍÎÃÎ ÌÎÄÅËÞÂÀÍÍß ÑÒÀÍÓ Ë²Í²ÉÍÎ
ÐÎÇÏÎÄ²ËÅÍÈÕ ÑÈÑÒÅÌ Ç ÀÄÈÒÈÂÍÎ ÂÈÇÍÀ×ÅÍÎÞ ÍÅË²Í²ÉÍ²ÑÒÞ

Ðîçãëÿíåìî ïðîáëåìè ïîáóäîâè âåêòîð³â u0 òà u� , ç âèêîðèñòàííÿì ÿêèõ
çã³äíî ç (5) ìîäåëþâàâñÿ áè ðîçâ’ÿçîê ïî÷àòêîâî-êðàéîâî¿ çàäà÷³ (2), (4) äëÿ
ë³í³éíî¿ äèíàì³÷íî¿ ñèñòåìè (2), àäèòèâíî óòî÷íåíî¿ íåë³í³éíèì äèôå-
ðåíö³àëüíèì ÷ëåíîì.

ßê ³ âèùå, áóäåìî âèõîäèòè ç òîãî, ùî ðîçâ’ÿçêîì ð³âíÿííÿ (2) â íåîáìåæåí³é
ïðîñòîðîâî-÷àñîâ³é îáëàñò³ º ôóíêö³ÿ (11). Çàëèøèìî áåç çì³í ³ îá÷èñëåííÿ âåê-
òîð³â çíà÷åíü u um m0 0

0� ( )	 òà u um m� �
�� ( )	 ìîäåëþâàëüíèõ ôóíêö³é u s0 ( ) ,

u s� ( ) òà ñêëàäîâèõ y s0 ( ) , y s� ( ) â ïðåäñòàâëåíí³ (6) ôóíêö³¿ y s( ) ñòàíó ñèñòåìè (2).
Ï³ñëÿ ï³äñòàíîâêè (6) â (3) òà (4) îòðèìàºìî ðîçâ’ÿçóâàëüíó ñèñòåìó âèãëÿ-

äó (14), (15), â ÿê³é êð³ì âèçíà÷åíèõ âèùå � 0 0( )u , � � �( )u , a s0 ( ) , a s� ( ) ìàºìî

b b b k n m M0 01 0 1� � � � �� ((( , ), , ), , ) .
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Ðîçãëÿíåìî

a x P L G s L A s
rkm k m r t k r t k t
00
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km k m x k x k� � �
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, ( ))
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2 ,

b k nkm � � �( , ) ,01 0 .

Òóò, ÿê ³ âèùå, y ukm ( )0 òà y ukm ( )� — êîðåí³ êâàäðàòíèõ ð³âíÿíü

y a y
km km km km
2 0 0� � � , y a y

km km km km
2 � �� �� (24)

äëÿ
	

	
a A s

P G s P

km
n k

k
s

km k m s
n k

k
s

m

m

0

0
0 0

0

0

� �

� �

�

�

� �

�

( ) ,

( )
~

( )

	

	
�

0 0( )
,

m
u�

	
	

a A s

P G s P

km
n k

k
s

km k m s
n k

k
s

m

m

�

�
� �

�

�

� �

� �

�

�

� �

�

( ) ,

( )
~

( )

	

	
� � �( )m
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â³äïîâ³äíî. Îòðèìàíó ç óðàõóâàííÿì (14), (15) ñèñòåìó ë³í³éíèõ ôóíêö³îíàëüíèõ
ð³âíÿíü â³äíîñíî �

km
k n m M�

�( , , , )� �0 0 òà �
km

k n m M�
�( , , , )� �0 0 çàïè-

øåìî ó âèãëÿä³
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(25)

( , , )x S r R� �0
01 ,
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M
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n
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M
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n

km� �
�

�

0 0

10

0

10

0

0
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��
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�

�
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�

��
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��

��
�10
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(26)

( [ , ], , )s T R� � �� �0 1� .

Ìîæíà ïîáà÷èòè, ùî ñèñòåìà (25), (26) º óçàãàëüíåííÿì ñèñòåìè
íåë³í³éíèõ àëãåáðà¿÷íèõ ð³âíÿíü â³äíîñíî çíà÷åíü

�0 0 0m m
P u� �~

( )
( , )m M�1 0

(27)

òà
�� � �m m

P u� �~
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ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2021, òîì 57, ¹ 6 79



îòðèìàíî¿ â [1] äëÿ âèïàäêó ìîäåëþâàííÿ äèñêðåòíîãî âàð³àíòà ðîçãëÿäóâà-
íèõ òóò ïî÷àòêîâî-êðàéîâèõ óìîâ (3), (4).

Íå ðîçðàõîâóþ÷è òîìó íà ìîæëèâ³ñòü ÷èñåëüíîãî ðîçâ’ÿçàííÿ ö³º¿ ñèñòåìè
â³äíîñíî çì³ííèõ �0m ( , )m M�1 0 òà ��m ( , )m M�1 � , ùî äîçâîëèëî á ç

(27), (28) çíàéòè âåêòîðè u0 òà u� , ðîçãëÿíåìî äåÿê³ ÷àñòèíí³ âèïàäêè ðîçâ’ÿçó-
âàíî¿ íàìè çàäà÷³.

Âèïàäîê íåîáìåæåíî¿ ïðîñòîðîâî¿ îáëàñò³. Ðîçãëÿíåìî âàð³àíò ðîçâ’ÿçàí-
íÿ ðîçãëÿäóâàíî¿ âèùå çàäà÷³ (5) äëÿ âèïàäêó, êîëè âïëèâîì êðàéîâèõ çáóðåíü
Y x t�

� ( , ) ( , )� �1 R� íà ñòàí y s( ) ñèñòåìè (2) ìîæíà çíåõòóâàòè. Òîä³ êðàéîâ³ óìî-

âè (4) ìîæíà íå âðàõîâóâàòè ³ ôóíêö³þ y s( ) ñòàíó ñèñòåìè ïîäàìî ó âèãëÿä³
ñóìè

y s y s y s( ) ( ) ( )� �
 0 , (29)

ñêëàäîâ³ y s
 ( ) òà y s0 ( ) ÿêî¿ àíàëîã³÷íî ðîçãëÿíóòîìó âèùå âèçíà÷àþòüñÿ ÷å-
ðåç âåêòîðè

�

u òà u0 â³äîìèõ òà ìîäåëüîâàíèõ çîâí³øíüîäèíàì³÷íèõ çáóðåíü
u s( ) ( )s S T�

0
òà u s0 ( ) ( )s S� 0 â³äïîâ³äíî.

Çà â³äñóòíîñò³ êðàéîâèõ óìîâ (4), à îòæå ³ ñêëàäîâî¿ y s� ( ) â (29) òà âåêòîðà u� ,
÷åðåç ÿêèé öÿ ñêëàäîâà âèçíà÷àºòüñÿ, ðîçâ’ÿçóâàëüíà ñèñòåìà (25), (26) ñïðî-
ùóºòüñÿ äî òàêî¿:

a x Y x b x
rkm

m

M

k

n

km r km

m

M

k

n

k
00

10

0 0

10

0 0

( ) ( ) ( )

�� ��
�� ���� �

m
0

(30)

( , , )x R r RN� �1 0 .

Ïîçíà÷èâøè � �0
0

00 1� � �col(( , , ), , )
km

k n m M òà

A x a x
rkm0
00( ) ( ((( ( )� �col str � � � �Y x k n m M r Rr

0
0 00 1 1( )), , ), , ), , ) âåêòîð òà ìàò-

ðè÷íó ôóíêö³þ, â ÿêèõ �
km
0 ( , , , )k n m M� �0 1 0 , a x

rkm
00 ( ) ( ,r R�1 0 , k n� 0, ,

m M�1 0, ) òà Y xr
0 ( ) ( , )r R�1 0 çá³ãàþòüñÿ ³ç âèçíà÷åíèìè âèùå, ñèñòåìó (30) çà-

ïèøåìî ó âèãëÿä³

A x0 0 0( )� � . (31)

Äëÿ âèïàäêó, êîëè det P0 0� , äå P A x A x dx0 0 0�
�


�



 T ( ) ( ) , ðîçâ’ÿçîê (31) ìàòè-

ìå âèãëÿä

� 
 
0 0 0 0 0� � �P P � � �
 0
10R

M n( ) . (32)

Ç óðàõóâàííÿì çíàéäåíèõ ç (32) êîìïîíåíò �
�

�
km

km

km

0 1
0

2
0

�
�

�

�
�

�

�

�
�

( , , , )k n m M� �0 1 0 âåêòîðà � 0 , à òàêîæ âðàõîâóþ÷è, ùî

�
� �

�km

km m

km

y

y

0 0 0
2

0

�
�

�
�
�

�

�
�
�

( )

( )
, (33)

äå
� �0 0 01� �col( , , )m m M , (34)

äëÿ âèçíà÷åíèõ çã³äíî ç (27) çíà÷åíü �0m ( , )m M�1 0 çíàõîäèìî

ykm km
( )� �0 2

0� .

Ç óðàõóâàííÿì îñòàííüîãî ç (33) ìàòèìåìî

� � �m m m
0

0 1
0� , (35)

80 ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2021, òîì 57, ¹ 6



äå
� �m km

k n0
2

0 0� �col( , , ) , � �
m km

k n
1

0
1

0 0� �col( , , ) .

Âíàñë³äîê öüîãî ç (35) ç òî÷í³ñòþ

� � � � � � �
�

m m m m m m m m
m

P2 0
0 1

0 2
1

0
1

0
1

0 0

0

� � � �min || || ( ) ( ) (T T Pm m
0

1
0)� � ,

äå
Pm m m

0 0 0� � �( )T ,

çíàõîäèìî �0m ( , )m M�1 0 , à ç óðàõóâàííÿì (34) îòðèìóºìî

� � � � �0
0 0 1 0

1
0

01� ��col T T((( ) ) ( ) , , )m m m m
m M .

Îñòàííº äàº çìîãó çíàéòè âåêòîð u P0 0 0�
~

� , ÷èì ³ çàâåðøóºòüñÿ ðîçâ’ÿçàí-

íÿ çàäà÷³ (2), (3).
Âèïàäîê óñòàëåíî¿ äèíàì³êè. Ðîçãëÿíåìî âàð³àíò ðîçâ’ÿçàííÿ ö³º¿ çàäà÷³

äëÿ âèïàäêó, êîëè äîñë³äæóâàíèé ïðîöåñ ìàëî çàëåæíèé â³ä ïî÷àòêîâîãî (t � 0)
ñòàíó, òîáòî êîëè âïëèâ ïî÷àòêîâèõ çáóðþâàëüíèõ ôàêòîð³â Y xr

0 ( )

( , , )r R x S� �1 0 0 íåçíà÷íèé ³ íèì ìîæíà çíåõòóâàòè.

Çà öèõ óìîâ äëÿ ðîçâ’ÿçàííÿ çàäà÷³ ïîáóäîâè ñòàíó ñèñòåìè ïî÷àòêîâ³ óìî-
âè (3) äî óâàãè ìîæíà íå áðàòè. Òîä³ y s y s y s( ) ( ) ( )� �
 � çà âèçíà÷åíèõ âèùå
ñêëàäîâèõ y s
 ( ) òà y s� ( ) â³äïîâ³äíî.

Â³äñóòí³ñòü ïî÷àòêîâèõ óìîâ (3) òà ñêëàäîâî¿ y s0 ( ) ó âèçíà÷åíí³ ôóíêö³¿ y s( )
ñòàíó ñèñòåìè ñïðîùóº ðîçâ’ÿçóâàëüíó ñèñòåìó ð³âíÿíü (25), (26) äî òàêî¿:
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( )2 (37)

äëÿ âèçíà÷åíèõ çã³äíî ç (28) ��m ( , )m M�1 � ,

� �� � �� �col( , , )m m M1 , (38)

à ykm º êîðåíÿìè ð³âíÿííÿ (24). Ìàòðè÷í³ ôóíêö³¿ a s
km�

�� ( ) â (36) âèçíà÷à-

þòüñÿ çã³äíî ç (23), à bkm � ( , )0 1 T � � � �k n m M0 1, , , � .

Äëÿ çíàõîäæåííÿ ðîçâ’ÿçêó ñèñòåìè (36) â³äíîñíî �� �m m M( , )�1 , ÿêèìè

÷åðåç (28) âèçíà÷àºòüñÿ ìîäåëþâàëüíèé âåêòîð u� , àíàëîã³÷íî (31) çàïèøåìî ¿¿
ó âèãëÿä³

A s� �( )� � 0 , (39)

äå � ��
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�� � �col (( , , ), , )
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k n m M0 1 ,

A s a k n m M R
km�
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�
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( , ]
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1
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u P� � �� � .

ÂÈÑÍÎÂÊÈ

Ó ñòàòò³ ðîçâ’ÿçàíî çàäà÷³ äîñë³äæåííÿ äèíàì³êè äâîõ íåë³í³éíèõ ïðîñòîðî-
âî ðîçïîä³ëåíèõ ñèñòåì, îäíà ç ÿêèõ âèçíà÷àºòüñÿ ë³í³éíîþ ìàòåìàòè÷íîþ
ìîäåëëþ, äîïîâíåíîþ êâàäðàòè÷íî íåë³í³éíèì ÷ëåíîì, à äðóãà — êâàäðà-
òè÷íî íåë³í³éíà áåç ë³í³éíîãî ÷ëåíà. Çàäà÷³ ðîçâ’ÿçàíî äëÿ íåïåðåðâíî çàäà-
íèõ çíà÷åííü ãðàíè÷íî-ïî÷àòêîâèõ òà ïðîñòîðîâî ðîçïîä³ëåíèõ çîâí³øíüî-
äèíàì³÷íèõ çáóðþâàëüíèõ ôàêòîð³â. Êðèòåð³é ïîáóäîâè ôóíêö³¿ ñòàíó òàêèõ
ïðîñòîðîâî ðîçïîä³ëåíèõ ñèñòåì âèìàãàº íàéêðàùîãî ñåðåäíüîêâàäðàòè÷íî-
ãî óçãîäæåííÿ éîãî ³ç çàäàíîþ ³íôîðìàö³ºþ ïðî çîâí³øíüîäèíàì³÷í³ óìîâè
ôóíêö³îíóâàííÿ ñèñòåìè. Âèêîíàííÿ öèõ âèìîã äîñÿãíóòî íà åòàï³ ïåðåõîäó
â³ä äèôåðåíö³àëüíî¿ ôîðìè ìàòåìàòè÷íî¿ ìîäåë³ ñèñòåìè äî ¿¿ ³íòåãðàëüíîãî
åêâ³âàëåíòà, âèêîíàíîãî â [6, 7], òà ó âèïàäêó ïñåâäîîáåðíåííÿ íåïðîñòèõ ðîç-
â’ÿçóâàëüíèõ ð³âíÿíü, ÿê³ âèçíà÷àþòüñÿ ïî÷àòêîâî-êðàéîâèìè óìîâàìè
ôóíêö³îíóâàííÿ ñèñòåìè. Â îáîõ âèïàäêàõ ñóòòºâî âèêîðèñòàíî ðåçóëüòàòè
ïñåâäîîáåðíåííÿ [5] äèñêðåòíî ïåðåòâîðþþ÷èõ àëãåáðà¿÷íî íåë³í³éíèõ ñèñòåì.

Ðåçóëüòàòîì öüîãî íàóêîâîãî äîñë³äæåííÿ º ðîçðàõóíêîâ³ ôîðìóëè äëÿ âèç-
íà÷åííÿ âåêòîð³â äèñêðåòíèõ çíà÷åíü ôóíêö³é, ÿê³ çà ñåðåäíüîêâàäðàòè÷íèì
êðèòåð³ºì ìîäåëþþòü äèñêðåòíî âèçíà÷åí³ ãðàíè÷íî-ïî÷àòêîâ³ ñïîñòåðåæåííÿ
çà ñèñòåìîþ, òà àíàë³òè÷í³ çàëåæíîñò³ â³äïîâ³äíî¿ ôóíêö³¿ ñòàíó ñèñòåìè.

Îòðèìàí³ ìàòåìàòè÷í³ ðåçóëüòàòè ç ìàòåìàòè÷íîãî ìîäåëþâàííÿ ðîç-
â’ÿçê³â ðîçãëÿíóòèõ òóò (ó çàãàëüíîìó âèïàäêó íåêîðåêòíî ñôîðìóëüîâàíèõ) ïî-
÷àòêîâî-êðàéîâèõ çàäà÷ º ïðîçîðèìè ³ äîñòóïíèìè äëÿ ïðàêòè÷íî¿ ðåàë³çàö³¿,
÷îãî íå ìîæíà äîñÿãòè ìåòîäàìè êëàñè÷íî¿ òà îá÷èñëþâàëüíî¿ ìàòåìàòèêè.
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V.A. Stoyan
MATHEMATICAL MODELING OF QUADRATICALLY NONLINEAR
SPATIALLY DISTRIBUTED SYSTEMS.
II. THE CASE OF CONTINUOUSLY DEFINED INITIAL-BOUNDARY
EXTERNAL-DYNAMIC DISTURBANCES

Abstract. Two classes of nonlinear spatially distributed dynamical systems, discretely observed
according to the initial-boundary and spatially distributed external-dynamic disturbances are
analyzed. For each of them, analytical dependences are constructed for the state function,
which agrees, according to the root-mean square criterion, with the available information on
the external-dynamic conditions of their operation. Solution of the initial-boundary-value
problems for the systems under study is defined in terms of a set of vectors, which, according
to the root-mean square criterion, model the given initial-boundary environment, including the
spatially distributed external-dynamic perturbations. Conditions of the accuracy and uniqueness
of the obtained mathematical results are presented. The cases of unbounded spatial dmains and
systems’ steady-state dynamics are considered.

Keywords: pseudosolutions, mathematical modeling of dynamic systems, spatially distributed
dynamical systems, systems with uncertainties, ill-posed initial-boundary-value problems.
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