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²ÍÒÅÃÐÀËÜÍÈÉ ÎÏÅÐÀÒÎÐ Ð²ÌÀÍÀ ÄËß ÑÒÀÖ²ÎÍÀÐÍÈÕ
ÒÀ ÍÅÑÒÀÖ²ÎÍÀÐÍÈÕ ÏÐÎÖÅÑ²Â

Àíîòàö³ÿ. Ïîáóäîâàíî ³íòåãðàëüí³ îïåðàòîðè, îñíîâîþ ÿêèõ º ôóíêö³ÿ Ð³ìàíà, ùî ïåðå-
âîäÿòü äîâ³ëüí³ àíàë³òè÷í³ ôóíêö³¿ â ðåãóëÿðí³ ðîçâ’ÿçêè ð³âíÿíü åë³ïòè÷íîãî, ïàðà-
áîë³÷íîãî òà ã³ïåðáîë³÷íîãî òèï³â äðóãîãî ïîðÿäêó. Îäåðæàíî óçàãàëüíåííÿ îïåðàòîðíîãî
ìåòîäó Ð³ìàíà ùîäî á³îîñåñèìåòðè÷íîãî ð³âíÿííÿ Ãåëüìãîëüöÿ. Ðîçðîáëåíî ìåòîä çíà-
õîäæåííÿ â àíàë³òè÷íîìó âèãëÿä³ ðîçâ’ÿçê³â çàçíà÷åíèõ âèùå ð³âíÿíü. Ó ðÿä³ âèïàäê³â
ïîáóäîâàíî ôîðìóëè îáåðíåííÿ ³íòåãðàëüíèõ ïðåäñòàâëåíü ðîçâ’ÿçê³â. Ñôîðìóëüîâàíî
óìîâè ðîçâ’ÿçàííÿ çàäà÷³ Êîø³ äëÿ îñåñèìåòðè÷íîãî ð³âíÿííÿ Ãåëüìãîëüöÿ.

Êëþ÷îâ³ ñëîâà: ³íòåãðàëüíèé îïåðàòîð, ðåãóëÿðí³ ðîçâ’ÿçêè, àíàë³òè÷í³ ôóíêö³¿.

Äèôåðåíö³àëüí³ ð³âíÿííÿ â ÷àñòèííèõ ïîõ³äíèõ, ùî ì³ñòÿòü äèôåðåíö³àëüí³

îïåðàòîðè âèãëÿäó
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òà ¿õí³ ³òåðàö³¿, øèðîêî âèêîðèñòîâóþòüñÿ â òåîð³¿ àïðîêñèìàö³¿, òåîð³¿ â³äîá-

ðàæåíü ³ çàäà÷àõ ìàòåìàòè÷íî¿ ô³çèêè, ïîâ’ÿçàíèõ ç ÿâèùàìè â³áðàö³¿, ïðîöå-

ñàìè äèôóç³¿, à òàêîæ á³îëîã³÷íèìè ³ åêîëîã³÷íèìè ïðîáëåìàìè [1–11].

Ìåòîäàìè ðîçâ’ÿçóâàííÿ òàêèõ ð³âíÿíü º ñòâîðåííÿ ³íòåãðàëüíèõ òà äèôå-

ðåíö³àëüíèõ îïåðàòîð³â, ùî âèçíà÷àþòü ðîçâ’ÿçîê ð³âíÿíü òà ñèñòåì åë³ïòè÷íî-

ãî òà ã³ïåðáîë³÷íîãî òèï³â [12–18].

Îäíèì ç ìåòîä³â ðîçâ’ÿçóâàííÿ òàêèõ ð³âíÿíü º îïåðàòîðíèé ìåòîä Ð³ìàíà.

Â³í çâîäèòüñÿ äî çíàõîäæåííÿ ³íòåãðàëüíî¿ ôîðìóëè, ùî âèðàæàº ó ÿâíîìó âè-

ãëÿä³ ðîçâ’ÿçîê çàäà÷³ Êîø³ ÷åðåç ïî÷àòêîâ³ äàí³ ³ ðàçîì ç òèì áåçïîñåðåäíüî äî-

âîäèòü ºäèí³ñòü ðîçâ’ÿçêó.

Óçàãàëüíåííÿ îïåðàòîðíîãî ìåòîäó Ð³ìàíà çä³éñíþâàòèìåòüñÿ íà îñíîâ³

äâîîñåñèìåòðè÷íîãî ð³âíÿííÿ Ãåëüìãîëüöÿ [19].
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Ðîçãëÿíåìî äèôåðåíö³àëüíå ð³âíÿííÿ âèãëÿäó
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Ï³äñòàâëÿºìî L n m� , â L� . Ïåðåòâîðèâøè âèðàç ï³ä çíàêîì ñóìè, îäåðæèìî

L S
k k

m n k

m m

m n

m

�� �

	



�
�



�
�

�




�
�



�
� � �

�

1

2

1

2

1

2
2 2,

( ) ( )

( ),

� �

n
m n

n mm n k

n m�

�

�
� � � �

�

�

�
�
�
�

�
0

2 2

2 2

2 2

1 1( ) ( ) ( )

! !

� � �

�

 

!
� � � � � � �

�x y S x iy t tdtm n m n m n m k� �
�

�2 2

0

2 2 1( cos ) sin !
!
!

� �S� .

Îòæå, äîâåäåíî òàêó òåîðåìó.

Òåîðåìà 1. Äëÿ âñ³õ ôóíêö³é � �( , )z àíàë³òè÷íèõ â G, íåïåðåðâíèõ â G ³ òà-

êèõ, ùî ðÿä ó (3) ð³âíîì³ðíî çá³æíèé � � � �z G T T, � 0 ,

� ( , , )

,

( cos , )( cos )x y
x

k
x iy t x iy t� � �

� �

�

	



�
�



�
�

� �
�

�
2

1

2
0

� sin k t� �1

� � �
�

�� ( , , ,
sin

( cos )
, sin )� �1

2 4 4

2 2
2 2

2

k y t

x x iy t

S
y t dt

º ðîçâ’ÿçêîì ð³âíÿííÿ ( ) ; ,
,

L T z z
k S
� �� � 0 ³ç îêîëó z z� �0 0, .

2. Îáåðíåííÿ ³íòåãðàëüíîãî çîáðàæåííÿ ó âèïàäêó � � 0 .

Ïðè � � 0 ð³âíÿííÿ ( )
,

L
k S
� ³ ôîðìóëà (1) ìàòèìóòü â³äïîâ³äíî âèãëÿä

L
k

y
Sk S xx yy y, � � � � �� � � � � 0 , ( ),Lk S

� �( , , ) ( , , ) ( cos , ) ; sinx y z z C x iy t F
k S

yk� � � �
�

� � � ��
0

0 1
2

2 4

2 1t tdtk�

�
�

�

 
!

�sin , (4)

äå C

k

k
k �

�


�
�



�
�




�
�



�
�




�
�



�
�

�

� �

1

2

2

1

2

; 0 1
2

F
k

Z;
�

�
�

�

 
! — ÷àñòèííèé âèïàäîê óçàãàëüíåíî¿ ã³ïåðãåî-

ìåòðè÷íî¿ ôóíêö³¿, ïîâ’ÿçàíî¿ ç ôóíêö³ºþ Áåññåëÿ ð³âí³ñòþ

0 1
2

12 2
2F

k
Z

k
i z i z

k

; ( ) ( )
�

�
�

�

 
! �




�
�



�
�

� �

�
�

1

k

2

J .

Îòæå, ñïðàâåäëèâà òåîðåìà.

Òåîðåìà 2. Äëÿ âñ³õ ôóíêö³é � �( , )z àíàë³òè÷íèõ â G, íåïåðåðâíèõ â G ³ òà-

êèõ, ùî ðÿä

E

n
k

n

y t
S x iy

n

n

n
n� ��

�

�



�
�



�
�




�
�



�
� �

�

�

�
( )

!

sin
( co

1

2

20

2

�

s , )t �

ð³âíîì³ðíî çá³æíèé � � � �z G T T, � 0 ,

�

�

( , , ) ( cos , )sinz z

k

E x iy t tdtk�
�

� �
�

�

�


�
�



�
�

��
�

1

2

0

1

º ðîçâ’ÿçêîì ð³âíÿííÿ ( ),Lk S � �� T0 , z z, ³ç îêîëó z � 0 , z � 0 .

86 ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2021, òîì 57, ¹ 6



Íåîáõ³äí³ñòü îáåðíåííÿ ³íòåãðàëüíîãî ð³âíÿííÿ (4) çóìîâëåíî ðîçâ’ÿçóâàííÿì

êðàéîâèõ çàäà÷ äëÿ ð³âíÿííÿ ( ),Lk S . Äëÿ öüîãî ââåäåìî ïîíÿòòÿ îáëàñòåé äâîõ òèï³â:

à) îáëàñòü G ñèìåòðè÷íà â³äíîñíî ä³éñíî¿ îñ³, íàëåæèòü êëàñó A, ÿêùî âîíà

ì³ñòèòü ïîâí³ñòþ â³äð³çîê, ùî ç’ºäíóº äâ³ áóäü-ÿê³ ¿¿ òî÷êè ç îäíàêîâèìè àáñöèñàìè;

á) îáëàñòü G íàëåæèòü êëàñó B, ÿêùî âîíà ì³ñòèòü ïîâí³ñòþ â³äð³çîê ïðÿìî¿,

ïðîâåäåíî¿ ç íåñê³í÷åííî â³ääàëåíî¿ òî÷êè â äîâ³ëüíó ¿¿ òî÷êó z ïàðàëåëüíî îñ³ OY .
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1
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Çà äîïîìîãîþ ïðÿìèõ òà îáåðíåíèõ ôîðìóë êðàéîâ³ çàäà÷³ äëÿ ð³âíÿííÿ Ãå-

ëüìãîëüöÿ çâîäÿòüñÿ äî â³äïîâ³äíèõ êðàéîâèõ çàäà÷ äëÿ àíàë³òè÷íèõ ôóíêö³é.

Çàóâàæåííÿ. ßêùî îáëàñòü G ñòàíîâèòü ï³âïëîùèíó, à �( )z — àíàë³òè÷íà

â G ôóíêö³ÿ, ùî ñïðàâäæóº óìîâó(**), òî ðîçâ’ÿçêè ð³âíÿííÿ (5), òîáòî ïðåä-

ñòàâëåííÿ (6) òà (7), çá³ãàþòüñÿ.

ßê ïðèêëàä çàñòîñóâàííÿ ïîáóäîâàíèõ ³íòåãðàëüíèõ îïåðàòîð³â ðîçâ’ÿæåìî çàäà÷ó.

Çàäà÷à. Â îáëàñò³ G x: � 0 , y� 0 çíàéòè ðåãóëÿðíèé ðîçâ’ÿçîê çàäà÷³ Êîø³

äëÿ ð³âíÿííÿ Ãåëüìãîëüöÿ (5) çà óìîâàìè
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Îòæå, ìàòèìåìî òàêó òåîðåìó.

Òåîðåìà 3. Äëÿ âñ³õ ôóíêö³é � �( , )z àíàë³òè÷íèõ â G, íåïåðåðâíèõ â G
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º ðîçâ’ÿçêîì ð³âíÿííÿ (13).
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º ðîçâ’ÿçêîì ð³âíÿííÿ ( )13" .

Îòæå, ïîáóäîâàíî íîâ³ ³íòåãðàëüí³ îïåðàòîðè, ÿê³ ñòàíîâëÿòü åôåêòèâíèé

ìåòîä ðîçâ’ÿçóâàííÿ êðàéîâèõ çàäà÷ ³ç çàëó÷åííÿì òåîð³¿ àíàë³òè÷íèõ ôóíêö³é.

Îòðèìàíî çðó÷í³ àíàë³òè÷í³ âèðàçè ðîçâ’ÿçê³â ð³âíÿíü ñòàö³îíàðíèõ òà íå-

ñòàö³îíàðíèõ ïðîöåñ³â.
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I.M. Alexandrovich, S.I. Lyashko, M.V-S. Sydorov, N.I. Lyashko, O.S. Bondar
RIEMAN INTEGRAL OPERATOR FOR STATIONARY AND NON-STATIONARY PROCESSES

Abstract. Integral operators based on the Riemann function, which transform arbitrary
analytical functions into regular solutions of equations of elliptic, parabolic, and hyperbolic
types of second order are constructed. The Riemann operator method is generalized for the
biaxisymmetric Helmholtz equation. A method for finding solutions of the above equations in
analytical form is developed. In some cases, formulas for inverting integral representations of
solutions are constructed. The conditions for solving the Cauchy problem for the axisymmetric
Helmholtz equation are formulated.

Keywords: integral operator, regular solutions, analytical functions.

Íàä³éøëà äî ðåäàêö³¿ 13.04.2021

ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2021, òîì 57, ¹ 6 93


