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Àíîòàö³ÿ. Ðîçãëÿíóòî ñèñòåìó êîìï’þòåðíîãî ìîäåëþâàííÿ íåë³í³éíèõ ïðîöåñ³â, ÿê³ îïè-
ñóþòüñÿ ð³âíÿííÿì Áþðãåðñà–Êîðòåâåãà-äå Ôð³çà. Ðåàë³çîâàíî ÷èñåëüíèé ðîçâ’ÿçîê äèôå-
ðåíö³àëüíîãî ð³âíÿííÿ Áþðãåðñà–Êîðòåâåãà-äå Ôð³çà çà áåçñ³òêîâîþ ñõåìîþ ç âèêîðèñ-
òàííÿì ðàä³àëüíèõ áàçèñíèõ ôóíêö³é. ßê ðàä³àëüí³ áàçèñí³ ôóíêö³¿ â ñèñòåì³ êîìï’þòåð-
íîãî ìîäåëþâàííÿ çàñòîñîâàíî Ãàóñîâó, ìóëüòèêâàäðàòè÷íó, îáåðíåíó êâàäðàòè÷íó,
îáåðíåíó ìóëüòèêâàäðàòè÷íó ôóíêö³¿, à òàêîæ ôóíêö³þ Âó ç êîìïàêòíèì íîñ³ºì. Ïîêàçà-
íî, ùî ðîçâ’ÿçîê íåë³í³éíîãî îäíîâèì³ðíîãî íåñòàö³îíàðíîãî ð³âíÿííÿ Áþðãåðñà–Êîðòåâå-
ãà-äå Ôð³çà â ñèñòåì³ êîìï’þòåðíîãî ìîäåëþâàííÿ â³çóàë³çóºòüñÿ ó âèãëÿä³ òðèâèì³ðíî¿
ïîâåðõí³. Ïðîäåìîíñòðîâàíî åôåêòèâí³ñòü ÷èñåëüíîãî ðîçâ’ÿçêó â ñèñòåì³ êîìï’þòåðíîãî
ìîäåëþâàííÿ íà ïðèêëàä³ òåñòîâî¿ çàäà÷³, äëÿ ÿêî¿ îòðèìàíî ÷èñåëüí³ ðîçâ’ÿçêè, à òàêîæ
îá÷èñëåíî ñåðåäíþ â³äíîñíó, ñåðåäíþ àáñîëþòíó òà ìàêñèìàëüíó ïîõèáêè.

Êëþ÷îâ³ ñëîâà: íåë³í³éíå îäíîâèì³ðíå ð³âíÿííÿ Áþðãåðñà–Êîðòåâåãà-äå Ôð³çà, ñèñòåìà
êîìï’þòåðíîãî ìîäåëþâàííÿ, íåñòàö³îíàðíà êðàéîâà çàäà÷à, áåçñ³òêîâèé ìåòîä, ðàä³àëüí³
áàçèñí³ ôóíêö³¿.

ÂÑÒÓÏ

Ð³âíÿííÿ Áþðãåðñà–Êîðòåâåãà-äå Ôð³çà (ÁÊäÔ) º íåë³í³éíèì äèôåðåíö³àëüíèì
ð³âíÿííÿì ç ÷àñòèííèìè ïîõ³äíèìè, ÿêå áóëî ñôîðìóëüîâàíî Ñó òà Ãàðäíå-
ðîì [1]. Éîãî âèêîðèñòîâóþòü äëÿ îïèñó áàãàòüîõ ô³çè÷íèõ ïðîöåñ³â, òàêèõ ÿê
ïîøèðåííÿ õâèëü íà ì³ëê³é âîä³ [2], ïîøèðåííÿ õâèëü â åëàñòè÷í³é òðóá³, ùî
çàïîâíåíà â’ÿçêîþ ð³äèíîþ [3], ³ ó ñëàáî íåë³í³éíèõ õâèëÿõ ó ïëàçì³ ç ïåâíè-
ìè äèñèïàòèâíèìè åôåêòàìè [4]. Ð³âíÿííÿ ÁÊäÔ º êîìá³íàö³ºþ ð³âíÿííÿ Áþð-
ãåðñà òà ð³âíÿííÿ Êîðòåâåãà-äå Ôð³çà. Ð³âíÿííÿ Áþðãåðñà âïåðøå áóëî îòðè-
ìàíî â 1939 ðîö³ í³äåðëàíäñüêèì ô³çèêîì Éîãàííåñîì Ìàðò³íóñîì Áþðãåðñîì
ï³ä ÷àñ äîñë³äæåííÿ òóðáóëåíòíîñò³ [5], òîä³ ÿê ð³âíÿííÿ Êîðòåâåãà-äå Ôð³çà
âïåðøå áóëî îòðèìàíî â 1877 ðîö³ ôðàíöóçüêèì ó÷åíèì Æîçåôîì Áóññ³íå-
ñêîì [6], àëå äåòàëüíèé àíàë³ç öüîãî ð³âíÿííÿ áóâ âèêîíàíèé ó 1895 ðîö³
í³äåðëàíäñüêèìè ìàòåìàòèêàìè Ä³äåð³êîì Êîðòåâåãîì ³ Ãóñòàâîì äå Ôð³çîì,
ÿê³ âèêîðèñòîâóâàëè éîãî ÿê íåë³í³éíó ìîäåëü äëÿ àíàë³çó çì³íè ôîðìè äîâ-
ãèõ õâèëü, ùî ðóõàþòüñÿ ó ïðÿìîêóòíîìó êàíàë³ [7].

×èìàëî äîñë³äíèê³â çîñåðåäæóþòü ñâîþ óâàãó íà âèâ÷åíí³ ð³âíÿííÿ ÁÊäÔ.
Íà ñüîãîäí³ îòðèìàíî íèçêó àíàë³òè÷íèõ ðîçâ’ÿçê³â öüîãî äèôåðåíö³àëüíîãî
ð³âíÿííÿ, à òàêîæ âåäóòüñÿ ðîçðîáëåííÿ ð³çíèõ ÷èñåëüíèõ ìåòîä³â éîãî ðîçâ’ÿ-
çàííÿ. Äåì³ðàé [8], Àíòàð ³ Äåì³ðàé [9] âèâåëè ð³âíÿííÿ ÁÊäÔ ÿê îñíîâíå åâî-
ëþö³éíå ð³âíÿííÿ äëÿ ïîøèðåííÿ õâèëü ó çàïîâíåíèõ ð³äèíîþ ïðóæíèõ àáî â’ÿç-
êîïðóæíèõ òðóáêàõ, â ÿêèõ áóëè íàÿâí³ åôåêòè äèñïåðñ³¿, äèñèïàö³¿ òà
íåë³í³éíîñò³. Çàê³ [10] âèêîðèñòàâ B-ñïëàéíè ï’ÿòîãî ïîðÿäêó â ìåòîä³ ñê³í÷åí-
íèõ åëåìåíò³â, òîä³ ÿê Òàëààò Ñ. Àë³-åëü-Äàíàô [11] âèêîðèñòàâ B-ñïëàéíè ñüî-
ìîãî ïîðÿäêó äëÿ îòðèìàííÿ ÷èñåëüíîãî ðîçâ’ÿçêó ð³âíÿííÿ ÁÊäÔ. Äëÿ îòðèìàí-
íÿ àíàë³òè÷íîãî ðîçâ’ÿçêó ð³âíÿííÿ ÁÊäÔ áóëî çàñòîñîâàíî ìåòîä ðîçêëàäàííÿ
Àäîìÿíà òà âàð³àö³éíèé ³òåðàö³éíèé ìåòîä [12, 13].
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Ïðîòÿãîì îñòàííüîãî äåñÿòèë³òòÿ øèðîêî çàñòîñîâóâàëèñÿ áåçñ³òêîâ³ ìåòîäè,
ùî ´ðóíòóþòüñÿ íà âèêîðèñòàíí³ ðàä³àëüíèõ áàçèñíèõ ôóíêö³é (ÐÁÔ) [14–17]. Ö³
ìåòîäè º àëüòåðíàòèâîþ ïîøèðåíèì ñê³í÷åííî-ð³çíèöåâèì ìåòîäàì. Áåçñ³òêîâ³ ìå-
òîäè íàäàþòü çìîãó óíèêíóòè ïîáóäîâè ³íòåðïîëÿö³éíî¿ ñ³òêè âñåðåäèí³ îáëàñò³
êðàéîâî¿ çàäà÷³, ùî çàáåçïå÷óº ¿õíþ îá÷èñëþâàëüíó åôåêòèâí³ñòü, îñê³ëüêè ãåíå-
ðàö³ÿ ñ³òêè, ÿê ³ ðàí³øå, çàëèøàºòüñÿ íàéá³ëüø òðóäîì³ñòêîþ ÷àñòèíîþ áóäü-ÿêîãî
÷èñåëüíîãî ìîäåëþâàííÿ, ùî ´ðóíòóºòüñÿ íà âèêîðèñòàíí³ ñ³òêîâèõ ìåòîä³â.

Ó 1990 ðîö³ Åäâàðä Êàíñà [18] óâ³â ñõåìó ðîçâ’ÿçàííÿ äèôåðåíö³àëüíèõ
ð³âíÿíü ç ÷àñòèííèìè ïîõ³äíèìè, ùî ´ðóíòóºòüñÿ íà êîìá³íîâàíîìó çàñòîñóâàíí³
ìåòîäó êîëîêàö³¿ òà ÐÁÔ. Ó öüîìó ï³äõîä³ ðîçâ’ÿçîê äèôåðåíö³àëüíîãî ð³âíÿííÿ
àïðîêñèìóºòüñÿ çà äîïîìîãîþ ÐÁÔ, à ìåòîä êîëîêàö³¿ çàñòîñîâóºòüñÿ äëÿ çíàõîä-
æåííÿ íåâ³äîìèõ êîåô³ö³ºíò³â. Ìóëüòèêâàäðàòè÷íà, òîíêèé ïëàñòèí÷àòèé
ñïëàéí, Ãàóñîâà, îáåðíåíà ìóëüòèêâàäðàòè÷íà òà îáåðíåíà êâàäðàòè÷íà ôóíê-
ö³ÿ — öå ãëîáàëüí³ ÐÁÔ (globally supported RBFs), ÿê³ øèðîêî âèêîðèñòîâóþòüñÿ
äëÿ ðîçâ’ÿçàííÿ äèôåðåíö³àëüíèõ ð³âíÿíü ç ÷àñòèííèìè ïîõ³äíèìè.

Õîí ³ Ìàî [19] ðîçøèðèëè çàñòîñóâàííÿ ÐÁÔ äëÿ ÷èñåëüíèõ ðîçâ’ÿçê³â
ð³çíèõ äèôåðåíö³àëüíèõ ð³âíÿíü ç ÷àñòèííèìè ïîõ³äíèìè, çîêðåìà íåë³í³éíîãî
ð³âíÿííÿ Áþðãåðñà ç óäàðíèìè õâèëÿìè.

Ìåòîþ öüîãî äîñë³äæåííÿ º ðîçðîáëåííÿ òà ïðîãðàìíà ðåàë³çàö³ÿ ñèñòåìè
êîìï’þòåðíîãî ìîäåëþâàííÿ íåë³í³éíèõ ïðîöåñ³â, ÿê³ îïèñóþòüñÿ ð³âíÿííÿì
ÁÊäÔ. ×èñåëüíèé ðîçâ’ÿçîê ð³âíÿííÿ ÁÊäÔ îòðèìàíî çà áåçñ³òêîâîþ ñõåìîþ, ùî
´ðóíòóºòüñÿ íà êîìá³íàö³¿ ìåòîäó êîëîêàö³¿ òà ðàä³àëüíèõ áàçèñíèõ ôóíêö³é. ßê
ÐÁÔ â ñèñòåì³ êîìï’þòåðíîãî ìîäåëþâàííÿ âèêîðèñòàíî Ãàóñîâó, ìóëüòèêâàäðà-
òè÷íó, îáåðíåíó êâàäðàòè÷íó, îáåðíåíó ìóëüòèêâàäðàòè÷íó ôóíêö³¿, à òàêîæ
ôóíêö³þ Âó ç êîìïàêòíèì íîñ³ºì [20].

²ÒÅÐÀÖ²ÉÍÀ ÑÕÅÌÀ

Ðîçãëÿíåìî íåë³í³éíå îäíîâèì³ðíå íåñòàö³îíàðíå íåîäíîð³äíå ð³âíÿííÿ ÁÊäÔ [21]
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äå �, � — ä³éñí³ ïàðàìåòðè, ùî õàðàêòåðèçóþòü åôåêòè íåë³í³éíîñò³ òà äèñ-
ïåðñ³¿ â³äïîâ³äíî, � �1/ R — ê³íåìàòè÷íà â’ÿçê³ñòü, ÿêà õàðàêòåðèçóº âåëè÷èíó
äèñèïàö³¿, R — ÷èñëî Ðåéíîëüäñà, f x t( , ) — ôóíêö³ÿ äæåðåëà.

Ïî÷àòêîâ³ óìîâè çàäàíî ó âèãëÿä³

u x u x x a b( , ) ( ), [ , ]0 0� � . (2)
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Çàñòîñîâóþ÷è �-ñõåìó äëÿ äèñêðåòèçàö³¿ çà ÷àñîì [22], îòðèìóºìî
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äå u u x tn n� ( , ), f f x tn n� ( , ), t nn � �, n — êðîê ³òåðàö³¿, � — êðîê çà ÷àñîì,

0 1 � — âàãîâèé êîåô³ö³ºíò, � � � �2 2/ x , � � � �3 3 3/ x .
Ï³äñòàâèìî ð³âíÿííÿ (4)–(8) ó ð³âíÿííÿ (1):
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Íåë³í³éíèé ÷ëåí ó ð³âíÿíí³ (9) ë³íåàðèçóºòüñÿ â òàêèé ñïîñ³á:
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Ï³äñòàâèìî ð³âíÿííÿ (10) ó ð³âíÿííÿ (9):
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Ïîêëàäåìî � �1, òîä³ ð³âíÿííÿ (11) ìàòèìå òàêèé âèãëÿä:
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³ äëÿ äâîõ òî÷îê íà ãðàíèö³ îáëàñò³ (x a1 � òà x bN � ):
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Ó ö³é ñòàòò³ ÿê ÐÁÔ âèêîðèñòàíî òàê³ ôóíêö³¿:

�( )
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r eij
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 2

— Ãàóñîâà ôóíêö³ÿ (GA);
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4 4 5 5 6 635 5� � )

— ôóíêö³ÿ Âó ç êîìïàêòíèì íîñ³ºì (Wu’s CS-RBF),

äå c � 0 — ïàðàìåòð ôîðìè, ÿêèé îáèðàþòü äîâ³ëüíî, ( )1 7
 �crij — ôóíêö³ÿ

â³äòèíàííÿ, ùî âèçíà÷àºòüñÿ ÿê

( ) ( ) , ,1 1 1 0

0

7
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 ��

�
�

�cr
cr cr

ij
ij ijÿêùî

³íàêøå.

Ð³âíÿííÿ (12) º ðåêóðñèâíîþ ôîðìóëîþ. Îòæå, öå äèôåðåíö³àëüíå ð³âíÿííÿ
ìîæíà ðîçâ’ÿçóâàòè êðîê çà êðîêîì, ïî÷èíàþ÷è ç ïî÷àòêîâèõ óìîâ (2). Çàïèøå-
ìî ð³âíÿííÿ (13) ðàçîì ç ãðàíè÷íèìè óìîâàìè (3) â ìàòðè÷í³é ôîðì³:

[ ] [ ]u An n� � ,

äå [ ] [ , , , ]u u u un n n
N
n� 1 2 �

T , [ ] [ , , , ]� � � �n n n
N
n� 1 2 �

T ³ A rij� [ ( )]� , 1  i j N, .

Ìàòðèöþ A ìîæíà ðîçêëàñòè íà äâ³ ìàòðèö³ Ad ³ Ab , ÿê³ â³äïîâ³äàþòü N – 2
âíóòð³øí³ì òî÷êàì ³ äâîì òî÷êàì íà ãðàíèö³ îáëàñò³, ó òàêèé ñïîñ³á:

A A Ad b� � , (17)

äå
A

r i N j N
d

ij�
  
  �

�
�

�( ), , ,

,

ÿêùî

³íàêøå

2 1 1

0

A
r i N j N

b
ij�

�  �
�
�

�( ), , , ,ÿêùî

³íàêøå.

1 1

0

Îá’ºäíóþ÷è ð³âíÿííÿ (14)–(16) ç óðàõóâàííÿì (17), îòðèìóºìî òàêå ìàòðè÷-
íå ð³âíÿííÿ:

{ diag diagA D C B A A B Ad d d d
n

d d
n

d b� 
 � � �� � � � � �[ ( ( [ ] ) ( [ ] ) )] }[ ]� n� �1

� � � � �A A B Fd
n

d
n

d
n n[ ] ( [ ] ) * ( [ ] ) [ ]� �� � � 1, (18)
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�' ( ), , ,ÿêùî

³íàêøå,

2 1 1
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³íàêøå,
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0
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diag ( [ ] )Ad
n� — ä³àãîíàëüíà ìàòðèöÿ ç åëåìåíòàìè Ad

n[ ]� íà ãîëîâí³é ä³àãî-

íàë³, [ ] [ , , , , ]F g f f gn n n
N
n n� � �



� ��1

1
1

2
1

1
1

2
1� ��

T , “.*” îçíà÷àº ïîêîìïîíåíòíèé

äîáóòîê äâîõ âåêòîð³â.
Ð³âíÿííÿ (18) ìîæíà ðîçâ’ÿçàòè â³äíîñíî íåâ³äîìèõ êîåô³ö³ºíò³â [ ]� n ìåòî-

äîì Ãàóñà àáî ìåòîäàìè, ùî ïðåäñòàâëåí³ â ðîáîò³ [23]. Ï³äñòàâëÿþ÷è çíà÷åííÿ

êîåô³ö³ºíò³â [ ]� n ó ð³âíÿííÿ (13), îòðèìóºìî íàáëèæåíèé ðîçâ’ÿçîê ð³âíÿííÿ (1)

íà n-ìó êðîö³.
Îïèñàíó ³òåðàö³éíó ñõåìó ðåàë³çîâàíî â ðîçðîáëåí³é ñèñòåì³ êîìï’þòåðíîãî

ìîäåëþâàííÿ.

ÎÏÈÑ ÑÈÑÒÅÌÈ ÊÎÌÏ’ÞÒÅÐÍÎÃÎ ÌÎÄÅËÞÂÀÍÍß

²íòåðôåéñ ñèñòåìè êîìï’þòåðíîãî ìîäåëþâàííÿ (ÑÊÌ) íåë³í³éíèõ ïðîöåñ³â,
ÿê³ îïèñóþòüñÿ ð³âíÿííÿì ÁÊäÔ, íàâåäåíî íà ðèñ. 1.

Ó âåðõí³é ÷àñòèí³ â³êíà ÑÊÌ ðîçì³ùóºòüñÿ ìåíþ, ùî ñêëàäàºòüñÿ ç âêëàäîê
Language ³ Choice RBF. Âêëàäêà Language íàäàº çìîãó âèáðàòè ìîâó ³íòåðôåéñó
ÑÊÌ, à ó âêëàäö³ Choice RBF çä³éñíþºòüñÿ âèá³ð ðàä³àëüíî¿ áàçèñíî¿ ôóíêö³¿.

Íèæ÷å ìåíþ ðîçì³ùóºòüñÿ ïàíåëü ³íñòðóìåíò³â, çîáðàæåíà íà ðèñ. 2.
Íà ïàíåë³ ³íñòðóìåíò³â ðîçòàøîâàí³ êíîïêè, ÿê³ íàäàþòü çìîãó çì³íþâàòè

ìàñøòàá êîîðäèíàòíèõ îñåé òà îáåðòàòè ¿õ ó òðèâèì³ðíîìó ïðîñòîð³, â³äîáðàæà-
òè çíà÷åííÿ ÷èñåëüíîãî ðîçâ’ÿçêó êðàéîâî¿ çàäà÷³ â îêðåì³é òî÷ö³, çáåð³ãàòè îò-
ðèìàíèé ÷èñåëüíèé ðîçâ’ÿçîê ó âèãëÿä³ ðàñòðîâîãî àáî âåêòîðíîãî çîáðàæåííÿ,
â³äîáðàæàòè òà ïðèõîâóâàòè ñ³òêó íà òðèâèì³ðí³é ïîâåðõí³, à òàêîæ åêñïîðòóâà-
òè ÷èñåëüíèé ðîçâ’ÿçîê ó á³íàðíèé ôàéë.
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Ðèñ. 1. ²íòåðôåéñ ñèñòåìè êîìï’þòåðíîãî ìîäåëþâàííÿ



Äëÿ ðîçâ’ÿçàííÿ äèôåðåíö³àëüíèõ ð³âíÿíü ç ÷àñòèííèìè ïîõ³äíèìè ïîòð³áíî
çàäàòè çíà÷åííÿ ïî÷àòêîâèõ ³ ãðàíè÷íèõ óìîâ. Ó ÑÊÌ ïåðåäáà÷åíî çàäàííÿ ãðà-
íè÷íèõ óìîâ ó ÷èñëîâîìó âèãëÿä³ àáî ÿê ôóíêö³¿, ùî çàëåæèòü â³ä ÷àñó. Ó ñèñ-
òåì³ ìîæíà çàäàâàòè ÿê ÷èñëîâ³ ïî÷àòêîâ³ óìîâè, òàê ³ ó âèãëÿä³ ôóíêö³¿, ùî çà-
ëåæèòü â³ä êîîðäèíàò. Ó ÑÊÌ ôóíêö³ÿ äæåðåëà ìîæå íàáóâàòè ñòàëîãî çíà÷åííÿ
àáî áóòè ôóíêö³ºþ, ùî çàëåæèòü â³ä êîîðäèíàò ³ ÷àñó. Äî òîãî æ, ó ñèñòåì³ ìîæ-
íà íàëàøòîâóâàòè òàê³ ïàðàìåòðè ðîçâ’ÿçêó, ÿê ðîçì³ð îáëàñò³ êðàéîâî¿ çàäà÷³,
â³äñòàíü ì³æ ³íòåðïîëÿö³éíèìè âóçëàìè, ÷àñîâèé ³íòåðâàë, êðîê çà ÷àñîì, ïàðà-
ìåòð ôîðìè ÐÁÔ, à òàêîæ êîåô³ö³ºíòè â ð³âíÿíí³ ÁÊäÔ.

×èñåëüíèé ðîçâ’ÿçîê ð³âíÿííÿ ÁÊäÔ ó ñèñòåì³ ìîæíà â³çóàë³çóâàòè ó âèãëÿä³
òðèâèì³ðíî¿ ïîâåðõí³ (äèâ. ðèñ. 1). Â ÑÊÌ ðåàë³çîâàíî ìîæëèâ³ñòü â³çóàë³çàö³¿ ÷è-
ñåëüíîãî ðîçâ’ÿçêó íà îêðåìèõ ïðîì³æêàõ ÷àñó ó âèãëÿä³ òðèâèì³ðíèõ ãðàô³ê³â
(ðèñ. 3).
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Ðèñ. 3. Â³çóàë³çàö³ÿ ðîçâ’ÿçêó â ÑÊÌ íà îêðåìèõ ïðîì³æêàõ ÷àñó

Ðèñ. 2. Ïàíåëü ³íñòðóìåíò³â



ÐÅÇÓËÜÒÀÒÈ ÎÁ×ÈÑËÅÍÜ

Ó öüîìó ðîçä³ë³ ïðîäåìîíñòðîâàíî çàñòîñóâàííÿ ñòâîðåíî¿ ÑÊÌ íà ïðèêëàä³ òåñ-
òîâî¿ çàäà÷³ òà îö³íåíî òî÷í³ñòü îòðèìàíèõ ðîçâ’ÿçê³â. Äëÿ îö³íþâàííÿ òî÷íîñò³
àïðîêñèìàö³¿ âèêîðèñòàíî ñåðåäíþ â³äíîñíó ïîõèáêó rerr ( )u , ñåðåäíþ àáñîëþòíó
ïîõèáêó aerr ( )u ³ ìàêñèìàëüíó ïîõèáêó merr ( )u , ÿê³ îá÷èñëþþòü çà ôîðìóëàìè

rerr ( )

( ~ )

u
N

u u

u

j j

j
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j

j
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�



�

�

�

�

1

2

1
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1
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N

u uj j
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�
�

1 2

1

,

merr ( ) max | ~ |u u u
j

j j� 
 ,

äå u j òà ~u j º â³äïîâ³äíî àíàë³òè÷íèìè òà ÷èñåëüíèìè ðîçâ’ÿçêàìè, à N — çà-
ãàëüíà ê³ëüê³ñòü ³íòåðïîëÿö³éíèõ âóçë³â.

Òåñòîâà çàäà÷à. Ðîçãëÿíåìî íåë³í³éíå îäíîâèì³ðíå íåñòàö³îíàðíå ð³âíÿí-
íÿ ÁÊäÔ

�

�
�

�

�



�

�
�

�

�

u x t

t
u x t

u x t

x

u x t

x

u x t( , )
( , )

( , ) ( , ) ( , )
� � �

2

2

3

x 3
0� ,

äå x � 
[ , ]20 20 , dx � 0.5, t �[0, 0.01], � � 0.001, � �1, � � 0.1, � � 0.004, 0.04, 0.1, 1.
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Ðèñ. 4. Â³çóàë³çàö³ÿ ÷èñåëüíèõ ðîçâ’ÿçê³â òåñòîâî¿ çàäà÷³ äëÿ ð³çíèõ çíà÷åíü ê³íåìàòè÷íî¿ â’ÿçêîñò³:
� � 0.004 (à); � � 0.04 (á); � � 0.1 (â); � � 1 (ã)
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Àíàë³òè÷íèé ðîçâ’ÿçîê çàäàíî ð³âíÿííÿì
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Íà ðèñ. 4 ïðåäñòàâëåíî â³çóàë³çàö³þ ÷èñåëüíèõ ðîçâ’ÿçê³â òåñòîâî¿ çàäà÷³ äëÿ
ð³çíèõ çíà÷åíü ïàðàìåòðà �, ùî îòðèìàí³ ç âèêîðèñòàííÿì îáåðíåíî¿ ìóëüòèê-
âàäðàòè÷íî¿ ÐÁÔ ç ïàðàìåòðîì ôîðìè c � 0.02.

Ç ïðåäñòàâëåíèõ ðîçâ’ÿçê³â âèäíî, ùî ç³ çá³ëüøåííÿì çíà÷åííÿ ê³íåìàòè÷íî¿
â’ÿçêîñò³ � ðîçâ’ÿçîê ð³âíÿííÿ ÁÊäÔ ìàº òåíäåíö³þ ïîâîäèòè ñåáå ÿê ðîçâ’ÿçîê
ð³âíÿííÿ Áþðãåðñà, îñê³ëüêè ôîðìóºòüñÿ êðóòèé ïðîô³ëü õâèë³.

Ó òàáë. 1 íàâåäåíî çíà÷åííÿ ñåðåäí³õ â³äíîñíèõ, ñåðåäí³õ àáñîëþòíèõ
³ ìàêñèìàëüíèõ ïîõèáîê ÷èñåëüíèõ ðîçâ’ÿçê³â òåñòîâî¿ çàäà÷³ â ìîìåíò ÷àñó
t � 0.01 äëÿ ð³çíèõ çíà÷åíü ïàðàìåòðà �. Îòðèìàí³ ðåçóëüòàòè â³äïîâ³äàþòü çíà-
÷åííÿì ïàðàìåòðà ôîðìè c � 2 äëÿ GA, òà c � 0.02 äëÿ MQ, IQ, IMQ òà Wu’s
CS-RBF.

Ïîõèáêè ÷èñåëüíèõ ðîçâ’ÿçê³â ñâ³ä÷àòü ïðî òå, ùî àïðîêñèìàö³ÿ ãëîáàëüíè-
ìè ÐÁÔ ïðèçâîäèòü äî ìåíøî¿ òî÷íîñò³ íàáëèæåíîãî ðîçâ’ÿçêó, í³æ àïðîêñè-
ìàö³ÿ ôóíêö³ºþ Âó ç êîìïàêòíèì íîñ³ºì.
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Ò à á ë è ö ÿ 1. Çíà÷åííÿ ïîõèáîê ÷èñåëüíèõ ðîçâ’ÿçê³â òåñòîâî¿ çàäà÷³ â ìî-
ìåíò ÷àñó t � 0.01 äëÿ ð³çíèõ çíà÷åíü ê³íåìàòè÷íî¿ â’ÿçêîñò³ �

� Òèï ÐÁÔ rerr ( )u aerr ( )u merr ( )u

0.004

GA 1.046279331 � 
10 10 5.422600117 � 
10 14 3.357532486 � 
10 13

MQ 1.046279220 � 
10 10 5.422599539 � 
10 14 3.357532893 � 
10 13

IQ 1.046278878 � 
10 10 5.422597769 � 
10 14 3.357531402 � 
10 13

IMQ 1.046278980 � 
10 10 5.422598295 � 
10 14 3.357529505 � 
10 13

Wu’s CS-RBF 1.044054214 � 
10 10 5.411067898 � 
10 14 3.356206710 � 
10 13

0.04

GA 2.077950141 � 
10 8 1.059294845 � 
10 9 3.061785944 � 
10 9

MQ 2.077950139 � 
10 8 1.059294844 � 
10 9 3.061785948 � 
10 9

IQ 2.077950140 � 
10 8 1.059294845 � 
10 9 3.061785969 � 
10 9

IMQ 2.077950141 � 
10 8 1.059294845 � 
10 9 3.061785974 � 
10 9

Wu’s CS-RBF 2.077962112 � 
10 8 1.059300948 � 
10 9 3.061809422 � 
10 9

0.1

GA 2.053273320 � 
10 7 6.399708596 � 
10 8 1.528343192 � 
10 7

MQ 2.053273321 � 
10 7 6.399708598 � 
10 8 1.528343192 � 
10 7

IQ 2.053273321 � 
10 7 6.399708597 � 
10 8 1.528343191 � 
10 7

IMQ 2.053273321 � 
10 7 6.399708598 � 
10 8 1.528343191 � 
10 7

Wu’s CS-RBF 2.053274167 � 
10 7 6.399711236 � 
10 8 1.528341198 � 
10 7

1

GA 5.317835830 � 
10 5 1.628739445 � 
10 3 1.091699730 � 
10 2

MQ 5.317835830 � 
10 5 1.628739445 � 
10 3 1.091699730 � 
10 2

IQ 5.317835830 � 
10 5 1.628739445 � 
10 3 1.091699730 � 
10 2

IMQ 5.317835830 � 
10 5 1.628739445 � 
10 3 1.091699730 � 
10 2

Wu’s CS-RBF 5.314929394 � 
10 5 1.627849266 � 
10 3 1.091271814 � 
10 2



Íà ðèñ. 5 äëÿ ïîð³âíÿííÿ ïðåäñòàâëåíî ãðàô³êè àíàë³òè÷íèõ òà ÷èñåëüíèõ
ðîçâ’ÿçê³â òåñòîâî¿ çàäà÷³ â ìîìåíò ÷àñó t � 0.01 äëÿ ð³çíèõ çíà÷åíü ê³íåìàòè÷-
íî¿ â’ÿçêîñò³ �. Íàáëèæåí³ ðîçâ’ÿçêè îòðèìàíî ç âèêîðèñòàííÿì îáåðíåíî¿ ìóëü-
òèêâàäðàòè÷íî¿ ÐÁÔ ç ïàðàìåòðîì ôîðìè c � 0.02.

ÂÈÑÍÎÂÊÈ

Ðîçðîáëåíî òà ïðîãðàìíî ðåàë³çîâàíî ñèñòåìó êîìï’þòåðíîãî ìîäåëþâàííÿ
íåë³í³éíèõ ïðîöåñ³â, ÿê³ îïèñóþòüñÿ ð³âíÿííÿì ÁÊäÔ. ×èñåëüíå ðîçâ’ÿçàííÿ
äèôåðåíö³àëüíîãî ð³âíÿííÿ ÁÊäÔ çä³éñíåíî çà áåçñ³òêîâîþ ñõåìîþ ç âèêîðèñ-
òàííÿì ðàä³àëüíèõ áàçèñíèõ ôóíêö³é. Åôåêòèâí³ñòü ÷èñåëüíîãî ðîçâ’ÿçàííÿ
â ÑÊÌ ïðîäåìîíñòðîâàíî íà ïðèêëàä³ òåñòîâî¿ çàäà÷³, äëÿ ÿêî¿ îòðèìàíî íà-
áëèæåí³ ðîçâ’ÿçêè, à òàêîæ îá÷èñëåíî ñåðåäíþ â³äíîñíó, ñåðåäíþ àáñîëþòíó
òà ìàêñèìàëüíó ïîõèáêè.

Âàðòî â³äçíà÷èòè, ùî ðàä³àëüí³ áàçèñí³ ôóíêö³¿, ùî âèêîðèñòîâóþòüñÿ
â ÑÊÌ äëÿ àïðîêñèìàö³¿, ì³ñòÿòü ïàðàìåòð ôîðìè, ÿêèé âïëèâàº ÿê íà òî÷í³ñòü
îòðèìàíîãî ðîçâ’ÿçêó, òàê ³ íà îáóìîâëåí³ñòü ñèñòåìè ë³í³éíèõ àëãåáðà¿÷íèõ
ð³âíÿíü. Îïòèìàëüí³ ïàðàìåòðè ôîðìè äëÿ âñ³õ ðîçðàõóíê³â áóëè çíàéäåí³ åêñïå-
ðèìåíòàëüíî. Âèá³ð îïòèìàëüíèõ ïàðàìåòð³â ôîðìè ðàä³àëüíèõ áàçèñíèõ
ôóíêö³é äîñ³ çàëèøàºòüñÿ íåðîçâ’ÿçàíèì çàâäàííÿì.
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Ðèñ. 5. Ãðàô³êè àíàë³òè÷íèõ òà ÷èñåëüíèõ ðîçâ’ÿçê³â òåñòîâî¿ çàäà÷³ â ìîìåíò ÷àñó t � 0.01 äëÿ
ð³çíèõ çíà÷åíü ê³íåìàòè÷íî¿ â’ÿçêîñò³: � � 0.004 (à); � � 0.04 (á); � � 0.1 (â); � � 1 (ã)

u
x

t
(

,
)�



10

5

àíàë³òè÷íèé ðîçâ’ÿçîê

à

u
x

t
(

,
)�



10

3

á

÷èñåëüíèé ðîçâ’ÿçîê
÷èñåëüíèé ðîçâ’ÿçîê

àíàë³òè÷íèé ðîçâ’ÿçîê

x

÷èñåëüíèé ðîçâ’ÿçîê

x

ãâ

àíàë³òè÷íèé ðîçâ’ÿçîê

÷èñåëüíèé ðîçâ’ÿçîê

u
x

t
(

,
)

u
x

t
(

,
)

x

àíàë³òè÷íèé
ðîçâ’ÿçîê

÷èñåëüíèé
ðîçâ’ÿçîê



ÑÏÈÑÎÊ Ë²ÒÅÐÀÒÓÐÈ

1. Su C.H., Gardner C.S. Korteweg-de Vries equation and generalizations. III. Derivation of the
Korteweg-de Vries equation and Burgers equation. Journal of Mathematical Physics. 1969. Vol. 10,
N 3. P. 536–539. https://doi.org/10.1063/1.1664873.

2. Jonson R.S. Shallow water waves on a viscous fluid — the undular bore. The Physics of Fluids.
1972. Vol. 15, N 10. P. 1693–1699. https://doi.org/10.1063/1.1693764/.

3. Jonson R.S. A nonlinear equation incorporating damping and dispersion. Journal of Fluid

Mechanics. 1970. Vol. 42, N 1. P. 49–60. https://doi.org/10.1017/S0022112070001064.

4. Grad H., Hu P.N. Unified shock profile in a plasma. The Physics of Fluids. 1967. Vol. 10, N 12.
P. 2596–2602. https://doi.org/10.1063/1.1762081.

5. Burgers J.M. Mathematical examples illustrating relations occurring in the theory of turbulent fluid
motion. Verhandelingen der Koninklijke Nederlandsche Akademie van Wetenschappen. 1939. Vol. 17,
N 2. P. 1–53. https://doi.org/10.1007/978-94-011-0195-0_10.

6. Boussinesq J. Essai sur la th�orie des eaux courantes. Paris: Imprimerie Nationale, 1877. 770 p.

7. Kortewege D.J., de Vries G. On the change of form of long waves advancing in a rectangular channel and
on a new type of long stationary waves. The London, Edinburgh, and Dublin Philosophical Magazine and

Journal of Science. 1895. Vol. 39, N 240. P. 422–443. https://doi.org/10.1080/14786449508620739.

8. Demeiray H. Nonlinear waves in a thick-walled viscoelastic tube filled with an inviscid fluid. International Journal

of Engineering Science. 1998. Vol. 36, N 3. P. 345–357. https://doi.org/10.1016/S0020-7225(97)00056-6.

9. Antar N., Demiray H. Nonlinear waves in an inviscid fluid contained in a prestressed viscoelastic
thin tube. Zeitschrift f ��ur angewandte Mathematik und Physik ZAMP. 1997. Vol. 48. P. 325–340.
https://doi.org/10.1007/s000330050034.

10. Zaki S.I. A quintic B-spline finite elements scheme for the KdVB equation. Computer Methods in

Applied Mechanics and Engineering. 2000. Vol. 188, Iss. 1–3. P. 121–134. https://doi.org/10.1016/
S0045-7825(99)00142-5.

11. El-Danaf T.S. Septic B-spline method of the Kortewege-de Varies–Burger’s equation.
Communications in Nonlinear Science and Numerical Simulation. 2008. Vol. 13, Iss. 3. P. 554–566.
https://doi.org/10.1016/j.cnsns.2006.05.010.

12. Kaya D. An application of the decomposition method for the KdVB equation. Applied Mathematics

and Computation. 2004. Vol. 152, N 1. P. 279–288. https://doi.org/10.1016/S0096-3003(03)00566-6.

13. Soliman A.A. A numerical simulation and explicit solutions of KdV–Burgers’ and Lax’s
seventh-order KdV equations. Chaos, Solitons & Fractals. 2006. Vol. 29, N 2. P. 294–302. https://
doi.org/10.1016/j.chaos.2005.08.054.

14. Êîëîäÿæíûé Â.Ì., Ëèñèí Ä.À. Áåññåòî÷íûé ìåòîä ðåøåíèÿ íåñòàöèîíàðíûõ çàäà÷ òåïëîïðî-
âîäíîñòè ñ èñïîëüçîâàíèåì àòîìàðíûõ ðàäèàëüíûõ áàçèñíûõ ôóíêöèé. Êèáåðíåòèêà è ñèñ-

òåìíûé àíàëèç. 2013. Ò. 49, ¹ 3. Ñ. 124–131.

15. Ïðîòåêòîð Ä.Î., Ëèñèí Ä.À., Ëèñèíà Î.Þ. ×èñëåííûé àíàëèç ðåøåíèé äâóìåðíûõ çàäà÷ òåï-
ëîïðîâîäíîñòè ïî áåññåòî÷íîé ñõåìå ñ èñïîëüçîâàíèåì ôóíäàìåíòàëüíûõ è îáùèõ ðåøåíèé.
Ïðèêëàäí³ ïèòàííÿ ìàòåìàòè÷íîãî ìîäåëþâàííÿ. 2019. Ò. 2, ¹ 1. Ñ. 98–111. https://doi.org/
10.32782/2618-0340-2019-3-8.

16. Ãàðÿ÷åâñüêà ².Â., Ïðîòåêòîð Ä.Î. Ñèñòåìà êîìï’þòåðíîãî ìîäåëþâàííÿ äëÿ ÷èñëîâîãî âèð³øåííÿ
îäíîâèì³ðíîãî íåñòàö³îíàðíîãî ð³âíÿííÿ Áþðãåðñà. Â³ñíèê Õàðê³âñüêîãî íàö³îíàëüíîãî óí³âåðñèòåòó

³ìåí³ Â.Í. Êàðàç³íà. Cåð. «Ìàòåìàòè÷íå ìîäåëþâàííÿ. ²íôîðìàö³éí³ òåõíîëîã³¿. Àâòîìàòèçîâàí³ ñèñ-

òåìè óïðàâë³ííÿ». 2019. Ò. 43. Ñ. 11–19. https://doi.org/10.26565/2304-6201-2019-43-02.

17. Xie H., Zhou J., Jiang Z., Guo X. Approximations for Burgers’ equations with C-N scheme and RBF
collocation methods. Journal of Nonlinear Sciences and Applications. 2016. Vol. 9, Iss. 6.
P. 3727–3734. http://dx.doi.org/10.22436/jnsa.009.06.23.

18. Kansa E.J. Multiquadrics — A scattered data approximation scheme with applications to computational
fluid-dynamics — I surface approximations and partial derivative estimates. Computers & Mathematics

with Applications. 1990. Vol. 19, Iss. 8–9. P. 127–145. https://doi.org/10.1016/0898-1221(90)90270-T.

ISSN 1019-5262. Ê³áåðíåòèêà òà ñèñòåìíèé àíàë³ç, 2021, òîì 57, ¹ 6 181



19. Hon Y.C., Mao X.Z. An efficient numerical scheme for burgers equation. Applied Mathematics and

Computation. 1998. Vol. 95, N 1. P. 37–50. https://doi.org/10.1016/S0096-3003(97)10060-1.

20. Wu Z. Compactly supported positive definite radial functions. Advances in Computational Mathematics.

1995. Vol. 4. P. 283–292. https://doi.org/10.1007/BF03177517.

21. Montoya C. Inverse source problems for the Korteweg-de Vries–Burgers equation with mixed
boundary conditions. Journal of Inverse and Ill-posed Problems. 2019. Vol. 27, N 6. P. 777–794.
https://doi.org/10.1515/jiip-2018-0108.

22. Langtangen H.P., Linge S. Finite difference computing with PDEs. Cham: Springer International
Publishing, 2017. 507 p. https://doi.org/10.1007/978-3-319-55456-3.

23. Ñåðãèåíêî È.Â., Õèìè÷ À.Í., ßêîâëåâ Ì.Ô. Ìåòîäû ïîëó÷åíèÿ äîñòîâåðíûõ ðåøåíèé ñèñòåì ëèíåé-
íûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç. 2011. Ò. 47, ¹ 1. Ñ. 68–80.

I.V. Hariachevska, D.O. Protektor
COMPUTER SIMULATION SYSTEM FOR NONLINEAR PROCESSES
DESCRIBED BY THE KORTEWEG-DE VRIES–BURGERS EQUATION

Abstract. The article discusses the computer simulation system of nonlinear processes
described by the Korteweg-de Vries–Burgers equation. The numerical solution of the
Korteweg-de Vries–Burgers differential equation is implemented by the meshless approach
using radial basis functions. The computer simulation system uses the following radial basis
functions: Gaussian, multiquadric, inverse quadratic, inverse multiquadric, and Wu’s compactly-
supported radial function. The solution of the nonlinear one-dimensional non-stationary
Korteweg-de Vries–Burgers equation in the computer simulation system is visualized as
a three-dimensional surface. The efficiency of the numerical solution in the computer
simulation system is demonstrated by a benchmark problem for which numerical solutions
were obtained, and the average relative error, average absolute error, and maximum error were
calculated.

Keywords: nonlinear one-dimensional Korteweg-de Vries–Burgers equation, computer simulation
system, non-stationary boundary-value problem, meshless method, radial basis functions.
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